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SUMMARY

A thick-walled tube was subjected to an axial load and a radial
temperature distribution which caused theramal stressea, The creep
strains and the eventual ruptures times were observed and compared with
conventional creep tests and theoretical analysis, Theory suggested and
experiments confirmed that stress redistribution caused the overall strain
behaviour to approach that for the mean axial stress and the mean radial
temperature.

Descrlption of the experimental technique and apparatus includes a
novel and simple optical extensometer. Appendices contain a complete
analytic treatment of the triaxial stress problem in a long thick tube in
the presence of an arbitrary distribution of non-elastic strains, and a
treatment of some conditiona under which atreass-redistribution calcula-
tions can lead to a "steady state" or "fully redistributed" stress patterm,

A lesa rigorous theoretical treatment which lgnores radial con-
straints 1is shpwn to lead to an under-estimate of the thermal stressea and

of the time required for stress redistribution to occur.

» Replﬂces N-G‘QT.E. R289 - A.R.C.29 L}Bh.
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1.0 Introduction

The application of the digital computer to stress analysis allows
Bolutions to be obtalned easily to a large number of problems which have
to be tackled by numerical methods, One example is the redistribution of
stress in an Internally cooled gas turbine rotor blade!, This redistri-
bution is caused by the accumulation of creep strains at different rates
which depend on the temperature, stress and previous history of each
element of the blade. The most important result of the stress redistri-
bution process is that the stress patterm becomes more uniform than that
calculated simply on a basis of the thermal strains and a perfectly
elastic material, This is illustrated for a very simple tensile system
on Figure 1. By consideration of rupture times based on the most severe
conditions of stress and temperature within a blade the stress pattern can
be shown to become more favourable as redistribution proceeds; furthermore
the redistribution is predicted to be complete before any part of the blade
would be expected to fail, The time to rupture of the blade should there—
fore be more closely related to the mean stress and mean temperature at a
spanwise position than to the most severe combination of stress and tem-
perature at the beginning of redistribution.

In order to obtain some guidance to the validity of the assumptions
and to compare the predicted rupture life with that actually observed, an
experimental and theoretical investigation has been conducted on a thick-
walled circular c¢ylinder subjected to0 an axial tensile load and a radial
temperature gradient. Apart from being worthy of study in its own right,
the choice of a cylindrical geometry made the problem amenable to analysis
while corresponding closely to the geometrically more complex situation
within a cooled turbine rotor blade. It also enabled an experiment to be
conducted under carefully controlled laboratory conditions and strain
measurements to be taken, Confirmation that the accumulation of axial
creep strain and the observed rupture lives agree well with those based on
the conditions of mean stress and temperature are the most important
results from this experimental investigation,

Figure 2 shows a schematic arrangement of the apparatus used, The
axial load was applied by a 5-ton Denison creep machine and the radial
temperature gradient was produced by passing an eleectrical current axislly
along the teat specimen and allowing the latter to radiate freely from its
outside surface., A number of experiments were repeated to determine acat-
ter and some control experiments were made to separate variables, the whole
programme involving about 5000 hr of creep testing.

2,0 Experimental

2.1 Design of the experiment

The dimensions, temperatures and stresses used for the experiment
were chosen to satisfy,
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(1) a modest electric power requirement

(11) tight manufacturing tolerances, especially in the bore of
the test specimen

(iii) mean stress and temperature sufficient to cause rupture in
about 400 hr if redistribution occurred

(1v) = combination of local stress and temperature severe enough
to initiate rupture in a much shorter time if redistribution
did not occur

(v) the temperature to be high enough to cause the required
radiation intensity from the cutside surface.

A number of exploratory caleculations using manufacturer's data for
Nimonie alloy 105 led to the cholce of the following values:-

tube length 3 in,
inside diameter & in,
outside diameter 2 in,
mean axial stress 4 ton/in?
maximum axial stress 7 ton/in?
mean temperature 950°C

For these conditions the rupture times for ths most severe (initial)
stress and temperature and the mean stress and temperature were estimated
to be 40 hr and 400 hr respectively, The calculations showed that there
was very little freedom to depart from the chosen values,

The tests on tubular specimens containing a radial temperature
gradient (Type 1 tests) were supported by four other test arrangements
intended to act as controls and to provide creep data for the same batch
of material, They are shown on Figure 3,

e

R Py

The single: Type-5 test also used a tubular specimen but heated it
in a conventional creep test furnaca.

Type &4 and 5 tests used solid cylindrical specimens of two different
types to establish-tHe‘creep strain-behaviour of the material. The test
technique conformed with orthodox oreep test methods.
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2.2 Control and measurement of temperature

The temperature sensitivity of rupture times, at the chosen mean
streas and temperature levels, was 4+b per cent reduction in life per °c
rise in temperature. The temperature of the furnace heated specimens was
generallyocontrolled within £+1°C and that of the tube tests within approxi-
mately *1°C. Platinum resistance thermometers were used as sensors for
the proportional temperature controllers but temperature measurements were
made using platinum/platinum rhodium thermocouples. For the radiating
tube tests three such thermocouples were lightly welded to the bore, and
for the others the thermocouples were tied to the specimen surface and
shielded against direct radiation from the furnace walls, The temperature
difference between inside and outside surfaces of the tube was calculated
using the measured electrical power and the manufacturer's data for thermal
conductivity.

2.3 Development of the apparatus

The calculation of temperature difference referred to in the last
section assumed no loss of heat from the gauge length (the central 2 in.)
by conduction along the tube axis, It was therefore necessary to ensure
a uniform temperature for sbout an inch in the centre of the tube length.
This was achieved, after some abortive attempts with auxiliary end
heaters, by providing insulating collars at the ends as shown in Pigure &,
These collars reduced radiant heat loss in the areas where conduction was
causing lower temperatures., Figure 5 showa the longitudinal temperature
profiles obtained under various conditions, Preliminary creep tests
showed the material to be considerably stronger than the manufacturer's o
data implied and for this reason the test temperatures were raised by 20 C
to return the rupture times to the values originally intended.

2ol Measurement of strain

It was felt desirable to measure strains on the radiating specimens
if this could be done without interfering with the symmetry of heat flux,
Por this purpose a simple and novel optlcal extensometer was constructed
(see Figure 6).

The principle employed was the displacement of a light path by the
interposition of inclined glass blocks as shown on Figure 7. One pair of
fixed blocks served to superimpose the images while a second pair of
thinner blocks was rotated to accommodate and measure stralns, When used
to observe an object illuminated by white light it was neceasary to insert
a dark red filter to reduce diffraction effects but when observing a red-
hot specimen this was not so critical.

During the experiment both diametral and longitudinal strains were
measured by simply rotating the instrument about its optical axis, The
gauge length for diametral strain was defined clearly by the edges of the
tube, and two circumferential platinum wires were lightly welded to the
outside of the tube & in. apart to define the axial gauge length. It
was found that resolution was limited by clarity of the objects observed
and could have been improved by using small bright sources of additiconal
11lumination {preferably monochromatic).
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Because the position of coincidence of the two images in the tele-
scope eye-piece required judgement several readings (usually three) were
taken on each occasion, Best fitting curves of strain versus time were
obtained by using the fourth order polynomial with the least sum of the
squares of the errors, Subsequently histograms were constructed of the
errors relative to these curves and it was found that the 50 per cent
certainty band had width about #0:025 per cent for the diametral strains
and $0.050 per cent for the axial atrains. The former was more accurate
because the gauge length was more clearly defined. These values are
maximom values because they include not only instrument errors but also
errors dus to the fitted curve being too smooth and therefore possibly
masking real effects,

In order to measure the strains during the Type 4 tests, use was
made of transducers attached to a design of extensometer described In
Reference 3 and widely used at N.G.T.E,

2.5 Resulta

The results for individual testa are distinguished by code letters,
The key to these letters is given on Figure 21 whieh folds out for use
with Figures 8, 9, 12 and 13. Comments on the results are postponed
until Section 4.0,

2.5.1 Rupture times and reductions of area

The rupture times and reductions of area are given in Table I
together with the test conditions, The same rupture time information is
shown graphiocally on Figures 8 and 9 with the temperatures measured by
the thermocouple nearest to the eventual rupture line,

2.5.,2 Strain records

Only two strain records were obtained from the three Type 1 tests
because the first was ocompleted before the construction of the optical
extensometer, Figures 10 and 11 show the results., For the small
strains the scale has been magnified. The short vertical lines on the
figures show the range betwsen the greatest and least strains measured on
each occasion,

Type 2 tests were enclosed by lagging so that strain measurement
using the optical extensometer was not possible.

Figures 12 and 13 show the creep strain readings for the Type &4
and 5 tests at the two different conditions of stress and temperature,

2.5.3 Micrographs

Micrographic sections were taken off several specimens and three
of these are shown in Figures 14 and 15, TFigure 14 from specimen C
illustrates the typical creep type rupture caused by oracking at the
grain boundaries. There are no obvlious pecullarities attributable to
the eleoctrical heating technique.
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Figure 15 confirms a difference between the inaide and ocutside con~
ditiong in Test C. It shows more extensive oxidation on the inside sur-
face; indeed this surface of C was more severely attacked than any other,

3.0 Theoretical

3.1 Some order of magnitude considerations

Using manufacturer's data for Nimonic alloy 105 at 970°C it may be
shown that a strain of 0¢06 per cent may be caused by:=-

either elastic strain from a uniaxial stress of 5 ton/in®
or ereep strain after about 5 hr at 5 ton/in®
or a temperature difference of 15 C.

The equal strains caused by the oconditions listed above, all of
which are fairly easily realised, show that the behaviour of a hot compo-
nent is typified by a strong interaction between elastic, thermal expan-
sion and creep effects, At lower temperatures it would also be necessary
to consider plastic flow,

3.2 Stress analysis

The elastic thermal stress analysis of a long thick cylinder is
available from standard texts’ for an arbitrary radial temperature distri-
bution. The temperature influences the stress pattern by introducing
thermal straing., Whereas thermal strains are concerned with volume
changes, creep straina are concerned with shape changes and it was there-~
fore necessary to extend the solution., Appendix II gives details of the
extended analysis. The approach is analytical rather than numerical bui
completely closed forms of solution for the astresses are obtainable only
if analytic functions are assumed for the distributions of the various non-
elastic strains, In practioce these distributions were represented by
arrays of numbers within a digital computer and the accuracy of solution
then depends on the extent of these arrays and the numerical method used
for their integration,

The siress analysis does not need to distinguish the various -
thermal, plastic, creep) components of non-elastic strain and the procedure
adopted 1n the theoretical work described hers was to add together the
terms caused by thermal expansion and creep at any instant prior to the
calculation of the corresponding stress pattern. Implicit assumpticns in
the analysis are that the non-elastic strains should be small enough to
permit the usual tensor representation and that the principal directions of
non-elastic strain must coincide with those of the elastic stresses and
strains, namely the hoop radial and axial directions, Furthermore, the
material is assumed to be elastically and plastically isotropic.

3.3 Calculation of creep strain increments

Creep behaviour is still described in empirical terms and compre-
hensive results from creep tests of materials such as nickel base alloys
are only available for tests at constant stress and temperature under uni-
axial tensile conditions, In stress redistribution studies, involving a
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changing pattern of wmultiaxial stresses, it 1s necessary therefore to
augment the dats by using certain hypotheses in order to

(a) permit estimates of behaviour under changing uniaxial condi-
tions and

(b) permit predictions of behaviour under multiaxial stress
situations inecluding compression.

The hypotheses used in the work described hers are not new and are
reproduced hers simply for completeness,

3¢3.4 Time and strain hardening hypotheses

These are two of the many slternative hypotheses currently being
considered., TFor more complete deacriptions of them see for inatance
References 5, 6, 7, 8 and 9,

Suppose creep strain data from testa at constant stress and tempera-
ture are avallable in the form

e = (o, T, t) cesa(1)

where e 18 eresep strain
o is stress (uniaxial tensile)
T 1is temperature
t is time measured from appllication of the load
£ 1is a funotion with o, T and t as variables

then in prinelple the same Information can also be expressed as
t = g(dl T, e) .ot.(2)

where g 18 a different function.

Acoording to the "time hardening" hypothesis the increment of
creep strain caused by & period (At) of constant streas (o, ) and tempera-
ture (T, ) following the instant at which the strain was &, and the time
was t, 1is given by

£(oy, Tyy ta + At) ~ Poy, Ty, ty)

1}

Aet

=3

£i(oy, Ty, ty, Ot) eees(3)

where the subseript t referas to time hardening.
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According to the "strain hardening" hypothesis the increment of
creep strain caused by the same conditions would be

AEB f(c'i’ Ti’ g(O’i, Ti’ 81) + At) - 61

fs(o'i, Ti’ 81, At) .aol(ll-)

where the subseript s refers to straln hardening.

Tt is apparent that the influence of previous loading and straining
is being introduced by the single values of time (t,) and strain (s )
respectively, and a convenlent (non-iterative) use of the strain hardening
hypothesis dependas on the existence of both "f" and "g" functions. Suit-
able expressiona are given in Reference 10. It should be noted that many
formg of "f", for example sums of terms containing powers of t, do not lend
themselves to conversion to "g" functions.

3.3.2 Effective stress and strain

The expreasions (3) and (4) above which refer to uniaxial tensile
data can be extended to multiaxial situations by postulating effeotive
stresses (o) and strains (&) so that

Aey = f£u(0ys Tiy tyy At) ceea(5)
AEB = fa(&iﬂ Ti’ Eﬂ.’ At) 0000(6)

where £, A and o are expressed in terms of the principal strains
(g4, €gs €g) and prineipal stresses (o3, o, 0p) by

g 2%?2 \j((ei ~g5)% + (eg = 85)* + (&5 - 51)3) eaes(7)

AE = 3-;—5 J ((Aei ~ Aeg)? 4+ (Aey ~ Aeg)® + (Agy - Aei)”)

eeae(B)
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The multiplying constants being chosen sc that for plastic flow under uni-
axial stress,

o = 0y when o = o0 = 0O

ml
i

and €y when e,

3.3.3 Lavy-Misas flow rule

This concerns the direction of shape change and in its incremental
flow formi1,12 1t ensures that the increment of effective shear strain
ecorresponds in its direction with the current direction of effective shear
stress. It may be stated in the following form,

2% | %% _ %= o (10)
Aey -~ Aeg Aeg - Aegy Aeqy = Aey

It follows from the definitions of effgctive atress and atrain
that the ratio in Equation (10) also equals 20/3AE.

3e3e Constant volume condition

Equations (5) or (6) with (7), (8), (9) and (10) suffice to deter-
mine differences between strain increments in the principal directions.
In order to determine completely the actual values a further condition is
required and this is taken to be the constant volume condition,

Aeg + Aeg + Agg = O cees(11)

Simultaneous use of the above conditlona is assured by caleulating
strain increments using the following expressions

dey = = (20 ~ 0 = 03} W

AEB = -F.__ (20-2 - 0'1 - 0-8) > 0000(12)

A
E“2oh -0y -0y) y

]
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3. Representation of creep properties

The formulae adopted here for the description of creep properties
(as measured during conventional creep strain testa at constant tensile
stress and temperature) were developed in 1963 for use in the calculation
of stress redistribution effects in cooled gas turbine blades, and have
been fgund to provide an accurate and convenient method for all the Nimonie
alloys 0, They have the particular advantage which is unusual in formulae
used for this purpose that while permitting a representation of both
primary and tertiary creep they allow expliecit evaluation of strain from
time and also time from strain, The desirability of this feature was
mzntioned in Section 3.3.1 in connection with the use of the strain harden~
ing hypothesis,

2.5 Evaluation of creep properties from experimental data

Because the experimental programme was concerned with a limited
number of tests and a relatively small range of stresses and temperatures,
it was decided to concentrate on only two different stress/temperature com-
binations and to do several tests at each to indicate the scatter.

Other more extensive creep strain data for Nimonic alloy 105 were
available and were slightly modified in order to comply with the observed
strain versus time reaults for this particular batch,

3.6 Computer program

A program was written in Elliott 803 Autocode to calculate, using
either time or strain hardening hypotheses, the redistribution of stresses
within a thick tube with non-uniform radial temperature pattern., The
loading conditions on the tube are specified by

(1) mean axial stress

(i1) inside and outside pressures (maintained zero in this
investigation)

(111) 4inside and outside radii

(iv) tomperatures at a number of equi-spaced positions through
the thickness,

4.0 Discussion of experimental and theoretical results

4.1 Observed rupture times
The rupture time results fall into three categories.

(1)  Electrically heated tube specimens, both with and without
radial temperature gradients and loaded by a mean axial stress
of 4 t.s.1, at a mean temperature of 967:L°C broke after about
500 hr, (Tests A, B, C, D and E,)
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(ii) TPurnace heated specimens with an axial stress of 4 t,s.i.
0
and a temperature of 970 C broke after about 400 hr.
(Tests F, J, K, L and N.)

(111) Furnace heated specimens with a stress of 7 t.s.i. and a

temperature of 96500 broke after about 35 hr, (Tests G,
H, I and M,)

ha? Ohserved strains

The strain records for the two Type 1 tests shown in Figures 10
and 11 reveal a number of features:~

(1) a very high diametral strain rate at the neck immediately
before fracture

(11) necking occurred on each side of the gauge length

(111) examination and comparison of the diametral and axial
strain rates suggests that there was a volumetric expansion
in both tests for approximately the first 100 hr., The
magnitude of this effect was much greater for Test B than
C but its duration was similar, Subsequently, with the
onset of necking (and non-uniform strain in the axial gauge
length) -the comparison betwsen axial and diametral strains
becoT%s less meaningful. It is of interest to note that

vy - has observed an apparent volume increase in the
early stages of creep tests on aluminium sheet material.

The strain records for the normal creep tests are shown c¢n
Figures 12 and 13. The continuous lines show the hyperbolic relation
between log(strain) and log(time) which was used for the theorstical
work,

L3 Calculated stress redistribution

Figure 16 shows the radial temperature patternm and also the calcula-
ted stresses in the tube before, during and after stress redistribution.
Figure 17 shows the time variation of axial stress, according to both time
and strain hardening hypotheses, The small difference between the
hypothesea as shown on Figure 18 arises from the relatively small atress
changes involved, and the fact that some stresses are inoreasing while
othera are deoreasing14. It has been shown elsewhere’? that the differ-
ences are also small for turbine blade redistribution calculations,
although in that case the stress changes can bs much larger., Figure 17
also shows results calculated more simply by ignoring the radial con-
straints - that is by envisaging the tube as a set of separated concentric
tubes each with its own uniform temperature and uniaxial stress but having
the same total lengths, It is evident that ignoring the constraints
causes an under-sstimate of the thermal stresses and the time required for
redistributions The final distribution is unaffected because in this
example, and in the case of turbine blades, the final distribution happens
to be uniaxial.
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Figure 18 shows the time variation of hoop and radial stresses and
Figure 19 the directions (in the octahedral plane) of the effective stress
and strain components, It is apparent that the strain direction lags
behind the stress direction as a consequencs of the incremental flow rule
(Section 3.3,3) but they both approach the uniaxial condition.

L4 Measured and calculated strain results

Figure 20 compares the theoretical predictions and measured values
of axial strain, The upper line shows theoretical values of axial elonga-
tion according to the theory (strain and time hardening hypotheses being
indistinguishable), The dashed line at the lower end depicts the results
of a caleulation for a cylinder without thermal stresses but having the
same mean axial stress and mean radial temperature, The other continuous
lines are the measured strains (transferred from Figures 10 and 11) for
the tubular specimens, The lower strain level of the observed readings is
associated with the direct electric heating method which seems to give
consistently longer rupture times and, in part to the theoretical values
used to describe the creep behaviour, Figure 12 shows the latter to give
rather high ereep strains in the strain range from about 1 to 10 per cent.

Examination of Figure 20 does show that application of creep data,
obtained under conditions of constant stress and temperature, to a stress
redistribution problem gives a strain behaviour which agrees reasonably
well with that actually observed. Moreover the result of predicting the
rupture life on the basis of the fully redistributed atress pattern agrees
very well with the observed values. This conclusion is important because
it implies that redistribution occurs as the result of very small creep
strains and hence with little damage - thus confirming an assumption
inherent in the present methods of calculating turbine blade lives.

5.0 Coneclusions
Experimental (relevant to Nimonic alloy 105 at 970°C and 4 t.s.i,)

1. There is no significant difference between rupture times for speci-
mens with and without modest initial thermal stresses provided that the
mean stress and temperature levels are identical and do not vary with time,

24 There is a slight but consistent tendency for specimens heated
directly by an electric current to last longer than those heated to the
same temperature in a furnace. oThe life increase is equivalent to a
temperature reduction of about 2°C,

3, A comparison of axial and diametral strains on the tube experiments
with a temperature gradient indicates that some volume increase occurred
during the firat 100 hr and was particularly significant in the initial
stages,

L, The shape of the strain/time curve, measured by the optical exten-
someter on directly heated specimens containing a radial temperature
gradient, corresponded closely with that measured by conventional exten-
someters on furnace heated specimens containing no temperature gradient.
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5. There seemed to be no significant difference between the rupture
times for the two shapes and three sizes of test specimen when all were
furnace tested using the same type of testing machine.

6. Metallurgical examination showed that the electrically heated
specimens failed in a manner typical of creep at the applied stress and
temperature levels,

Te A simple optical extensometer has been made and shown capable of
resolving to about *0.025 per cent on a gauge length of 0+625 in. without
needing mechanical connections to the specimen.

Theoretical

1. An analytical solution has been derived for the stress distribution
in a long thick cylinder containing an arbitrary distribution of non-
elastic strains. The non-elastic strains may include any combination of
thermal, creep and plastic strains, while the boundary conditions may

include any combination of internal and external pressures and any axial
mean stress,

2. The analysis has been incorporated into an Elliott 803 Autocods
computer program. The program has been used, together with creep data
derived from creep tests on the same batch of Nimonic alloy 105, to
predict the behaviour of the tube during the process of stress redistri-
bution arising from the initial thermal stress situation,

3. The results of the calculation show themselves relatively insensi-
tive to the "hardening hypothesis" used because stress changes are
relatively small and because some stresses increase as others decreasell,

4. A simpler analysis ignoring radial and circumferential stresses
(and therefore radial continuity of displacement) is shown to lead to an
under-estimate of both the magnitude of the thermal stresses and the time
required for them to redistribute. The simpler analysis does however
give correct values for the redistributed stress patiern because in this
particular case (no internal or external pressure) the radial and circum-
ferential stresses disappear.

5. The predicted shape of strain/time curve corresponds except at
extremsly small strains and times with that of a uniformly stressed
specimen having the same mean stress and temperature, Thus the theory
and experiment both indicate an overall creep behaviour and rupture
life consistent with mean stress/mean temperature conditions,
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TABLE T

Rupture times, reduction of area and test conditions

i

Note T,y

Teo =

Togs =

temperature below which 25 per cent of test duration

was spent

temperature below which 50 per cent of test duratlion

was spent

temperature below which 75 per cent of test duration

waa spent

Tass Tpos Tpp Were derived from measurements by the thermocouple nearest
to the rupture line

Test (ifﬁfif) vy % | 5o % | T,s % Ruptu;? time | % ggd:;:ion

4.0 970.0 | 970.2 | 970.7 515 18,4

B 4.0 970.6 | 971.6 | 972.7 464 18.5

C 4.e0 96845 | 96944 | 970.0 485 184

D 4.0 967 o1 9673 96745 508 174

E 3.96 96645 96745 968.3 553 17.0

P 4.0 969.0 969.4 969.8 415 1645

G 7.0 967 964.9 965 +0 33 29.1

H 7.0 9845 | 96h.6 | 9hB | 3t <t <325 (19.5)®

I 7.0 963,8 | 964e3 | 9647 38 337

J 4.0 96943 96947 970.0 15 21.6

K 4.0 969.3 | 969.8 | 970.0 374 20,9

L 4.0 969.8 | 969.9 | 970.1 408 1945

M 7.0 96445 96,6 | 964.8 3 3.7

N 4.0 968uh | 969.6 | 970.0 396 13.5

*This test was terminated by a power failure after 31 hr but the straln record showed

that rupture would have occurred before 32,5 hr.

The percentage reduction of area

was for a low Lemperature fracture caused by the speclmen's contraction while cooling.
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TABLE IT

Derived creep properties for Nimonioc 105
fully heat treated. Cast AE 148

(For explenation of symbols see Reference 10)

Symbol Value Units

0 27.8 Degrees of arc

o] 750 Degrees of arc

A 0.863 Natural log cycles
B -6.4.30 Natural log cycles
c 0 Natural log cyoles/

(ton/in?)

at 900°¢ | 920% | %%0% | 960° | 980°% |1000%

D 1045 | 9.81 9,29 8.81 8.39 7.97 |[Natural log cycles
E ~0,62 | =0,680 | «0,758 | ~0.850 | ~0,960 | ~1,10 | Natural log cycles/

(ton/1n®)
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APPENDIX 1

Notation

arbitrary constants

non-elastic strain

Young's modulus

total strain (elastic + thermal + creep)
funetions of radius

pressure

arbitrary conatants

radius

gonatants of integration

mean axial atress

temperature

time

radial displacement

astress aend temperature senasitivities of strain rate
go-ordinates of 1n(e/A) versus 1n(t/t) ourve
temperature coefficient of llnear expansion
creep strain

effective oreep strain

a reference strain

Polsson's ratio

stress

effective stress

a reference time



Subscripts

max

mean
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Notation (cont'd)

before and after a time increment
axlal radial and hoop directions
inside and outside surfaces
strain hardening hypothesis

time hardening hypothesis
maximum

araga mean
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APPENDIX II

Caleulation of stresses in a long thick-walled tube
with arbitrary mean axial stress, inside and outside pressures
and radlsal distributlon of non-elastic strains

Hooke's law in the presence of non-elagtic strains may be written:

! “'% (o + 05) + o W

o

61 =

-

v
% =% (0y + o) + 02 veee(ITa1)

1]
L]
]
o=

4]
]

H
= e

%"g(o's*’o's.)‘*ca_,

Eliminetion of oy from the above and some re-arrangement gives:

= ey (oo + (o - ea) + (oo - o))

.8 ((61 - ca)) eees(I1.2)

1+ v

Op - Og = T ((ez ~83) - (g - 03)) seee{IT.3)

B

The radial equilibrium condition in the absence of body forces is:

=t = = 0 eaee(TTI.4)

and the compatabllity condition under the assumed axisymmetric and longitu-~
dinally uniform oondltlions is:

e; = constant W
du

es = E $ o.o.(IIo5)
L

g = r J

Substitution from (II.5) into (II.2) and (II.3) and then from (II.2)
and (II.3) into (IT.4) leads to the following second order non-homogenecus
ordinary differential squation for the displacement:



% (%+§) = P(r) eeee(IT.6)

v

where  F(r) = 1_0%(c1+c3+03)+

1 -v dr r

ceee(IT.7)

Two integrations of (II.6) lead to the form of the solution for displacement:

rf 4 (T r
u = RI‘+S";"+; f r / F(I‘) drdx‘ .I'.(II.B)
i ry

and for convenience the notation

f: F(r) dr

fr: r G(r) dr

is introduced so that (II.8) can be written

¢{r)

H(r)

tt
"izu!_x

w = Rr + Sr} 1; + r H(r) eeee(II.9)

The problem is therefore reduced to finding the constants R, 5 and e,, such
that the following boundary conditions apply

(1) opy = -Py the inside pressure

(11) oz = -Po the outside pressure eess(I1410)
ro ;

(141) 2 ]( oyr dr/(r? = r§) = s the mean axial stress
I

1

Substitution from (II.5) into (IT.2) expresses oy in terms of u and
1ts derivative sc that Equation (II.8) is then avallable to express oy in
terms of the constants R, S and e,.
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= g + v ______8‘ _I'_?; r
% U200+ o) (R + vey) (1 + ») (S =+ ))

8(1 n v) To + C
(1 = 2”)(1 + U) (G(r) - cg) - (1 - 20)(1 + D) (ci 8)

eoee(Ile11)

Substitution for o = <Py at r = ry and o = ~Py at r = ry leads to values
for (R + vey) and S

ro

1+ 1 -
5 = 3 F] ¥ > (Pg - Po) 7 < 2vv_ G(rg) + H(ro)
To = i

1 -
1 :,21, ((010 -e3) + (ego - cai)) + T—-_-_Z%)- (cgo — c21)

+

eeee(ILa12)

{1 ~20}(4 + »)
¥

R+ve, = S(1=2p) = Py + (1 -v) cay + vlesg + °ai)

eoee{ITa13)

The last two equations permit op to be found using (II.11) then oy
can be found from:

2
T |28 E%- + 2H(r) = G(r) + (o5 - eg) eeee(ITo1l)

+ Jon

g = Op

The radial and hoop stresses have now been determined but the third
boundary condition has not been introduced. Thls can now be done by
integrating the first equation In IT.1.
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2 T, r r
Hence o4 = -ra——r—a- ] roy dr - ¥ f (op + 0y )rdr - f o, rdr
o~ "1 ry Ty ry
r r
B 2 Q )
1y 0 = T~ F 3 ¥ f (op + dg)rir ~ f oyrdr p .eea(I1.15)
To 7M1 Ty ry

Suffictent information is now availsble to calculate oy from the

first equation in II.1, and the displacement function u from the sclution
11.8.
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APPENDIX TITT

Some conditions required for the egtablishment
of a steady state stress distribution in a
uniaxial axisymmetric situation

The analysis which follows 1llustrates a number of properties of the
'fully redistributed' or 'steady state' stress pattern which is generally
achieved after stress redistribution calculations.

It is shown that if the log(ereep strain)/log(time) curves are of the
same shape and simply displaced for different stresses and temperatures then
the existence of a general steady state requires that the shape involved is
a member of a family of curves containing three arbitrary constants and
including as a sub-set all straight lines. A method is shown for calculat-
ing directly the redistributed solution.

It is assumed that the creep strain/time results of ordinary ereep
tests over a range of stresses and temperatures can be represented by a
formula of the form:

: ln(E) oo (ITT.1)

>lm
S
i}

or for convenlence:

£y (x) eeee(IT1.2)

g
i

where the function f; does not depend on stress or temperature but A and <
can each depend on both stress and temperature., The funetion f4 1s for the
moment arbitrary and so are A and 1 which are the strain and time values for
which y and x respsotively are zero. A hyperbolic relation between x and y
is used in Reference 10 and also in the theoretical work described in this
Report.

It can be shown that the corresponding expression for strain rate 1s:

%% = %IZ - exp(y - x) % eees(ITI.3)
or % = fs(x) - % tlo.(IIIal}-)
where to(x) = . exply - x) evee{II1.5)
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Now in a uniaxial axisymmetric stress situation in which neither the stress
nor temperature are changing with time the creep strain rate (say &, ) must
be the same at all positions, so that

Pa(x) = &1/ eeee(III,6)

where in general /A and x will be different at different positions.

Some time later although /A remains constant (because stresses and
temperatures are constant) the strain rates (say 82) common to all positions
might be different, so that

fg (x + Ax) = E.l'g'r/x nooo(III-7)
Now Ax = 1Inl1 + é‘t"‘t" o-.o(III-B)

which 1s independent of x and ia the same at all points hence

fa(x + Ax £
2( ) = 'f'a fOI‘ all X, .oc.(IIIl9)
fB x €4

i.8., the proportional change In f5 with x does not depend on the
instantaneous valus of fz. The moat general funotion with this property
is the exponentlal funetion which may be written:

fo(x) = exp(ax + b) where &, b are constants

....(III."O)

or equivalently, and more convenlently in this case:

fa(x) = p exp ((p -1) x+ q) eoes(IIT.11)

where p, q are constants. Comparison with {IIT.5) ylelds the differential
equation
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exp(y) + &L = p exp(px + )

Integration of this equation gives:

y = m(exp(Px +q)+ exp(y_w))

where y_. 18 the value of y when x = =e=,

An important special case of (IIT.13) is the straight line
Y = px+q

which corresponds to a strain/time relation of the form
e o« tP

and assumes zero creep straln at zero time,

Substitution from (III.11) into (III.4) gives

de |

T = Pem((p-ﬂx’fQ)‘?

de _ NS Sc R %
1eee, 3t = Pexla) ¢t >

eeee{III,12)

eoss(IIT.13)

eese(ITT,14)

cese(ITT415)

eeee(III.16)

ceee(IITL17)

In the general case when both A and T vary with stress and tempera-
ture the steady state stress pattern must therefore satisfy (because the

other term in (III,17) 1a the same for all elements):

JL = gonstant
P

eeea(TIT.18)
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and the constent can be ocbtained from the raguiremsnt that the integrated
stress be equal to the applied lomd. The solution therefore depends om p
unless A is conatant.

Simple example

Assuming the following variations of A and 7 with stress and tempers-—
ture:

>
I

constant

T' exp (v(o‘ - ') + w(T - T*)) eeso(I11,19)

A
1

Here T©'y, o', T' are typical constant values for the time scale,
stress and temperature of the problem while v and w represent sensitivities
of t to departures from o' and T'.

Then for constant A/1P as required by (III.18) for a steady state
solution
Tt = constant -o..(III.20)
and from (III.19)

vic~c') + w(T = T') = constant = K eeas(III.21)

Integrating with respect to area gives:

v .[ oA + w j. TdA

It

(K + vo' + wD') 1[ aa veae(III.22)

i.0.,

reea(ITI.23)

il
~

v(oy = o) + w(Ty -~ T7)

where op and Ty are area mean values of stress and temperature.

From (IIT1.23) and (III.19) it follows that the sffective time scale
factor ¢ for the non-uniform system corresponds to that obtainable from a
uniform stress situation at the same mean stress and temperature.
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It should be emphasiped that the relatively simple expressions
(II1.19) which led to this conclusion only apply for rather limited depar-
tures of stress and temperature from the o', T' values. Nevertheless the
analysis serves to illustrate that the straln acocumulation after redistri-
bution corresponds roughly with mean stress/meen temperature conditions and
the solution of (III.18) with more acourate forms of (III.19) gives a useful
technique for the direct calculation of pteady state atress patterms from

applied temperature patternsa,
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FIG 6 OPTICAL EXTENSOMETER
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539.434:539.319

AN INVESTIOATION OF STRESE REDIETRIBUTION CAUSED BY CREEP
IN A THICK-WALLED CIRCULAR CYLINDER SUBJECTED
TO AXIAL AND THERMAL LOADINO

A thick-walled tube was subjected to an axlal load and a radial
tempersture distributimn which caused thermal stresses, The creep strains
and the eventual rupture times were observed and compared with conventlional
creep tests and theoretical analysls. Theory suggested and experiments
confirmed that stress redistribution caused the overall strain behaviour to
approach that for the mean axial stress and the mean raclal tempersture,

Description of the experimental teclnique and apparatus inecludes a
novel and gimple optical extenscmeter. Appendices contain 8 camplete
analytie treatment of the triaxial stress problem In a long thick tube In

PuTaOa

AR C. C.P. Neo. 102,
June, 1967
Clarke, J, M,

539.4343539.319

AN INVESTIGATION OF BTRESS REDISTRIBUTION CAUSED BY CREEP
IN A THICE-WALLED CIRCULAR CYLINDER EUBJECTED
TO AXIAL AND THERMAL LOADING

A thick-walled tube was subjected to an axial load and a radial
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the presence of an arbitrary distributlion of nomr-elastic strains,
and a treatment of some conditicons under which stress=-redistributiom
calculations can lead to a "pteady state” or ?fully redistributed?
stress pattem.

A less rigorous thsoretical treatment which Ignores radial
canatmaints {8 shown to lead teo an under-estimate of the thermal
stresseg and of the time required for stregs redistributim to
ocour,
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the presence of an arbitrary distribution of non~elastie strains,
and a treatment of some conditions undsr which atress-redistribution
ealculstions can lead to a Ysteady state? or "fully redistributed?

stress pattera.

A less rigorous thecretical treatment which ignores radial
congtraints i3 ghown to lead to an under-estimate of the tharma)
stregees and of the time required for stress redistributian to

QCCUr,






© Crown copyright 1968

Printed and published by
Her MAJESTY'S STATIONERY QOFFICE

To be purchased from
49 High Holborn, London w.c 1
134 Castle Street, Edinburgh 2
109 St Mary Street, Cardiff crt 1lyw
Brazennose Street, Manchester M60 8as

50 Fairfax Street, Bristol Bs1 3DE
258 Broad Sireet, Birmmgham 1

7 Linenhall Street, Belfast B12 8AY

or through any bookseller

Printed in England

C.P. No. 1024

C.P. No. 1024

SO Code No23-9018-24



