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A K3THOD FOR THE PREDICTION OF THE PROBABILITIES OF AIRCRAFT 
FATIGUE FAILURES WITHIN A FLEET OF KNOWN SIZE 

by 

A. M. Stagg 

An algebraic solution is given for the problem of ascertaining the 
probability of finting any number of fatigue cracks in a fleet of auwx.ft at 

any specific point in time. By a simple approximation ooncerning the fatigue 

damage incurred by the members of the fleet the solution 1s slmpliflea Into a 
working method for the deteninatLon of the aforesaid probablllty. 

With two parameters arbitrsrlly chosen, results are given to zllustrate 

the nature of the solution. 

* Replaces R.A.E. Techn-Lctil Iteport b818: - .4.R.C. 30 817 
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1 INl!RODUCTION 

In recent years the basic philosophy of the design of aircraft structures 
has undergone a modification. Structures which consist mainly of 'safe-life' 

parts, whose retirement from service is based on the probability of occurrence 
of a catastrophic crack which must not be allowed to occur, are being replaced 
by structures which consist mainly of 'fall-safe' parts In which the fatigue 

cracks that occur can be detected before the static strength falls to an 
unacceptable level. The full-scsle fatigue test is at least as important 
for 'fall-safe' structures as for 'safe-life' structures In that it must 

demonstrate not only that all the cracks that are likely to occur in service 
are detectable, but it must also indicate the position and time at which the 

cracks occur and the speed at which they propagate. 

The correlation of an aircraft in service with the full-soale fatigue 

test is achieve& by the carriage in the service aircraft of a fatigue meter, the 
readings of which in conJunction wth the fatigue meter formula give the 

fatigue index accumulated by that aircraft. Similarly the occurrence of cracks 

on the full-scale fatigue test can be related to the fatigue Index scale, for 
it is from the full-scale fatigue test that the fatigue meter formula is 

derived. Thus a one-to-one correlation 1s establlshed between service and 
test, which enables the maintenance engineers to decide when to start crack 
inspections at the various vulnerable stations. 

This paper, being an extension to MsrJorie Owen's paper', indicates 
a method for the calculation of the probabilities of occurrence of cracks in 
a fleet of aircraft at any time, taking into account both the indivxlual 
arcraft fatigue indices and also the uncertainty of the estimate from the 
full-scale test of the crack tistributlon parameters. A knowledge of these 
probabilities should make possible a more economic and efficient system of 

stocking spares which in turn could lead to improved fleet servicing. 

2 pm31 IN PATIGLC~ 

With the materials in use at present, there 1s considerable scatter 
in the fatigue strength of apparently dentical specimens tested under 
identical loating conditions. A great many results indicate that the 
distribution of the logarithm of fatigue life IS approximately normal; the 
evidence is less conclusive towards the asymptotes of the distribution. The 
log-normal tistributlon is thought to provide the most accurate and the 
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simplest definition of the distribution of scatter in fatigue life and for 

this reason the work hereafter 1s based on the assumption of the normality 
of the distribution of the logarithm of fatigue life. 

As a result of the scatter in fatigue performance, if one or more 
specimens are tested the mean endurance aoheved is only an estimate of the 
mean endurance of the whole population. Hereafter in this Report when the 
'life' of a specimen is mentioned, the life meant is the time to the 
occurrence of that one particular crack in that specimen which is under 
consideration. 

3 FATIGUE FACTORS 

When the probability of fsdure of a specimen after a certain number of 
cycles is considered, sllowenoe has to be made for the uncertanty of the 
estimate, from previous test results,of the population fatigue life. Bullen* 
considers three dlstinot methods of allomng for this uncertainty acoordwg to 

the state of knowledge of the distribution consldered. Bullen's three oases 

are as follows:- 

(i) There is no prior knowledge of the mean or standard deviation 

of the dxtributlon. 

(ix) There is no prior knowledge of the mean but the coefficient of 
variation is known. 

(id.) There 1s no prior knowledge of the mean but the standard 
aevxatlon 1s known. 

The factors on fatigue life quoted in Av.P.970 for applloation to test 

lives of structures are obtaned from case (d) from Bullen's paper, where a 
value of the coeffxient of variation (V) for typical. types of structures 1s 
assumed known. 

It must be emphasised at this point that Bullen's paper and the work 
that follows apply only to a normal dlstrlbution. It was stated above that 
the work in this Report was based on the assumption of the normality of the 

dxtributlon of the logarithm of fatigue life (N). If the fatigue strength 
x of a crack 1s aeflnea to be the logarithm of the fatigue life of that crack, 
then 

x = log N 
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and on the assumption made x must be normally distributed and so can be used 
as the property under consideration In case (il) of Bullen's paper. 

Then if n samples of a specimen have been tested to give an estimated 
mean strength of 2 and if x 1s the undetermined strength of a randomly 

selected single specimen going into service, Bullen's paper states that the 

statistic 2 where 

x c -1 
z = (I’+- 

x : $- ’ ) 
(1) 

1s dlstributed normally about zero mean x~th unit standard devlatlon. 

The fatigue damage Index accumulated by an alrcraft 1s a measure on an 
arbltrardy chosen linear scale of the fatigue damage to which that aircraft 
has been subJected and 1s calculated by the substitution of the fatxgue meter 
reahngs into the fatigue meter formula. It provides an easy basis for 

assessing the damage suffered by an aircraft In service and for matching the 
fatigue circumstances, at any time, of such an axoraft, as measured by the 

fatigue Index, mth the lcnown olrcumstances of a previously tested awcraft 

at some period durlnlg that test. 

Consider the case of a crack which occurred under testing at fatigue 
indices of t,, t 2, t3 etc. on vamous tests. Now the fatigue index is a 
linear scale, whdst the fatigue life 1s log-normally dxtnbuted, and so the 

fatigue index ('?) corresponding to the mean occurrence of this crack 1s given 

by 

!F = antdog 
c 
+ (log t, + log t2 + log t3 + etc.) 

3 _ -. 
a= antilog c 1 log (t 1 t n 2 t 3 . . . . ...) 3 

It 1s cus~~~~~~ry~practio~e.in,,~etennin~ng a fatigue life to apply a faotor __= 
A to the mean'&&'%f oc&r&?@@?~%~cr‘atik to allow for the scatter in ;.-i.r.y>+ .-.. ~-.AF&q--m%? 
fatigue perform~~~~~!il.enoe~~~~~~~~ue-~~~x (LI) at which the probability of 

-+ ;-z;*-&- ~ -'- ; &&.,":." 
occurrence of ~thl-S .~r~ck~Zs~l-rlin;~~,O"or, in other words, at a time oorres- .~ 
ponalng to a point 3 standard devlatlons below the mean of the density 
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distribution of cccurrences of that crack, and thus the fatigue index (LI) at 

which inspections for this crack should start, is given by 

(2) 

4 SEEVICE LIFE DISTRIBUTION 

Previous experience gained from failures in service of other aircraft 

suggests that the environment encountered in service is detrimental to the 
fatigue life of a specimen andreduces the mean life of the distributlcn of 

lives of specimens in service from the test mean life '? to a service mean 
life S. Although no real quantitative evidence exists, it is considered that 

a reasonable but conservative relationship between? and 5 can be taken to be 

(3) 

Similarly it is felt that whilst the mean is reduced, the scatter is 
also reduced such that the fatigue index corresponding to a probability of 
failure of 1 in 740 remains the same for both sets of conditions, Fig.1. 

The scatter in the fatigue life distribution is thus altered, but care must 
be taken to note that the standard deviation is not halved as is the mean 

for the factor of two is applied to the antilogarithm of the logarithmic mean 
and not directly to the logarithmic mean, whilst we are concerned with 
logarithmically normal distributions. 

5 INDMDUALPROBABILITYOFFAILUBE 

Inspections for possible cracks should be started when the probability 
of that crack having already occurred is 1 in 740. LI has already been 
defined as the fatigue index at which inspections should be started and 5 as 

the fatigue index corresponding to the mean cccurrence of the crack under 
consideration. Thus using equation (I) the coefficient of variation can be 
determined:- 
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Reverting to equation (1) a plot can be drawn of the probability of 
cracking of sny given aircraft when a fatigue index of y has been reached. 
Figs,2-5 present typical examples of such a plot on normal probability scsle 

for values of V assumed at 0.05, 0.10, 0.50 and I.00 in terms of loglo and 
various values of n, the number of sample specimens that had been tested to 
provide the estimated mean 3. It is seen in this figure that as n 

increases the distribution becomes nearer and nearer the limiting case when 
n = 00. This llmlt is the parent normal distribution, for then the estimated 
mean becomes, by definition, the population mean and so the plot for n = m is 
a straight line. 

6 COMBINED PROBABILITY QF FAILURE 

It must be emphasized that Flgs.2-5 are graphs of the probability of 
cracking of any particular aircraft in a fleet by the time it has reached a 

certain fatigue damage index. If (Fig.6) aircraft 1 is oonsiderea, there is a 
probability of P, of there being a crack present &en it has reached b, 

fatigue index, a probability of P2 of a oraok when it has reached b2fatigue 
index, and so on. The same figures apply exactly to sll the individual 
alrcraft of the one fleet. The probability of cracking of r aircraft In 
a fleet of m aircraft at some date or instant of time ~111 now be consIdered. 

The fatigue damage index, or in other terms the damage accumulated, by 
the arcraft in a fleet will vary with time, increaslng accorhng to some 
function of time t. The damage Di accumulated by the general alrcraft (1) 
1s thus given by 

Di = fi(t) (5) 

The probability of craclung (P) of any individusl aircraft is given as 

a function of the damage by a plot such as Flg.2; the plot being the same 
for all aircraft of one fleet sey 

P = g(D) (6) 

If at time t the probabditiy of cracking of aircraft (i) in a fleet 
of m alrcraft is P1, the probability of non-cracking of aircraft (i) is 
given by qi where 

qi = i-Pi (7) 



The probability P,(t) of exactly r aircraft in the fleet having cracks 

present by time t is the coefficient of tr in the binomial expansion 

(p,t + 9,) (p,t + q2)...(Pit + qi)...(p,t + x) 

Thus 

where M. 
=J 

= PJpi ; w = 
J j l-T '3 

j=l 

(10) 

and the summation extends over all values of i such that 
3 

1 G i, < i2 <...< lr 4 m . 

If for & fleet Of m members we cdl P,(t) = ,S,, then the binomid 

expansion for the probability of cracks in the ileet with (m-l) members will be 

( 1 
m-is0 to + *I 

s, t +*..+ m-lSr-I 
pi + m ,sr tr +...m pm-, ta-' 

) 

The similar expression for a fleet with m members wdl be (P,t + %) times 
the above expression and so the coefficient of tr (which 1s .S,) will be 
given by 

mSr = 'm (m-IspI] + $ [in-l'r) 
(11) 

i.e. 

Use of this simple recurrence relationship greatly eases the work involved 

in the calculation of mSr (= P,(t)) by deereasIng the number of operations 
required in the evaluation. 

Now Pi = g[Dij from (6) and in conJunction with (5) gives 

'i = !dfi(t)l (42) 
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.sna SO Pi is a function sdely of time. Thus all combinations of P1 must 

be functions of txme ana so it is possible to put 

W(= q, q2...q$ E F(t) (13) 

Similarly the identity below can be written, 

r 

a K(t) 

Then 

P,(t) = F(t) K(t) 

(14) 

(15) 

7 SIMPLIFIED METHOD 

Algebraically the derivation of P,(t) is simple. However the 

calculation of partxxlar cases can involve a fair amount of work whxh can 

be reduced by simpliflcatlon of the above treatment. The simplest approxi- 

mation to make applies to equation (5). 

D1 = fi(t) i = 1, 2 . . . m 

If this is slmplifled by malung 

fi(t) q fj(t) 1 = 1, 2 . . . m (16) 
J = 1, 2 .o. m 

the effect 1s to assume that all the aircraft in the fleet under consideration 

have consumed the ssme amount of damage at one particular txne and that they 
use up their fatigue life at the 3ame rate as one another. 

Putting equation (16) in equation (13) gives:- 

1=m 
w = 

l-i [I - g&(t)jl = 11 - &(t)llm = F(t) 
1=1 

Whdst (16) in (14) results in:- 

(17) 
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r 

K(t) = 

Let glr(t)] = u(t). Then substituting (17) and (18) in (15) gives:- 

p,(t) = F(t) It(t) z mcr u(ty- [I - u(t)]+) 

(18) 

(IV) 

This value P,(t) is the probability of exactly r cracks, no more no less. 
The probability of the number of cracks being any number up to and including r 
is given by PR(t) where 

r=R 

p,(t) = y p(t) (20) 

r=O 
One further approximation also simplifies the calculations considerably. The 
rate of damage accumulation by the aircraft In a fleet In one particular role 
is approximately constant and so equation (16) is further reduced to 

D = ct 

where c is the rate of accumulation of fatigue dsmage index and t is the 

time measured from the introduction of the aircraft into serwce. The effect 

on Fig.6 is that the horizontal sode can now be replaced by a linearly 
proportional time-scale. 

Sometimes a more useful probability than P,(t), the probability of sny 

number of cracks up to and mncludlng r, is Q (t), R the probability of there 

being more than r cracks. Q,(t) is then given by the expression 

r=R 

e,(t) = 1 - 
1 

p,(t) = I - PR(t) (21) 

r=O 

Fig.7 shows the plot of P,(t) and QR(t) against% obtained by using 
the example of Fig.3 with the further assumption of a fleet size of 23 arcraft 

and the approtimate method of calculation. It was assumed for simplicity that 
there was only one part liable to fatigue failure on each aircraft. To main- 
tain as much generality as possible in this graph the horizontal scale has been 
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is!LY plotted as log s. The conversion from this scale to a fatigue damage index 

scale and thence to a time-scale would require the assumption of values for 
2, C and the date of entry into service and so has been omitted. 

8 COMF'AIUSON OF THE TWO METHODS OF ANALYSIS 

As a basis for the comparison of the accurate and the approxunate 
methods of analysis an Imaginary fleet was constructed consisting of 20 or- 
or&t to each of which was assigned a fatigue damage index at the start of the 

period consldered (Table 1). A rate of consumption of the fatigue damage 

index of IO per annum and a mean fatigue damage index of 100 to the start of 
the crack were assumed. This latter value was chosen at 103 to enable to be 

made an easy appreciation of the position of each alrcraft rnslth respect to 

the mean of the tistributlon of times at which the crack under consideration 
could start. 

Similarly it was assumed that only one full-scale fatigue test had been 
conducted, consisting of the cracking of the same component in both of two 
wings, that the w~.ng was the part, liable to fadure by fatigue, under 
consideration and naturally that a crack in either wing had to be repaired. 

This latter point must be emphasised for equation (1) will give the probability 
of cracking of a single wing (a say). The probability of non-cracking of a 

single Wang is thus b = l-a. 

The probability of cracking in an aLrcrs.ft with two vnngs present and 
essential, at a corresponding life, 1s thus given by a2 + 2ab, whilst the 
probablllty of non-cracking is 1 - a2 - 2ab or b2. These then are the 
values for pi and pi to be used IX our equation (9), i.e. 

pi = a2 + 2ab 

qi = b2 

A computer programrre for the Manchester University Atlas Computer was 
written to produce values of P,(t) acoorhng to equation (10) when supplied 
mth know-n values of the mean of the crack distribution, the in&vi&d air- 

craft fatigue damage lndlces, the number of alrcrsft in the fleet, the number 
of full-scale tests conducted, the rate of consumption of the fatigue damage 
index, the period of life to be covered and the value of the coefflclent of 
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It is also noticeable that as the fatigue damage Index increases from 

year to year, so the egreement between the two methods becomes better. The 

nonnalized deviates from the mean of the fadure tistrlbutlon become smaller 

as the fatigue damage index increases and SO the indiv~dud probabilities are 

less sensitive to the small difference in life consumed. Thus the assumption 

of a urnversal fatigue damage index causes less errOr when the damage indlces 

of the in&n&al aIrcraft approach the mean of the failure tistrlbutlon. 

In service the coefflclent of vanatlon would be more likely to be in 

the range O-05-0.10 rather than in the range O*lO-0.50 (in terms of logarithms 

to the base of IO) and from the Flgs.8-10 it 1s noticeable that the 

discrepancies were IncreasIng as the coefflclent of variation decreased. 

The spread in the lndlvldual fatigue damage indlces 1s rather high compared 

to the magnitude of the ina-ivldual fatigue damage lndlces at the beginning 

of the period considered, but towards the end of this period when the magnitude 

of the ln&ces has Increased the spread 1s more redistlc in relation to the 

lndctces, and the tiscrepancles so caused should be of the correct order. 

9 CONCLUSIONS 

Inaccuracies Introduced by the adoption of an approximate method of 

ane.lys2.s, whereby an average accumulatzon of fatigue damage Index IS assumed 

throughout the fleet, increase with a decrease in the coefflclent of varlatlon 

of the fsztlure dlstrlbution and with a decrease in the fatigue damage Index 

accumulated. However a decrease in the spread of the lndivldusl fatigue 

damage indices results in an increase in the accuracy of the approximate 

method. The dlscrepsncles between the results obtained from the apprommate 

and accurate methods are small compared with those caused by the lntroductlon 

of the arbitrary conversion factor of 2 from test mean 11% to service mean 

life, for which there 1s no substantial evidence. It 1s felt that the 

appronmate method as outlined above is an acceptable alternatIve to the 

accurate method, and that perhaps a better approximation would be given by 

taking either the arlthmetlc or geometric mean of the lndlvldusl aIrcraft 

crack occurrence probabilities rather than the mean of the intivldusl an-craft 

fatigue damage inbees. 
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Table I 

CHARACTERISTICS OF FICTITIOUS FLEEI! AND ITS 

ASSOCIATED FAILURE DISTRIBUTION 

I Individusl aircraft fatigue damage indices 

10 20 26 31 

13 22 26 33 

16 23 27 34 

17 UC 28 37 

19 2.4 30 40 

Mean = 2.5 

Rate of aircraft fatigue damage index consumption = IO per annum 

Mean of distribution of crack-start indices = 100 - 

Coefficient of variation of crack-start distribution 
(on a logarithm to the base IO and in terms of the fatigue damage index) 

0.05; o-10; 0.9; 1.00 

Y 

4 separate oases 
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fatigue test factor (by which the full-scale test mean result must 
be divided to obtan the time for starting inspections) 

fatigue damage accumulated by the general aircraft (i) 

function of time defining the fatigue damage accumulated by 

aircraft (i) 

function of the damage accumulated by an aircraft defining the 
probability of occurrence of a crack in that aircraft (Pi) 

fatigue damage index at whxh the probablllty of occurrence of the 
crack oonsidered is 1 m 740, i.e. the index at which lnspeotions 
for this crack should start 

number of aircraft in fleet 
P. 
1 
qi 
number of fatigue critical items full-scale fatigue tested 
fatigue life of a specimen 
probability of occurrence of crack in general aircraft i 

probability of exactly r occurrences of crack up to time t 
probability of aqy number of cracks up to and xncluting r 
probability of non-occurrence of a crack in general slrcraft i 
probability of there being more than r cracks 

service mean fatigue index rating for the occurrence of a oraok 
indivldusl fatigue index ratings of times to occurrence of crack 

on separate tests 
test mean fatigue index rating for the occurrence of a crack 

strength of randomly selected speoimen,logarithm of life,= (log N) 
estmated mean strength of all specimens = (log),= (log !?) 
coefficient of variation of life to oracking distribution on 
loglO basis 

9, 92 a.-$ 
standsrdized normal deviate 



&. Author 

I E. Marjorie Owen 

2 N. I. Bullen 

RFFEI(ENCES 

Title, etc. 

The probability of fatigue failure of 
aircraft if the fatague life is exceeded. 

R.A.E. Technical Note Structures 287 
A.R.C. 22 439,August 1960 

A note on test factors. 

A.R.C. R & M 3166,September 19% 



( Estimated environmental,’ 
distribution ,’ 

> , 

I ‘\ I \ 
I 1 ‘\ 
I I ‘. 

t 25 
Lxxx =- A 

3-z i 
Estimated or 

Start of inspections Service test mean 
mean 

Fig. I 



0.6 0.7 0.9 I-0 I.1 I.2 I.3 I.4 
x 
T 

log Fatigue damage index 

X log 5 log [mean htigue damage index at Rhre} 

Fig. 2 Plot of Geary statistic; v assumed known = 0.05 



O*O! 
0.1 

0.2 

0.5 

99 

99.9! 
0.7 0.7 0.9 0.9 I-2 I-2 I.3 I.3 

I=‘09 3 log {fatigue domoge index} 
5t loqs log {mean htlgue damage index at fbihrv} 

Fig.3 Plot of Geary statistic; v assumed known = 0 ’ IO 



i 

=-lo9 Y 
F-- log 3 = 

loq (fatigue damage index) 
log (mean fatigue damage index at failure) 

9.4 Plot of Geary statistic; v assumed known =O.SO 



4 



I Probability 
of CMckinq 

Fatigue domage index 

Fig. 6 



0.8 0*9 I*0 I.1 
log y log { fatigue domage index} 
m = log{ mean fatigue damage index at failure) 

Fig.7 Fleet of 20 aircraft ; coefficient of variatioh = O-10 



‘ 
I 
0.5 
04 
04 
0.05 

I / / / Y / / lo.01 
0 I 2 3 4 

No a4 years since fatigue counters were read 

Fig. 8a V = 0.05 Accurate method 



-- 

--- -_-_ 

--._- 

0 I 2 3 4 

No Of years since fatigue counters were read 

Fig. 8b V = 0 * 05 Approximate method 



, 
/ / / / 

1 / / ‘V 
I 

/ 
/ I / / / / / / 

NO o$ years since Fatigue counters were 

Fig. 9a V= 0. IO Accurate method 



I 2 3 
NO of years since fatigue counters were read 

Fig. 9 b V = 0. IO Approximate method 



I 

NO of yeors since fbtigue Counter5 were read 

Fig IOa V= 09 50 Accurate method 



NO of years since fatigue counters wetv read 

Fig. IOb V= O-50 Approximate method 
~dnted tn #nglmd for Rer Majesty's Stationery Office by 
the Royal “ircraft kWoblishnmt, Famboroufh. Dd.1358YS. 6.3. 







0 Crown copyrlghf 1969 

Pubbshed by 
HER MAJESTY’S STATIONERY OFFICE 

To be purchased from 
49 H!gh Holborn, London w c 1 

13~ Castle Street, Edmburgh 2 
109 St Mary Street, CarddT Cal 11%’ 

Brazennose Street, Manchester 2 
50 Fmfax Street. Bristol BSI 3DE 
258 Broad Street, Blrmmgham 1 

7 Llnenhall Street, Belfast sr2 SAY 
or through any bookseller 

C.P. No. 1033 

C.P. No. 1033 

S.O. CODE No. 23-9018-33 


