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SUMMARY

A simple pressure gradient criterion for the determination of the
conditions under which re-attachment of a turbulent shear layer can occur is
proposed. Application of this criterion to the laminar separation bubble
problem, together with a simple bubble model and an approximate method of
calculation of the momentum thickness growth over the dbubble, leads to a
method of prediction of the bubble growth. It is found that for a given
imposed pressure distribution there exists a Reynolds number st separation
below which re-attechment is impossible; this is associated with the
so~called 'bursting* phenomenon, The predicted bursting parameters are in
good agreement with experimental observations; in partioular, the value of
Crabiree's pressure rise parameter is found to be weakly dependent upon the
boundary-layer Reynolds number at separation, varying between the limits
0.27 to 0.36 over thﬁ range of practical significance. It is concluded

that bursting occurs as a fallure of the re-attachment process, as suggested
| Ny ‘F
by Woodward. .0 46?

The investigations of McGragor1, Gaster2 and Woodward® at

Queen Mary College iﬁto the structure and behaviour of laminar
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peparation bubbles have shown clearly that the simple criterion
originally proposed by Owen and Klanfera, which states that a bubble
is short or long according to whether the boundary layer Reynolds

number at separation, R

; Sk * is greater or less than about 450, is by

itself inadequate to determine the conditions under which bursting
occurs. The hypothesis associated with thisg criterion, that a
fun&amental change in the stability of the separated laminar shear
layer causes considerably delayed transition below this critical
Reynolds number and hence much more extensive lengths of: separated
flow, has been shown by Woodward to be incorrect since he found tran-
sition to occur in very nearly the same physical position in bubbles
just before and just after bursting. This observation, together
with the discontinuous nature of the bursting phenomenon, suggested to
Woodward that bursting occurs as a sudden failure of the shear layer
to re-attach to the surface even though it is turbulent. This suggests
that an examination of the conditions governing the re-attachment of

a turbulent shear layer might be helpful in gaining an insight into

the physical mechanism causing bubble bursting, and into the behaviour

of separation bubbles.in general.

2. A Simple Criterion for Turbulent Re-attachment

A criterion for turbulent re-attachment, analogous to the
. . A . .. .5 .6
laminar and turbulent separation criteria of Thwaites” and Buri ', may
be derived by considering the behaviour of the momentum integral

equation together with either the kinetic energy integral equation



or Head'57 entrainment equation. We consider here only the former
case.

The momentum integral and kinetic-energy integral equations
for turbulent flow are, omitting the terms involving the normal Rey-

nolds stresses,

du
de 8 e
'&'; + (H + 2) -II;-(E(-_ in ’ shSosserrbat e e bab ubs (1)
de € due
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and &% = [1 - ——] dz , the displacement thickness

o
Q
o
6 = J %— 1 - E—) dz, the momentum thickness L eae (4)
o
o0
J %— [1 - __.) dz, the energy thickness.
-]

Introducing now the energy shape parameter

HS = E/e L)

equation 2 may be written in the form

_(_1_9_+9__ o_di{.£+3.e—--d-.:ls- - C_d (5)
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Elimination of d6/dx between equations (1) and (5) leads
to Truckenbrodt’s2> shape-parameter equationt-

dHe 8 due
ea-— = (H—l) HE-:‘-;E-;-—"'C -iHe'Cf- n-lc.a.(G)

Let us now examine the behaviour of equation (6) at a point of re~
attachment. At such a point we have by definition that the skin
friction is zero, so equation (6) becomes

du dH
e

- 8 _e _& _
HE (H J.) Ue dx B dx Cd - LA L IR N L TN I W I ) (7)

Now as can be seen from Fig. 1., Hy becomes virtually in-
dependent of H for the high values of H (i.e. H = 3) associated with
re-attachment. (These curves, due to Thompson, were derived for
conventional attached boundary layers, but the experimental points
included on the figure indicate that the curves are equally applic-
able to re-developing boundary layers after re-attachment.) Thus
unless dH/dx is exceedingly large, we should expect dHE/dx to be
small at re-attachment. Some measurements of the streamwise
variation of H, near re-attachment are shown in Fig. 2, which indi-
cate that HE passes through g minimum at the re-attachment point}

e 3] <o

dx

Thus at re-attachment, equation 7 reduces to the equation

g_% o -—'-(-:d—— - L] &9 AW OF S0 2D SN (8)
u dx H (H- 1) - a8 S92 . e &0 -
e [



It follows that if the velocity and shear stress profiles at re-
6 due

attachment are universal, then {G;'E;"]R is a function of Reynolds
number only.

Some evidence for the assumption of universality of velo-
city profiles is presented in Fig. 3; re-attachment profiles behind
steps measured by Mueller9 and Tanilo are shown together with a
number of profiles measured in swept separation bubbles., The
presence of cross-flows in the latter case eliminates the inaccuracies
occuring in the two~dimensional measurements due to the non-linear
response of the hot-wire anemcmeter . The resulting mean profile is
virtually identical to the self-preserving wake profile of Bradbury11;
this lends support to the idea that re-attachment has a wake-like
character, as 1s inherent in Coles'12 hypothesis, although the profile
is rather more full than that of Coles. The profile is of a different
form from that of turbulent separation profiles, being much less full.

This wake-like character of the re-attachment process
suggests that the assumption of constant eddy viscosity through the
layer may be valid; indeed Clauser13 has shown that the outer 80-907
of turbulent boundary layers in general may be considered to have
constant eddy viscosity, only the wall region being excluded. In
the case of re-attachment, the wall region will be absent. For

equilibrium boundary layers Clauser13 has found that the eddy viscosit

Mo is given by



uT = kpue6* [ LR N R R AR RN R SR NI R IS I A NI N IR I R (9)

where §, is defined by 7’ = p, %% , and k = 0.018. Shear stress
measurements in re-attaching layers by Mueller9 and Tanilo suggest that
k should be 0.020. This implies that a turbulent Reynolds number RT

defined by RT = puecS*/uT has the constant value RT = 50 = 1/k.

-]

2
2 Ay
Now Cd E"r [“a"‘?]'] dn P *T TS I TeEsIsEaRE LT AN RS N RE S (10)
o]
N u z
where u = and n = o -

e

But for the mean velocity profile of Fig. 3. we have that

2
[—'] dn = 00554 ’ s H U du s BBl ERB A CEES AERE (11)

0

so that with RT = 50 we get that at re-attachment
Cd = 0-0222. 48 &% 4 8 IS AR A4S PSS FD g B By &9 B 4P A4 & R (12)

The use of a constant value of RT leads to the result that
Cd is independent of Reynolds number. For the mean re-attachment
profile we have that H = 3,50 and H€ = 1.51 so that from equatién

8 we get

5 du
[ eJ = -‘0.005901 LI B I I BN B BN I B I BE O RE B NN BB BN R N BN BE NN N N (13)
u_ dx

-] R

Recently Fiedler and Head14 have found that the rate of



entrainment 1into a v —attaching boundary layer is higher than for

the corresponding attached layer, and the same may be expected to be

true of the dissipation coefficient C Accordingly, the value of

4

o due

T Ix predicted by equation 13 may be expected to be too low;
R

the actual form of the criterion, with its independence of Reynolds

number, may nevertheless be expected to be correct.

] due] -

A number of experimental determinations of [Gﬂ-dx
e

A

are presented in Fig. 4; the rather large scatter is probably mainly
attributable to the difficulty of measuring due/dx, which changes
rapidly in the re-attachment zone. No definite Reynolds number effect
is apparent, and the mean value of AR1s-n0082 with a gstandard

deviation of .0016; the distribution of points about the mean follows
approximately a normal curve, lending credence to the idea that the

scatter is mainly due to experimental error.

This mean experimental value, viz.

Ag = [_e_jue
Ue X

J = - 0.0082 N s s e A% Bs s ws EE VRS (14)
R

will be used in the ensuing theory.

3. A Simple Model of the Short Bubble

Laminar separation bubbles are essentially a first-order
interaction phenomenon; that 1s, the perturbation of the inviscid
velocity distribution due to the presence of a bubble is first order,

rather than second order as ig the case with attached boundary-layers



in incompressible flow, so that the external velocity distribution
should strictly be calculated to be compatible with the displacement
effect of the bubble. In subsonic flow however this is rather a
formidable problem, but fortunately some experimental observations
of the general nature of the perturbed velocity distributions in the
presence of short bubbles enable us to make use of a simple assumed
form of perturbed velocity distribution, in which the total bubble
length is essentially a free parameter which may be varied according
to conditions. Numerous investigations have determined the follow=

ing essential facts (see Fig. 5):

(1} The perturbation to the inviscid velocity distribution
is negligible except over the length of the bubble itself.
Thus, the separation point may be calculated from the in-
vigeid velocity distribution by the usual laminar boundary
layer methods and separation occurs at close to the corres-
ponding inviscid value of U3 re-attachment takes place

at some value of u, lying on the inviscid velocity distri-

bution curve.

(2) The pressure, and hence external velocity, over the
laminar part of the bubble is constant, to a good approx-

imation.

(3) The external velocity falls nearly linearly between

the transition and re-attachment points.



There is a discontinuity in due/dx at the re-attachment point
if we assume a linear fall of external velocity between transition and
re-attachment; in practice of course there is a blending-in of the
two curves, but it is found that this occurs after re—-attachment so
that the value of due/dx at re-attachment may be taken as that of the
linear velocity drop between transition and re-attachment .

The length £; of laminar separated flow is obviously an
important variable in the problem, but can only be determined experi=-
mentally. From dimensional considerationsit can be argued that,
provided the level of fluctuationsin the boundary layer at separation
is small, £;/08g should be a function of Rg;. The results of careful
experiments by McGregorl, Gaster2 and Woodward3 are shown in Fig. 6,
and it is found that the formula 2.1/98 = 4!10“/R98 correlates the
results quite well. This formula is of the same form as that

15, but with a different constant {von

suggested by von Doenhoff
Doenhoff's value being 5x10%).

Under the above assumptions it is evident that the value
of (due/dx) at re-attachment depends only upon the velocity drop over
the bubble and the length 4, of turbulent flow. In order to determine
the re-attachment according to equation 14, the value of Op is

required; in the next section a simple method of calculating this

in terms of 84 will be given.



4. Calculation of Shear Layer Development

We consider the laminar and turbulent parts of the bubble

geparately.

(1) The Laminar Part

As we have seen, the pressure is essentially
constant in the laminar part of the bubble, and as we might
therefore expect it is found that the reverse flow velocities
under the laminar shear layer are exceedingly small., The
skin friction in this region is therefore negligible, so

from the momentum equation we get simply d6/dx = O,

l1.€. BT = es N P I N R T TR R NI WA (15)

where BT ig the momentum thickness at transition.

{2) The Turbulent Part

Methods baged on the Crocco-Lee816 mixing equation,
the momentum-integral equation and the energy-integral equa-
tion have been compared, and it is found that the energy-
integral equation method is preferable in the existing con-
ditions (strong adverse pressure gradient), as this method
is considerably less sensitive to the value of the
empirically-determined constants occuring in all three
methods .

The energy integral equation 2 may be written as
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80 that, integrating between transition T and re-attachment

R we have that
R
R
[H au 3) - Cd‘u 3.dx. -h &8 F6 B0 0% BA &S S BE B (17)
E e a
T
T

Now from the experimental results shown in Fig. 2 we see that
at T, Hs = 1.48 and at R, HE = 1,52, and it is inferred that in
general to a good approximation we may use a mean value of
He = 1.50 = constant. Writing also Eé - ue/ues - ue/ueT,
6 = B/BB - B/GT, X = x/8g, we get
*R

Cq Ty (K) “AR. eevonveneevesoens (18)

R €R He_ )
] ’ X7
The contribution from the right-hand side of this equation
is not usually large, and accordingly the assumption of a
constant overall value of C; may be expected to yield results

of acceptable accuracy. Making this approximation, equation

18 becomes

xR
3 Caq 3
— il -
ERUQR - 1 - 'ﬁ';— ue (_)E)dx ] S Sa R BEL BE BE SRR RIS (19)
m —
xr

where Cdm is the mean overall value of Cq-

11



5. Growth and Bursting Theory

We are now 1n a position to obtain a closed solution for
the length of a bubble by combining the re-attachment criterion, equa-
tion 14, with equation 19, assuming the extecnal velocity distribu-
tion model previously described.

Consider the turbulent part of the bubble alone; the velo-

city 1s assumed linear, and the ratio of the velocity at re-attachment

/

to that at transition is ueR/ueT = ueR ues = ueR, so that in non-

dimensieonal form we have

= PP €16 )

[dﬂe] o (1 - l_ieR)
R %y

where £2 = QZ/GS.

Now from equation l4 we have at re-attachment

du di 6.
AR = [9"_—”&*‘&} = [d_x__c‘) 'EfR'_', *aM s s L e rene nr s (21)
u, dx Jo R eRr
go that from equations 20 and 21,
3 [
BR = - ]\R . (1 "—-HET 6 teideviamesarer s ssssensnss (22)

Also the external velocity distribution between T and R is

-2
Ee = ].- [1_EER] P)'(-"f;_];] » 4 S BB SN PR A B8 NS BE N (23)

which upon substitution into equation 19 gives

‘El +fz
1 Cdm/HEm - - 3

6, = =3+ [1- (1—EeR)[%?i)] s dX v eeeee (26)

L3

12
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On integration this gives

) ' Cap T2 (L - uep")
R ﬁg—j + QHE g . . s s essrannas e (25)
R m Uep (1L - ueR)
Combining equation 22 and 25 leads to a relationship between EER and
£2 Hias
Cd’[’ﬂ . (1 - ueR)
41 —
— 4 €m Lo
u = - b md B 9 P e A PR AR A AN (26)
€R Cdm ,
AHEm R

Equation 26 therefore provides a relationship between the ratios of the
external velocities at re-attachment and separation, EeR - ueR/ueS,

and the non-dimensional length of turbulent separated flow, E} - 12/65.

A more familiar parameter than EeR for expressing the

velocity drop over a bubble 1is Crabtree'sl? parameter o, where
Pp P (Uep)2
a = u = 1- ""'_'B"} = l_ﬁez . « vr s kb s e (27)
2 Ue R
ipues S

Fig. 7 shows the calculated variation of ¢ with L,, together
with experimental results of McGregorl, Gaster2 and WoodwardB. The
three curves correspond to calculations with various values of Cdm;
the curve for Cdm = 0.0182, which is the value for a turbulent half-
jet with Liepmann and Laufer's22 value of spread parameter gg = 1I,
correlates the results more satisfactorily than the other values,
and hence this value will be adopted in the ensuing theory.

By making the substitutions



Iz = E" }.-1
S 20 BN S8 B LN FPIEEY S AL s SV as s e B (28)
_ L
and 2'1 = .é._x..__.];..q_
Res

in equation 26, we can obtain the relationship between the bubble
length £, the velocity ratio HeR and the separation Reynolds number

Rg Now since S and R lie on the inviscid velocity distribution,

g*
there exists an additional relationship between % and GER' Also,
BS = ﬁL(ReS), so that the variation of % and UER with Res may be

determined uniquely.

Making the substitution 28 in equation 26 we get
(1 - Vep)
Cq/4Hg + T - 4 x 107
- 4 Rag

U.eR = . A Bs Bess FEBE SEGL ABREET S (29)

chHE - A

R

The curves of £ against T, for various RBS so determined

R

may be described as loci of possible re-attachment points.

As an example let us find the growth behaviour for a linear

inviscid velocity distribution given by

Ue = 1 - x/c , when ¢ is a reference length, oy,

putting x* = x/c , G;= 1 = X¥, s uveseiansscscacsnscsnsasasncnsss.(30)

Assume for the sake of argument that

2
0 g, 0
[_ﬁl . — = 0.1

c ) ’

14



0.1
e. R -
. i) ]
S S

[
*

* -
where BS BS/c .

The result is shown in Fig. 8a, loci of possible points of
re-attachment being shown for values of Res between 160 and 250.
The points of intersection of these loci with the inviscid velocity
distribution determine the re—attachment points. It will be seen
that a progressive expansion in the bubble with reduction of RQS
occurs until the curves become tangential at RGS = 175; below this
Reynolds number re-attachment is impossible, and we may associate
this with the bursting condition. As a result of this tangency
condition, the growth rate with reduction of Res at bursting becomes
infinite, as shown in Fig. 8b.

Let us extend the above analysis to the case of a general
linear imposed velocity distribution; since Gaster has found that
a good correlation exists at bursting between RBS and a parameter P
expressing the average velocity gradient over the bubble, we may
expect that such a linearised approach will be a good approximation
for most bubbles. For this linear type of velocity distribution,
the bursting condition is that the line joining the points of separ~
ation and re-attachment in the E;~‘§ plane becomes tangential to the
locus of possible points of re-attachment. This leads to the

result that at bursting

15
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- 3., = |2 4 x 10" — 4 2 )
4BueR (1 ueR) RGS (UeR - C)
r &% 88 3 8 (31)
where B = , €C & =—r—0— -
Cq/tHe - AR Cd/AHe - Ay J

Substitution of the resulting values of ;éR at bursting, for various
RBS, into equation 29 then gives the non-dimensional bubble length
at bursting. Hence the values of Gaster's parameter

Rgs * (ugy = 1)

P = L A N A N A N SR A S A I A W W XY (32)

7

may be calculated. Also values of Crabtree's parameter ¢ = 1 = GeR2

may be obtained. The growth curves % against RBS at constant P are
ghown in Fig. 9; it will be seen that at bursting df/dReS is
infinite.,
Comparisons of the resulting theoretical curves of o, 1 and
P against Rog at bursting with experimental results are shown in
Figs. 10, 11 and 12. The agreement with experiment is quite good,
some of the scatter of points being attributable to departures from
linearity of the imposed velocity distributions, and some to inaccu-
racies in the formula used to predict the length of laminar flow.
The theoretical curve of IB against Ry, follows the curve _Z_B =6 = 10"/119s

quite closely, in quite good agreement with tha curve LB

suggested by Youngla to be the best curve through the experimental

L 6nl§ X 10“/Res

pointé. The value of Crabtree's parametér u at bursting is found
tv be only weakly dependent on Res, varying between the limits

Ov27 to 0.36 over the range 100 < Rﬂs < 500; this compares
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favourably with Crabtree'sl7 suggested constant value of 0.35. As

shown in Fig. 13, the predicted value of o, is not particularly

B
dependent upon the value of the comstant in the formula de fining the
length of separated laminar flow, and the shape of the loci of poss-
ible re-attachment points is such that quite large departures from

non~linearity of the imposed velocity distribution cause only small

changes in ¢ Thus for most purposes Crabtree's hypothesis that

5
9 is a constant appears to be quite a good approximation; however,

in order to find o for a given velocity distribution, 1t is necessary
to know the bubble length and this quantity is strongly dependent
upon the length of laminar flow (see Fig. 14) and the curvature of
the velocity distribution.

From equation 26 it may be seen that as %, tends to infin-

ity, Uep tends to a minimum value given by
- 4 ) Cy/4H_
ER min Cd;AHE - AR ’

which leads to a maximum attainable value of O ax = 0.48. That part
of the analysis leading to this result may be considered to be
equally applicable to long as well as short bubbles, so this limiting
value of ¢ may be expected to relate to long bubble separations.

The value is close to that derived for long bubbles by Norbury &

Crabtreelg.



6. Discussion

The good qualitative and {air quantitative agreement with
experiment of the present simple approach strongly indicates certain
essenti1al features of the mechanism of bursting. This may be stated
in the following terms. The total velocity drop along the turbulent
shear layer 1s related to the length of turbulent separated flow, and
these two quantities are dictated by the length of laminar flow and
the 1mposed velocity distribution; bursting occurs when expansion
of the turbulent part of the shear layer with decrease of ReS cannot
supply a sufficient pressure rise (velocity drop) to satisfy the re-
quirements of the 1mposed velocity distribution whilst at the same
time atiaining the requisite value of the re-attachment parameter.

The most important aspect of the present analysis is the
correlation between Iz and o, from which the growth and bursting
theory immediately follows. The satisfactory prediction of this
correlation by means of the re-attachment criterion lends additional
support to the utility of the criterion.

The lack of sensitivity of o, to both Reynolds number and

B

length of laminar flow indicates that the pressure rise over the

bubble is the major factor determining bursting.

7. Conclusions

(1) A simple criterion of the form



0 du
[——-——5] = - 0.0082
u dx

e R

appears sufficient to determine under what conditions a turbulent

shear layer will re-attach.

(2) There exists a correlation between the non-dimensional

length of laminar separated flow, Ii = 14,/8,, and R°S such that

Sl

_ [0
I'A = é._.g._..}o_._
05
(3) There exists a correlation between the non-dimensional
length of turbulent separated flow, %, = 22/63 and the ratio of the

external velocities at re-attachment and tramsition, ueR/u and

eT’
hence between £, and 0.
(4) Bubble growth and bursting behaviour may be predicted to

a reasonable degree of accuracy by making use of conclusions 2 and

3.

(5) The wvalue of Crabtree's parameter ¢ at bursting varies only

slightly with Rog» between limits 0.27 and 0.36.

(6) The non-dimensional bubble length at bursting (for
linear inviscid velocity distributions) may be approximated by the

curve L = 6 x 10“/RBS.

{(7) Bubble bursting occurs as a fundamental breakdown of the

re~attachment process.

19
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SYMBOLS NOT DEFINED IN THE TEXT

Co-ordinates measured along and normal to the aerofoil
surface

Total length of bubble

Length of laminar separated flow

2z = Xp T ¥p Length of turbulent separated flow

p Static pressure

u Streamwise velocity

Re = Egg Reynolds number based on momentum thickness

Row = ﬁgEg Reynolds number based on displacement thickness

v Kinematic viscosity

p Density

T, ‘ Wall shear stress

A = [g;—g;?ﬂ Pressure gradient parameter

- Denotes lengths and velocities non-dimensionalised by
65 and Ueg respectively.

B Geometric parameter in swept bubble experiments.

Suffices

B denotes conditions at bursting

e denotes conditions at the edge of the viscous layer

s,T,R denotes conditions at the points of separation, transition

and re-attachment respectively

o denotes conditions in the undisturbed stream,
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ex1sts a Reynolds number at sepuration below which re-~
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so-called 'pursting' phenomenon. The predicted
burstaing parameters are in good agrecement with
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Crabtree's prossurce risc paramecter 1s found to be
weakly dependent upon the boundory-layer Reynolds
number at separation, varying between the limits 0.27 to
0.36 over the range of practical signi{icence, It 1s
concluded that bursting cccurs as a failure of ihe re-
attachment process, as suggested by Woodwerd.
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