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SUMMARY

During the last few years conformal mapping has successfully been applied
to obtain systems of coordinates suitable for the numerical calculation of the
inviscid compressible flow past a prescribed profile in two dimensions. Here
tensor analysis is used to show that in three-dimensional flow problems certain
integrability conditions can be used to calculate three families of coordinate
surfaces, one of which contains the surface of a given body shape. They are
efficient for numerical work, i.e. they define a 'smooth' system of grid points
which are closely spaced near the body and are sparse at large distance from
the body. Two cases are considered in some detail, one suitable for wings of
finite aspect ratio and one suitable for swept wings of infinite aspect ratio.
The latter case is also of mathematical interest, since the theory of complex
functions can be used to calculate the coordinate surfaces for a given body

shape.
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1 INTRODUCTION

In recent years it has become apparent that in aircraft design a great
deal more information is required on the effects of compressibility on the air-
flow past wings and wing body combinations than can be obtained from linearised
theory. Transonic small perturbation theory has helped to fill in the gap of
theoretical knowledge, in particular since Murman and Colel, Krupp and Murmanz,
Steger and Lomax3 have written computer programs for two—dimensional flow.
These have recently been extended to cover three-dimensional flows past wings

at near sonic speeds (Lomax4, Bailey and Stegers).

On the other hand it has always been highly desirable to obtain solutions
of the complete equations of motion for compressible inviscid flow. The method
by Sells6 for two-dimensional subsonic flow and the method by Garabedian7, which
covers also enclosed supersonic systems in a two-dimensional flow are hoth based
on the solution of difference equations in a suitable grid which is obtained by
conformal mapping of the exterior of the profile contour on the exterior (or
interior) of a circle. The lines of constant radius and constant peripheral
angle in the circle plane form a suitable system of coordinates in which a
convenient grid can be defined in which mesh size is totally related to the
required accuracy of information and also infinity can be treated within a finite
working space. For elliptic problems methods based on variational techniques
(see review by H. Rasmussens) have been used and the use of finite element
techniques - which has proved successful in structural problems - has been
advocated in fluid dynamic problems (Argyrisg). Recently a fairly comprehensive

review of this field by Yoshihara]O has appeared.

In order to obtain results of reasonable accuracy it appears to be
advantageous to use a grid in the difference sceheme in which the body surface
is a coordinate surface. This has been done by Sells6 and Garabedian7 in their
difference equations and also by Rasmussen and HeysII in their treatment of the
variational approach by difference methods. So the application of conformal
mapping to obtain suitable grids for two~dimensional problems had several
advantages, namely (1) the treatment of infinity was simplified, (2) the treat-
ment of the boundary condition in the body surface was simplified and improved
in accuracy and (3) the mesh size in the field was easily adjusted to

requirements of accuracy and definition.

This Report is concerned with the question whether some, if not most, of

these points can also be achieved in three-dimensional flow problems. Tensor



analysis is a useful tool in trying to answer this question, since it provides

a fairly simple description of all possible systems of coordinates which can be
used in a three-dimensional Cartesian space]2’13. In section 2 a general system
of coordinates is discussed in terms of its associated base vectors and normal
vectors and a number of useful relations (for co-variant and contra-~variant
components of a vector) is given. In section 3 the conservation equations for

e e . 14 . .
mass, momentum and energy for inviscid flow are written down in general

vector notation,

In order to simplify the description of the directions of the normal base
vectors and normal vectors in relation to the Cartesian coordinates, three Euler
angles are introduced in section 4.2. They are normally used to describe the
motion of a rigid body in three-dimensional space. Here they help to simplify

the geometric relations.

In order to define a general system of coordinates certain integrability
conditions have to be satisfied. They are discussed in section 4.1, It appears
that in general six of the nine integrability conditions in terms of the three
Euler angles, the lengths of the three base vectors and the three angles between
the three base vectors are used to obtain the components of the fundamental
metric tensor. The three degrees of freedom which exist in this system can in
many cases be used to obtain a completely orthogonal system. The remaining
three integrability conditions are used to establish a coordinate system on the
body surface. This system of coordinates would be appropriate for the calcula-
tion of a compressible flow past a finite wing or a wing-body combination (Case I,
section 2). A system consisting of ellipsoids and two families of hyperboloids

(Lambls) is a well-known example.

Another interesting case (Case II, section 5) arises when one tries to
establish a system of coordinates, in which one of the Cartesian coordinate
planes is retained and only two new families of coordinate surfaces are defined.
This system is useful for the investigation of the flow past a semi-infinite
body, as was done by Walkden]6, for the calculation of supersonic flows. Another
interesting example is a wing of infinite aspect ratio (section 5) on which
geometric properties (e.g. sweep) vary along its span. Here one has to satisfy
six integrability conditions of which two are to be satisfied on the body
(section 5.1). The two remaining degrees of freedom can be used to define
conformal mapping within the planes which are retained as coordinate surfaces,

with the mapping dependent on this first variable as a parameter (section 5.2).



Here the calculation of the coordinates for a given infinite body shape can be

reduced to the computation of two analytic functions of a complex variable,

In both these cases the coordinates can be calculated first and the
conservation equations can be solved as a second step. If one chooses stream-
. 1 .  qs .
surfaces as coordinate surfaces (e.g. Walkden 6) the integrability conditions

must be solved together with the conservation equations.

A number of appendices give some more details of the analysis in the main
part of the Report. They are meant to help the reader who has less experience

in tensor analysis.

2 GENERAL SYSTEMS OF COORDINATES

Consider a transformation of the form

i, 1 .2 .3 .
X = X (E,E,E0) i=1,2,3 (2-1)
@
and its inverse
i i, 1 2 3 .
g5 = £h(x ,xT,x0) i=1,2,3 , (2-2)
where x , i = 1,2,3, refer to orthogonal Cartesian coordinates, and
El, i=1,2,3 denote general coordinateslz’IB.

The Jacobians of the transformation are denoted respectively by

i i
J = 257 and Jx = éér
ag3 5%

where JJ* = 1 and J,J*# 0 except, perhaps, at some isolated singular points.

At each point P we construct a system of ‘base' vectors a;s i=1,2,3
(Fig.1) which are tangential to the curves of intersection of the surfaces

1-1 i+1 . . .

= const. and £ = const., and a reciprocal system of 'normal' vectors
i . i

a, i=1,2,3, normal to the surfaces & = const. The normal vectors are

defined by the relations

Y= oa,xa . (2-3)

Je,. a
ijk— =3 =k

We note in equation (2-3) that a summation is carried out over the repeated
index i. This convention of tensor analysis will be adopted throughout the

presentation that follows unless otherwise stated.



In (2-3) we define

Eijk = +] if ijk are an even permutation of 1,2,3
= -] if 1ijk are an odd permutation of 1,2,3
= 0 in all other cases.

The differential forms of (2-1) and (2-2) will be given by

. i o
axt = 2 _grd = dgd i=1,2,3 (2-4)
BEJ J

and

: pel .
dgt = - axd = oertaxd i=1,2,3 (2-5)
3 5] j

respectively. It is shown in Appendix A (see equations (A-2), (A-9)-(A-11))

that the relations between the vectors 2;5 Eq

vectors <is cd  are of the form

and the Cartesian unit base

2 - tigﬁ i (2-6)
and
al = g, (2-7)

respectively. The fundamental metric is given by
as? = gijdglng , (2-8)

where gij is the symmetric co-variant metric tensor of order two defined by

the equation

gi; = 3 - a; - (2-9)
The symmetric contra-variant metric tensor glJ is given by
glJ = g} . al s (2-10)

and in Appendix A (equations (A-14)-(A-20)) the following relations are
established:



g 8, ~ S (2-11)
3% - | 8 ! (2-12)

w2 nggl . 52 (2-13)
& T gkzil (2-14)

& = g“igl : (2-15)

Furthermore, any vector Vv can be written in the form

L
X. = vg]i = v -a—l ’ (2—]6)

2 . .
where vy and v~ are the co-variant and contra-variant components of v and

from Appendix A (equations (A-25)-(A-28)) we have the relations

n
v, = tgun . 2-17)
Vz = t*iﬂ'ul s (2~18)

i . .
where u, and u~ are the components of v in the Cartesian reference frame.

Also, using equations (A-30)-(A-33), of Appendix A we will have

Vi = g,V (2-19)
vi = gisvs (2-20)
v, = Y. a (2-21)
vi = v. ai . (2-22)

If Ai and A" denote the magnitudes of the vectors a, and g} then

from equations (A-35) and (A-38) we obtain the relations



j o ] _
ti Ai cos ei . (2-23)
and
%1 i L
tj = A~ cos ej . (2-24)

. i
where 6% denotes the angle between the vectors a; and Ej and le denotes
the angle between gl and 59. Furthermore, if ei. denotes the angle
between a; and a. and ok?  denotes the angle between é# and é? then

from equations (A-39)-(A-67) of Appendix A we obtain the following relations

k 2
cos eij = COoS ei cos Bjékz . (2-25)
* *
cos ekz = 6§°° cos erk cos GSZ s (2-26)
gij = AiAj cos eij s (2-27)
gkz = AkA2 cos ek2 , (2-28)
2 _ -2.2
JO = (A1A2A3) J
= 1+ 2 cos § cos O cos 6,, - cos2 8., - cos2 8,, = 0052 8 (2~29)
12 23 31 12 23 31
*N .
Jody = sin By, wuo > 0 , (2-30)
where
*
dNN = ANAN , (2-31)
_ e . . N+2,N+3 _
JO sin eN,N+l sin 9N+1,N+2 sin 6 , (2-32)
sin 6 sin 8 cos 6N+2’N = ¢] s 0 - cos 0
N,N+1 N+1,N+2 = ©08 Oy N+1 ©°% Onsr,ne2 T % Pne2,n 0
(2-33)
sin eN’N+1 sin 8N+1’N+2 s 9N+2 N = cos GN’N+] cos 9N+1’N+2 - cos 6N+2’N .
b

(2-34)



We note that the use of a capitalized index N in equations (2-30)-(2-34) means

no summation over N.

3 EQUATIONS OF MOTION

3.1 General case

The equations of continuity, momentum and energy for a steadily moving

. P . . 1
compressible inviscid fluid under the influence of no external forces are

——a—k-(Jpvk) = 0, (3-1)
ag
2ogdd) - wxw, = -1 122,30 @)
ag* ° ag
@ = v (3-3)
S -0, (3-4)
3¢

where v' are the contra-variant components of the fluid velocity vector v,
p the fluid density, p the fluid pressure, § the vorticity vector, gq the
fluid speed and s the entropy. In addition to equations (3-1)-(3-4) we also

have the general gas law
_ dp
dh = ==+ Tds (3-5)

where h is the enthalpy and T the temperature.

An alternative form of (3-2) 1is

vk —QE v - —%-(vk —Ez-vk -V —QT Vk) = - l-ERT (3-2a)
3 3L 3L ° 5

which is useful sometimes.

For irrotational flow we must have Q = 0 so that using (3-5) in (3-2)

we obtain the momentum equations (3~2) in the form

...@..{.(h-g-%qz) =Ta_§_:_L-, i

3E 13

1’233 . (3_6)
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1f equation (3-6) is multiplied scalarly by v’ we obtain

N R Ui B M S (3-7)
Y 3

Since external forces and viscous effects are neglected the left hand side of
(3-6) vanishes since the total energy is constant upstream and remains constant

along a streamline. We therefore obtain Bernoulli's equation in the form

h+iqg" = ¢ , (3-8

where ¢ 1is a constant except across shock waves. Therefore s remains
constant along streamlines. In the case of homentropic flow s will have the

same value everywhere. Multiplying (3-2) by v' we note

vi . (v x Q)i = 0 , (3-9)
since

(3-10)

In the case of a perfect gas the equation of state will be of the form
p = RoT ,

where R 1is the gas constant and the speed of sound, a, will be given by

az = X-P_ = <£d_E (3...]])

e dp>s=const.

where vy 1is the ratio of specific heats. Also the enthalpy can be written

in the form

s (3-12)

and the general gas law (3-5) can be written

2{ dp ds
dh = 4 . -1
a ( 5 YR> (3-13)



Using (3-4), (3-12) and (3-13) in equations (3-1) and (3-8) respectively we

obtain the continuity equation and Bernoulli's equation in the form

i

%-—35 vty - X?%'E'T -0 , (3-14)
13 a 9¢
and
a2 2
— + iq° = comst. . (3-15)

The speed of sound is determined from equation (3-15) in terms of q2 so that,
in general, the field equations to be solved are the continuity equation (3~14)

and the condition for irrotationality

o = 0 , k=1,2,3 . (3-16)

We also note that only two of the equations (3-16) are independent since the
identity (a/agk)(JQk) = 0 holds everywhere throughout the field. The
equations of motion (3-14) and (3-16) must be solved with the appropriate

boundary conditions which hold on the body surfaces and at infinity.

3.2 Potential flow

We consider the inviscid flow past a wing or a wing-body combination. We

introduce a velocity potential & by
= 2 s -
ve = Sr o, i=1,2,3 (3~-17)
gt

so that equations (3-16) are satisfied. The system of coordinates should be
N
chosen so that the surface & = const. corresponds to the body surface.

Using equations (A-31) in the continuity equation (3-14) we obtain

g v.q
%——ET (ngJv.> - ——~§L—§ST = 0 , (3-18)
g J a Y

which, together with (3-17) and the relation

q2 = glJv.v (3-19)
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provides us with an equation for the velocity potential &. 1In the special

case when the reference system is orthogonal (see section 4) we obtain

glJ = gij = 0, 1 ¥ j and equation (3-18) will have the form
. i 2 2
T i (AlAZAB(Al)Z a¢_> L A2 e 0 . (3-20)
17273 38 pg™ 2a st agt
The boundary condition that holds on EN = const. 1is
Vo= 0 (3-21)

since there is no flow through the surface of the body. In addition to (3-21)
we must impose a suitable condition on the transformation at large distances from
the body which leaves the flow field undisturbed. In the case of a lifting wing
further boundary conditions must be applied along the vortex sheet behind the

wing, which state that there are no forces between the two faces of the sheet.

As will be seen in sections 4 and 5 a system of differential equations, the
'integrability conditions', can be used to determine the coordinates and the
quantities Ai and cos eik for a prescribed body geometry. After this first

stage the flow field can be calculated using the equations in this section 3.

3.3 Streamline coordinates

An interesting application of ideas similar to these developed in this
Report has been made by F. Walkden, who calculated the three-dimensional
supersonic flow past a given body shape by marching in the stream direction.
He retained one coordinate x1 = El (section 5) and used stream surfaces as
coordinate surfaces, so that in his case the integrability conditions and
the equations of motion had to be solved simultaneously. We let v coincide

with a; so that

vi = vo = 0 (3-22)
_ 1 21 _
Vi o= g voo= (A]) v (3-23)
v, = g v] = A A cos 9 v1 (3-24)
2 21 21 12
- Do A 6. v (3-25)
V3 T B3V T Agf; cos U,
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and

2
q2 = vlvl = <%]v]> . (3-26)

The conservation equation (3-14) takes the form

2
q —E—-log (GAAD + [1 -3 %4 . 0 (3-27)
1 07273 2 1
& a 2§

and equations (3-16) are:

—23 (Alq) - _ET (A3 cos equ) = 0 (3-28)
9g 23
3 3
—5 (Alq) - = (A2 cos elzq) = 0 . (3-29)
o0& o0&
4 FINITE BODIES (Case 1)
4.1 The integrability conditions

The necessary and sufficient conditions for the existence of an integral

of equations (2-4) are given by the following nine equations

) k 9 k . .
— | L. = —|t, ’ (i 7"-_'], k = 1,2,3) . (4=1)
ag* <J> o < 1>

In general these equations must hold everywhere in order that transformations of
the form (2-1) and (2-2) can be found. The nine equations (4-1) can be written

in the form

R LI ik =1,2,3 (4-2)
where
Q1,k - E:J.SLm 82 <ti> ) (4-3)
14
It will prove useful in what follows to introduce ﬁl’k where
s 1 i
glok cos 0 Kgls® (4-4)

L
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Next we prove that a necessary and sufficient condition for the
integrability of equations (2-4) is that, for any given i, the following

six equations hold in the field

gk oo , k=1,2,3 , (4-5)
githk _ o k=1,2,3 , (4-6)

and the following three equations hold on some surface £i+2 = const.
AL S k=1,2,3 . (4-7)

First we assume that for any given i we have (4-5) and (4-6) satisfied in
the field and (4-7) satisfied on the surface £1+2 = const. Then from (A-48)

we have |cos eill = J6=# 0 and it follows from equation (4-4) that

Ql,k = 0 , k=1,2,3 , (4-8)
Ql+l’k = 0 , k = 1’2’3 , (4_9)
at every field point and
PRACTL I k=1,2,3 (4-10)
i+2 . .
on § = const. We also have the identities
3 (Qg’k) = 0 . k = ]’2’3 (4-]])
ae?

which hold at every field point. Therefore, using (4-8) and (4-9) in the field

we can integrate (4-11) with respect to £1+2 to obtain, with (4-10),

gtt2k o, k=1,2,3 , (4-12)

at every point and the nine equations (4-2) are satisfied. The converse follows
from equations (4-4) and our assertion is proved.

Our choice of the field equations (4-5)-(4~7) in the subsequent analysis
will be



g2k o, k= 1,2,3 , (4-13)

g3k 0o, k=1,2,3 , (4=14)
together with

=1,k _ _

Q =0 , k= 1,2,3 (4e15)
on the surface El = const. Using the relations (A-39) we find that the field

equations (4-13) and (4-14) will be of the form

k k
51 k2 o °3 944 S o
— 3 + A, cos ea —3 |cos 61) = T T + A3 cos 6 -7 cos 63) s
AA" BE 3E AAT BE ® 3
k=1,2,3 , (4~16)
k k
o1 B4 5 o by 4 *k 3 o
% % + Al cos 6@ —-= | cos 61 = %7 + A2 cos ea —7 |cos 62) s
AlA 13 °& AZA 13 9E
k=1,2,3 , (4-17)
and the equations (4—15) which hold on E] = const. will have the form
k k
55 3A . 5 9A .
~—EE ——% + A2 cos eak —25 (cos 6;) = ——QE-——%-+ A3 cos euk —35 (cos 6;) R
A2A 3E 9E A3A L3 98
k=1,2,3 . (4-18)

In section 4.2 the above form of the integrability conditions will be used for

the first special reference system in which 8,4 Fn/2, 0,, =04, = /2.

4.2 Nearly orthogonal system (Euler angles)

We choose 8]2 = 63] = 7/2 and obtain ﬁq/Al =.§_]/A1 and
= 0, 3y 337 A2A3 cos 623 # 0 so that the fundamental
The

are both orthogonal to the base vector a

2, + 3873 - 3%
base vectors 32 and 33
623 between the base vectors 22 and 23

623 = 1/2 the coordinate system will be orthogonal (see Fig.3a). In general,

1

angle is arbitrary. In the case
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the orientation of the base and normal vectors must be expressed in terms of
nine direction cosines. However, by introducing the three Euler angles 6, ¢
and ¢ (see Appendix B) and the angles eij the task of defining the direc-
tions of the base and normal vectors can be considerably simplified. 1In
Appendix B the direction cosines of the vectors as g} are derived in terms
of 6, ¢, ¥y and 623 and are tabulated in Tables 1 and 2. Furthermore, in
Appendix D the integrability conditions (4-16)-(4-18) are shown to reduce to

the following nine equations for A], A2’ A3, 0, ¢, ¥ and 6,,:

23
JA
——%- = A3 {sin (v - 623) EQT - sin 8 cos(y - 623)'22T} (4-19)
oL 13 33

. . 99 906
A (sin (¥ - 6,,) sin § ——= + cos(y ~ 6..) —~—}
i { 23 ag3 23 ag3

) L)
=~ A {—— (y - 6,..) + cos 6 —— (4~20)
3{ ag1 23 351}

A] {sin Y sin 6 29—-+ cos w-ﬁg—}

ag3 353
dA
. 3 3 ad
= sin § —— = cos 6,,A — (b - 98,..) + cos © ———-} (4-21)
23 ag] 23 3{ 3&1 23 BEl
3A o
——%- = A2 {fin v EET - sin 8 cos ¥ EET} (4-22)
13 9k 2k
A
A, {éin 8 cos Y 225 - sin ¢ 325} = ——%— (4-23)
& 9k 9g

2

A {COS ¥ 225 + sin ¢ sin 6 QQ_} = - Az{.cos 8 QQT-+ 2i~} (4-24)
13 14
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A2 {sin 0 cos ¥ QQE__ sin ¢ §§__}

cla ag3
1 J . 3
= A, {51n 8 cos(y - 8,5) ié- - sin (¢ - 923) .@_} (4-25)
13 dE
dA
) 2 3 3y }
sin 6 ~—=+ cos 6,,A COS B —— + ——
23 853 23 2{ 3£3 8&3
3 - 8,,)
23 1)
= A —— + c0s 0 —— (4-26)
3{ ag? agz}
34 3(Y - 8,,)
A2 {cos ¢ 22-§-+ Eﬂg} = - gin 623-——% + cos 623A3{ cos 8 3¢2 + 5 23 } .
(4-27)

Equations (4-19)-(4-24) are the integrability conditions governing the reference
system at every point not on the surface El = const. = C. The remaining three
equations (4-25)-(4-27) will be satisfied at every point on El =C, We

note that the six integrability conditions are relations between the three Ak’

the three Euler angles ¢, 6, ¢ and the angle 6 So we may choose

23°
623 = m/2, which leads to an orthogonal system of coordinates. This statement
is consistent with the fact that we have used the three degrees of freedom which
exist in a general three—dimensional system of coordinates, by putting

6]2 = 623 = 931 = 7/2.

The special orthogonal system of coordinates which is obtained through

the use of ellipsoidal coordinates is discussed in Appendix E.

Finally we note that the integrability conditions associated with axially
symmetric geometries can easily be obtained in a number of different ways

(see Appendix F).

(4-28)

(4-29)
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(4-30)
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o}
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™y

(4-31)

x2 = r sin &2 , X

]
a]
0
[®]
n

(0]

4.3 Possible method of solution

As was stated in section 3.2 the conservation equations for the compressible
flow past a given wing can be reduced to one differential equation for the
velocity potential ¢ with the remaining quantities following from the energy

equation (Bernoulli) and the equation of state. For example

1 + iq = const. . (4-32)

1f, for certain body geometries the system can be made orthogonal then this
equation takes the form (3-20) with appropriate boundary conditions on the body

and at infinity.

The three parameters Ai and the three Euler angles ¢, 6, ¥ have to be
calculated from the six equations (4=19)-~(4-24) in the field (with 623 = 7/2)
and the three equations (4-25)-(4-27) on El = C, where the direction cosines
cos e%, which according to Table 1 are functions of the Euler angles 6 and
¢, are defined by the geometry of the body shape. We may assume that 6 and

. 1 . 2
¢ are prescribed on £ = C as functions of two parameters o and o, say.

An iteration scheme on the following lines could be used in order to
calculate the coordinate system on the body El = C, A suitable guess
2 2,2 3 3 3,2 3
g = g (07,07) and £ = £ (o7 ,07) (4-33)
enables us to determine 6 and ¢ as functions of 52 and 53. Then (4-26)

and (4-27) can be used to find A2 and % and (4-25) to find A2/A3. Since

dxk = AQ cos egdgl (dgl = 0) (4-34)

xk and 02 and 03 can be related to Ez and £3 and the iteration cycle

is closed.
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In the field one would probably use a second iteration scheme, whereby
e.g. (4-20) is used to obtain ¥, (4-21) is used to obtain A3, and (4-24) to
obtain A]/Az. The remaining equations (4-22) and (4-23) can be used either to
obtain A2 and 6, with ¢ following from (4-19), or to obtain A2 and ¢
with 6 following from (4-19). This is only one of several possible computation
schemes. The best one can only be found by practical experience. One problem
here is the formulation of the appropriate boundary conditions for these partial
differential equations. For shapes with certain geometrical symmetries,
conditions not only on 2 but also on 2, and/or 53 may be known. In

addition we have to insure that the three Ai and the Euler angles ¢, 6, ¢

are periodic both in 52 and £3.

In view of all these difficulties it appears to be wise to gain experience
in the handling of such problems by first considering a wing of finite aspect
ratio where the system of coordinates can be obtained as a perturbation to the

ellipsoidal coordinates mentioned before (see Appendix E).

5 INFINITE BODIES (Case II)

5.1 Integrability conditions

We represent the infinite body by the equation Ez = const. and we choose

a reference system in which the base vectors a, and a, are restricted in such

-2 3
1 The base vector 3]

unrestricted. The angles eij are arbitrary (see Fig.2) and it is shown in

a way that they remain normal to ¢ is completely
Appendix B that in general only one Euler angle a(=¢+ y) is required in the
description of the coordinate system. In subsection B.3 of Appendix B the
direction cosines of the fundamental base and normal vectors are derived in
terms of Gij and o. These are given in Tables 1 and 2 and in Appendix D the

integrability conditions are derived in the form

2 A sin 6., sin 612 = 0 (5-1)
3 1 31 ’
9&
oA
—~% = ~3§ (A] cos 631) + A] sin 631 cos 6]2 —23-(u - 623) ’ (5-2)
3E JE 43
3(a - 6,,) 9o = 8,4)
A3._____T_%i_ = - _§§ (Al cos 612 sin 631) + A] cos 631 _____3_32_ , (5-3)
3E dE X
P . . 12
—5 (A1 sin 6., sin © ) = 0 , (5-4)

o
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-%— = —25 (A] cos 612) - A] sin 6]2 cos 63l QQE_ , (5-5)
ok 13 JE
9
A2 —ET- = '-gf (Al cos 631 sin 612) + A1 cos 612 215 s (5-6)
& o0& g
JA
2 3 30,
—= = —= (A, cos 6,.,) + A sin 6, ., — , (5-7)
ag3 8&2 3 23 3 23 ag2
aa 9 o0
A, — = - —= (A, sin 6,,) + A, cos 8 — (5-8)
2 853 as2 3 23 3 23 aE2

We note that equations (5-1)-(5-8) hold everywhere and, from the derivation
in Appendix D, it is clear that equations (4-1) and thus equations (5-1)-(5-8)
are necessary and sufficient conditions for the integrability of equations (2-4).
The number of conditions is reduced to eight since the equation Ql’] =0 1is
satisfied identically in this case. A further reduction in the number of
independent equations is possible since A1 = Al(gl) or Al = 1, This follows
by using equations (A-53) and (A-62) in equations (5-1) and (5-4) above to
obtain (3/2£2)(a") = (3/0e7)(a') = 0. Equations (5-2), (5-3), (5-5)-(5-8)
are now the necessary and sufficient conditions for the integrability of

equations (2-4).

It is possible to prove an analogous theorem to that proved in section 4
for the six equations (5-2), (5-3) and (5-5)-(5-8). The theorem can be stated
in the form. The necessary and sufficient conditions that equations (2-4)
possess an integral are that equations (5-5)-(5-8) hold at every point on and

external to 52 = const. and that equations (5-2)-(5-3) hold on Ez = const.

The necessity of the above conditions follows immediately from the fact
that equations (5-2)-(5-3) and (5-5)-(5-8) must hold everywhere. To prove
sufficiency we must replace the system (5-2)-(5-3) and (5-5)-(5-8) with an
equivalent system of equations. This equivalent system of equations is obtained
% of a

from (4-1) by retaining the direction cosines cos 6 From equations

1
(p-12), (D-13), (D-17), (D-18), (D-21) and (D-22), remembering equations

(B-35)~(B-45), we find
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9 9 3
—— (A, sin (@ = 8,,)) = = ——= (A cos 0 } , (5-9)
Bgl { 3 23} 353 { 1 1
9 3 2
——{A, cos(a - 6,,)) = === (A cos 0 , (5-10)
351 { 3 23} ag3 { 1 1}
—ET {Az sin o = - —éi-{Al cos 9?} s (5-11)
13 -1
—ET-{AZ cos a} = _EE'{A] cos 61} s (5-12)
13 3E
—25-{A3 cos(a - 923)} = —33 (A2 cos a) , (5~-13)
3E G132
—EE-{A3 sin (o 623) = —33 (A2 sin o) . (5-14)
dE og

Differentiating (5-14) with respect to Sl and using (5-11) we obtain,

after interchanging the orders of differentiation

__3.2_{_3T {A3 sin (a - 923)} + -—%{AI cos e‘:’}} = 0 . (5-15)
3 9g 13

Therefore if (5-9) holds on £2 = const. then by integrating (5-15) we find that
(5-9) holds at every point in the field external to Ez = const. Again, if we

differentiate (5-13) with respect to 51 and use (5-12) we obtain

9 3 3 2
—{—={ A, cos(a - 08,0} — ~——-{A cos 8 }} = 0 , (5-16)
BE2 {BEI { 3 23 } 353 1 1

so that if (5-10) holds on 62 = const. then (5-10) holds at every point in the

field external to 52 = const. This completes the proof.

In a similar manner we can prove the following alternative forms of the
theorem. The necessary and sufficient conditions for the integrability of
equations (2-4) are that equations (5-2)-(5-3) and (5-7)-(5-8) hold everywhere
at points on and external to some surface £3 = const. and that equations

(5-5)=(5-6) hold at every point on 53 = const. or that equations (5-2)-(5-3)



22

and (5-5)-(5-6) hold everywhere at points on and external to El = const. and
that equations (5-7)-(5-8) hold at every point on El = const. In what follows

in sections 5.2 and 5.3 the first form of the theorem will be used.

5.2 Conformal mapping in cross-sectional planes

In the special case where 823 = 7/2, A2 = A3 = A (Ref.17) we can prove
the following additional theorem concerning the integrability conditions. The
necessary and sufficient conditions that equations (2-4) possess an integral
are that the following four equations hold everywhere on and outside the

2
surface &£~ = const.

;gf (A1 cos 6?) = ;25 QAI cos e?) . (5-17)
ggg (AI cos 6%) = - ;§§-<Al cos 6?) R (5-18)
;2—3— (A cosa) = - ;Z—3 (A sin o) , (5-19)
€
=5 (A sino) = == (4 cosa) , (5-20)
o0& g

and that the following two equations hold on the surface 62 = const., and on

. 2.2 3.2
the circle (7)) + (87)" = LZ:E1 = const., L - o

—ég (A] cos 6%) = ~§T (A sin o) , (5-21)
13 13
--—a-g-(A1 cos 6?) = —éT (A cos a) . (5-22)
3E g

First we assume that (5-9)-(5-14) hold everywhere on and external to the
surface 52 = const. By using (5-9) and (5-12) together with (5-10) and (5-11)
we obtain (5-17) and (5~18). The fact that (5-19)-(5-20) hold everywhere on

const. and

and external to EZ = const. and that (5-21)-(5-22) hold on €2
2 1 . .

on (g )2 + (53)2 = L2=€ = const., L + = follows immediately from equations

(5-13)=(5-14) and (5-9)-(5~10). The necessity of the conditions stated in the

theorem is therefore established.
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To prove sufficiency we note that since equations (5-17)-(5-20) hold

everywhere on and outside the surface 62 = const. then

f] = A] (cos 6% + i cos 6?) and f2 = Ae ™ are analytic functions of
52 + i€3 = ¢ at every point on and external to gz = const. for any given
value of El. The function f2 must depend on El in such a way that

8f2/3£] is analytic. Then F = (af]/agB) - i(afz/aél) is analytic at every
point on and external to 52 = const, F vanishes on 52 = const. and on the
circle (EZ)2 + (EB)2 = LZ:E1 = const., L ~ » by virtue of equations (5-21)-
(5-22). By Cauchy's integral formula we obtain F = 0 everywhere on and
outside Ez = const. so that equations (5-21)-(5-22) hold everywhere. From
these two equations together with equations (5-17)-(5-20) we obtain equations

(5-9)~(5-14) and the theorem is proved.

2 . 2,2 . e
On the surface & = const. the unit vector g_/A is specified so

that using (B-50)-(B-52) we obtain, on Ez = const. the relations

- cos ©
cos 62 = - —>»2 = | (5-23)
i sin 6
31
J., cos o
%
cos 6 z . —EL—————— = 1 - u2 cos o , (5-24)
2 sin ©
31
J. sin a
*
cos 6 2 - —2——————- = - J1 - u2 sin o, (5-25)
3 sin O
31
where, since A =1,
_% 2 1
_ -1 _ 2 _ 2 _ _ -3 . _
A] = JO = (l cos 612 cos 631> = (1 u) sin 631 . (5-26)

Since o 1is now specified on Ez = const. by equations (5-24)-(5-25) and

- . . . . .. .3
f2 = Ae "% s analytic in EZ + 1&3 then In A - ia 1s analytic 1n Ez + 1i&
and 1In A can be found on £2 = const. (a circle in the 1n Z-plane) by using
the well known cotangent integrallz The functions A and o can be found

. . 2 .
uniquely at every point on and external to &° = const. We also have, using

(B-43)~-(B-45)

fl . cos 8]2 + 1 cos 631 ) y . cot 63]

£ AJ
2 0 A G _ u2 A G _ u2

(5-27)

?
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and fl/f2 is an analytic function of 52 + i€3 with a known real part on

£° = const. Therefore, again using the cotangent integral, we can find the
imaginary part of f]/f2 on 52 = cgnst. and can determine fl/f2 uniquely
at every point on and external to & = const. The four unknowns of the
reference system A, o, 612, 631 can now be found everywhere. These variables
must be such that equations (5-21)-(5-22) are satisfied everywhere on

Ez = const. and at infinity. However, since F 1is an analytic function of

€2 + iE3 then if ReF =0 or ImF =0 on 52 = const. equations (5-21) and
(5-22) are both satisfied. We must restrict ourselves to cases where F = 0

at infinity.

In this special system of coordinates ome can use complex function theory
to obtain the metric tensor and all relevant information. An alternative way

of looking at this result is as follows.

We define the transformation of coordinates by

x = £ , x2 + ix3 = f(El,C) =z

with ¢ = gz + i£3

Then 2z = f(El,C) defines a conformal map for constant El and

The dependency on El must be such that

of

1 1

= A1 (cos ef + i cos 0?)
g

is an analytic function of ¢. Then

is an analytic function which is identically zero.

If we want to find the coordinates for a given shape &2 = 0, we first
. . . . 1 1
apply conformal mapping on a circle in cross—sectional planes x = & = const.
This enables us to obtain the arc length elements ds as a function of 51

%
and 53. Since the direction cosines cos 622 are known, we find u (and o)
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on the body and the function f1/f2 according to (5-27) can be calculated

everywhere outside the body g2 = o.

When the coordinate system is established the nonlinear potential
equation (3-18) is then solved subject to the following boundary condition

2
on & = const.

WV = 0, (5-28)
1.e.
2199—.1— =0 , (5-29)
13

and an appropriate boundary condition at infinity.

6 CONCLUDING REMARKS.

The equations of motion and associated kinematic boundary conditions of
an inviscid, compressible non-conducting and steadily moving gas have been
stated in a general coordinate system. The necessary and sufficient conditions
which must be satisfied in the determination of the general reference system
have been derived. In two cases the governing field equations and boundary
conditions are formulated explicitly in terms of the reference system coordinates,
a system of Euler angles and the fluid flow variables. In the first case a
system of semi-orthogonal curvilinear coordinates is employed which can be
used for the calculation of the flow field past a wing of finite aspect ratio.
The second case applies to the problem of potential flow past an infinite body,
e.g. a swept wing of infinite aspect ratio. 1In this case the methods of complex

analysis can be exploited in the determination of the system of coordinates.
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Appendix A
SOME RELATIONSHIPS FROM TENSOR ANALYSIS

The differential length vector ds 1is given by the equations (see Refs.12

and 13)

dx° = a,dg . (A-1)

g = to - (A-2)
j *

Also, from the definitions of ty and tzl we obtain

et = &, (A-3)
i
The Jacobian J can be written in the form
r s n
enko = srsntmtjtk s (A-4)

so that from (2-3) and (A-2) we obtain

i rsn i
Jeijké = Ersntitjtki , (A-5)
= titSe x ¢ , (A-6)

] k—r -—s

rsn i r s n
€renti j 2 ° tjtkersng : (a-7)

ki ok
Multiplying (A-7) by tQJtpk and using (A-3) we find

ni n
Eﬁpn (tii -c ) = 0 (A-8)
so that

EF = tlat . (A-9)
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Again, on multiplying (A-9) by

"
th and using (A-3) we obtain

. e
al = ¢ 3 . (A-10)

c = t "a . (A-11)

We also have the relations

k i
g = 6ik£ = c . (A-12)

Using equations (A-2), (A-3) and (A-10) we have
i *i k

= - &l _
a, .a = tﬁtk 6j 62 . (A-13)

The symmetric co—-variant metric tensor gij is defined by

.. = a. . a, -1
Bij 2 23 ? (A-14)
and the symmetric contra-variant metric tensor glJ is given by

glJ = E} Lal . (A-15)

Using (A-2), (A-3) and (A~10) we have

2i 3
g g, = (a

in = EF)(Ei - a)

-n

* %1
- <érst e l)(s t?tq> ,
r s pPqQ i n

g g. = 8§t tF = § . (A-16)
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Furthermore, we have

using (A-2)

, using (A-9)

the following forms

2
J - Igik| ’
and, since JJ* = 1, we also obtain using (A-16) and (A-17),
% ..
3 2 _ Igljl
From (A-2) we can write
r
& T RS o
rs
- Grstkg >
_ rs 4
- Grstktﬁa
i.e.
3 = g
Similarly
L (51
a = 8 2;
Any vector v can be written in one of
v = v a2
R 9= 4
or
2
v o= va, ,

29

(A-17)

(A-18)

(A-19)

(A-20)

(A-21)

(A-22)
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) . .
where v and v  are the co-variant and contra-variant components of v. If

i . . . . .
u, and u’, 1= 1,2,3, are its co-variant and contra-variant components in the

Cartesian reference frame we have

.‘l = u = ’ (A"23)
i
_Y.. = ui_c- N (A"24)
so that, using (A-2), (A-9)-(A-12) and (A-21)-(A-24) we find
*2 (A-25)
Yh TRV
— n —
v, = teu (A-26)
b o= t;vz , a=-27
*o 4
vg = tilu1 . (A-28)
From (A-19), (A-21) and (A-22) we have
2
y = vgé ’
=V glsé- ’
i.e
vlg a® = a%v (A-29)
25— - s
so that
v = g v (A-30)
s Ls
Similarly it can be shown by inversion that
vho= glzv . (A-31)
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Using (A-15), (A-21) and (A-31) we find

i 1 2
y.za =i'(vli)’
_ i )
= v,a . a
_ izv
gV,
i.e.
v.a = v . (A-32)
Also
v .a, = V. . (A-33)
S i

If the length of a; is denoted by Ai and the angle between the vectors

and Ej is denoted by 6% then

- j -
a; - Ej Ai cos ei s (A-34)
and from (A-2) we have
Do = ot (a-35)
o S| i 2
so that
td = A, cos 83 . (A-36)
i i i
Similarly
i 3 i *i
a .c¢ = A cos Gj . (A-37)
and
*i . g
tjl = A cos ejl , (A-38)

.

%3
where Sjl is the angle between g} and c¢°.
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Using (A-36) and (A-38) in (A-13) we find

il
{u

1]
TN
rt
R

*p
~—
t+
= B
[

{
joo]
~—_~

- 3 k *j n
AiA cos ei cos Sn Ek . C
= 6‘; R
i.e.
. i .
AAY cos 6F cos 679 = §d (A-39)
i i k i
. "t
If we set dq = cos 6% cos 6 J then
1 1 k
al =0, i # 3, (A-40)

and
=1
§= () oA i)

where the use of a capitalized index in equation (A-41) and in what follows
means no summation over that index.

Furthermore if ei. denotes the angle between a. and a, and ekz

2
denotes the angle between g} and a we have

AA, cos 8., = a., . a. = A.A. cos GF cos e% 8 . (A-42)
1] 1] -1 =] 1] 1 1 k&
using (A-2) and (A-36), so that
k L
cos 0,, = cos 0, cos 8, § . (A-43)
1] i j k&

Similarly

* *
cos sz = 8% cos erk cos Gsz . (A-44)
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We also have, from (A-14) and (A-15),

gij = AiAj cos eij , (A=45)
and
gkl = AR cos oFF (A-46)
Using (A-17) and (A-45) the Jacobian J will be given by
2
J - |gij| s
2.2
= (A1A2A3) Iy > (A-47)
where
2 _ 3
JO = lcos ei
= 1+ 2 cos 6 cos 6 cos B - cos2 0 - cos2 0 - cos2 S
12 23 31 12 23 31
200 (A_48)

Also, since JJ* = 1, we obtain using (A-18), (A-41), (A-46) and (A-47), the

relation
alddadit! = eos 0| = 7y (A-49)
The system of equations (A-16) can be solved for gij and the solution is
expressible in the form
eiijzgin = enrsgjrgks . (A-50)
Using (A-45), (A-46) and (A-47) we have
eiij(Z)A%AgAgAiAn cos 617 = sanArASAjA.k cos 6., cos B (A-51)
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Setting i =n =N in (A-51) we obtain

2 2 .2
J (A A A3) (A ) = AN+1AN+2 sin 6N+1,N+2 s (A-52)
i.e.
*N .
Jody = sin eN+1’N+2 > 0 . (A-53)
Again, setting i =M #N, n =N in (A-51) we find
2 *N *M M Nrs
MJk OdN dM = ¢ cos erj cos esk , (A-54)
i.e.
. . NM _  Nrs _
EMjk sin eN+1,N+2 sin eM+1,M+2 cos O = £ cos erj cos esk , (A-55)
so that
. . i
sin 623 sin 931 cos 6 = coSs 623 cos 931 cos 612 . (A-56)
sin 6 sin © cos 923 = s 8 cos 0 - cos 8 (A-57)
31 12 T 0% g 12 23
in 6. sin 0 3! - 8 6., - cos 8 (A-58)
sin 6,, sin 68,, cos = cos 8, cos 6,5 ~ cos 84, .

If the system of equations (A-16) are solved for gij the solution will be of

the form

ijk *2 _ rj sk _
e 7 J 8 € rs® 8 . (A-59)
On using (A-45), (A-46) and (A-47) we find
ijk . 2 2 r,s,j,k rj sk _
€ AiAn cos ein JO(A1A2A3) eanA A"A’A” cos B cos B . (A-60)

L]
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If we set 1i=n =N in (A-60) we obtain

Njk,2 _ .2 2 N+1,2,,N+2.2 . 2 N+2,N+3
£ AN = JO(A1A2A3) € (A )T (A )" sin” 8

Nrs

On using (A-53) equation (A-61) reduces to

N+2,N+3

J, = sin 6 sin 6 n b

0 N,N+1 N+1,N+2 St

Again, if we set i =MFN, n =N in (A-60) we obtain

k

Mjk 2 2 r,s,]j rj sk
€ AMAN cos eNM = JO(A1A2A3) e. AATA’A” cos 8 cos O

Nrs

i.e. using (A-53) and (A-62),

Mjk

. N+1,N+2
£ sin © ’ si

n eM+],M+2
€os Yym Nrs

so that

cos 623 cos 63] - cos 612

sin 623 sin 631 cos 612

sin 631 sin 912 cos 623 cos 631 cos 612 - cos 623

12 31

sin 6 sin 623 cos 6 cos 812 cos 623 -~ cos ©

31

s 0 = € cos GrJ cos eSk

35

(A-61)

(A-62)

(A-63)

(A-64)

(A-65)

(A-66)

(A-67)
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Appendix B

SPECIAL SYSTEMS OF COORDINATES

B.1 The Euler angles

In order to simplify the relations between the directional cosines
cos 6&, 1we introduce three Euler angles ¢, 8, ¢ in the following form.
Since a  is normal to 2, and 23 w? can consider these three vectors as
belonging to two orthogonal systems (3 > 8ys 23) and (3}, 22,'23)

respectively (Fig.2). Here

g
23 1
b, 5. 22%2 » by-2 = Db3.s3 =0
22
823 1
by = 2, - E;;.i3 > by .a = by .2, =0
Since
- 2 2
822833 7 83 _ 892833 7 83
by + by = ————= , by.by = ,
£33 &2
we have
by - by g3 2 -« 23 B3

: N : o
(by - by)*(by - by) 822833 @y - 278y - 29) 822833

The orientation of the vectors in the first system in relation to the Cartesian

system can be expressed in terms of the Euler angles ¢, 6, ¥ and that of the
second system in terms of the Euler angles ¢, 6, ¥ + m/2 - 923. In Appendix C
the general rotation matrix for an orthogonal set of vectors is derived in terms
of the Euler angles ¢, 6 and R and the associated direction cosines are
expressed in terms of ¢, 6 and B. Setting in turn B = ¢ and

B =1y + 1/2 - 623

and _33/A3 can be written in the form

. . . . 1,1
the nine direction cosines for the vectors 3_/A R a_1_2/A2
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~ *]
cos 61 = cos 6 , (B-1)
1
2 *| . .
— 1 {cos 6 = sgin 6 sin ¢ , (B-2)
1 2
A
*1 .
cos 63 = gin 6 cos ¢ , (B-3)
—cos 6; = sin 6 sin ¥ , (B-4)
2 2
K; :J cos 62 = cos ¢ cos Y — sin ¢ sin P cos O , (B-5)
| cos eg = - (sin ¢ cos ¢y + cos ¢ sin ¥ cos 6) , (B-6)
r 1 . .
cos 63 = sgin 6 sin (¢ 623) , (B=7)
23 ) 2 .
K; : { cos 63 = cos(y - 623) cos ¢ — sin (Y - 623) sin ¢ cos 6 , (B-8)
3 . .
| cos 63 = (cos (¥ 623) sin ¢ + sin (Y - 623) cos ¢ cos 6) . (3-9)

In the subsequent analysis the unit vectors 3}/A1 , _a_._z/A2 and 3_3/A3 will be
considered as a fundamental triad of base vectors with direction cosines given

by (B-1)-(B-9).

B.2 Case I: 6,,=6, = /2, 8,4 #n/2

In this case we have 34/A1 = g}/A] and so the direction cosines of the
base vector 24/A1 will be given by equations (B-1)-(B-3). The direction
cosines of the base vectors EQ/AZ and .33/A3 will be given by equations

(B-4)-(B-9) (Fig.3, Tables 1 and 2).

Since 912 = 631 = /2 we have 819 = B3y = 0 and from equations (2-33)

and (2-34) we obtain

12 cos 631 = 0 , (B-10)

cos O

cos 923 - cos O s (B-11)
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so that
812 - 31 -0 , (B-12)
23 2.3
g = = A"A” cos 623 . (B-13)
1
o' = o' = T, (B-14)
and
23
9 = T =6, (B-15)
We also obtain from equation (2-32)
JO = sin 623 (B-16)
From equations (2-15) we obtain
2 22 23
a = 8 3, *8 3a; » (B-17)
33 = g3232+ g3333 , (B-18)

and, using (2-28) and (B-13), we can write

é? a 25

— = cosec 8,, — — cot 6,, — , (B~19)

A2 23 A2 23 A3

and
3
a 2. 23
~— = = cot 8,, — + cosec 6,, ™— (B-20)
A3 23 ) 23 A3
i.e
%2 k k
cos ek = cosec 923 cos 8, - cot 923 cos 63 s k=1,2,3 , (B-21)
and
, k=1,2,3 (B~22)

os 6*3 = - cot © cos ek + cosec © s 0
cos Sy 23 2 ¢ ©p3 €08 F3
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The direction cosines of the base vectors g?/A and a /A3 are then given by

-cos 0
2
a
— +{cos 0O
20
cos ©
cos 6
3
a
— ¢ (cos B
A3
cos O
When ©

*2
1

*2
2

23

= sin 8 cos(¥ - 623

)

H

= = (cos ¢ sin (¥ - 623) + sin ¢ cos O cos(y - 623)) ,

= sin ¢ sin (¥ - 6,

= - 35in 6 cos ¥ ,

3)

- cos ¢ cos 6 cos(y - 623) s

= sin § cos ¢ + sin ¢ cos 6 cos Y ,

which case we will have

and

B.3 Case II: a /A

8.. = 9
1]

I
09

1]

*1

1,1 - 1

li

ij

ij

- sin ¢ sin ¢ + cos ¢ cos B cos ¢ .

/2 the reference system will be completely orthogonal i

— m . o
= 2 1'_#3 ]
=0 , i#Fi ,

od i,5 =1,2,3

1

[ eij En/2, 1F]

. _ 1
Since EI/A1 = ¢ we must have

6 = 0 from equations (B-2) and (B-3).

vectors VEI/A . EQ/AZ and

and 2)

1

*

(B-23)

(B-24)

(B-25)

(B-26)

(B-27)

(B-28)

(B-29)

(B-30)

(B-31)

%
cos 62] = cos 931 = 0 and therefore

The direction cosines of the base

33/A3 will now have the form (Fig.4, Tables 1
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r *1
cos 61 = 1, (B~32)
i
2 %]
-—1 { cos 92 = 0 s (B—33)
A
[ cos o'
cos 63 = 0 , (B-34)
cos 0) = 0 , (B-35)
a
=2 :4 cos 62 = cos o , (B-36)
A2 2
| cos 63 = —-sina , (B-37)
(cos 0, = 0, (B-38)
a
- 2
K; : { cos 6y = cos (o — 623) , (B-39)
cos Gg = - gin (o - 623) , (B-40)

where a = ¢ + ¢. In this case we will only have one Euler angle o since

¢ and Y appear in the form ¢ + ¢.

To find the direction cosines of the base vector a,/A, we write, using

11
equations (A-19), (A-41) and (A-46)

1

a a * & * a
Kl = d: - - d:dz2 cos 612 Kg - d:dB3 cos 63] Ki , (B-41)
1 A 2 3
i.e.
k _ 1 1 1 %2 12 k _ I *3 31 k _
cos 61 = d] cos Gk dld2 cos 8 cos 62 d1d3 cos 6 cos 63 , (B-42)
k=1,2,3

Using equations (B-32)-(B~40), (A-53) and (A-56)-(A-58) we find the direction

cosines of the base vector EJ/AI in the form
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(cos 631 sin a - cos 612 sin (a - GZS)X/;ln 623 ,

cos 62
1
+ cos o cos 6‘2 ’

- sin o cos 9 sin 6]2

. 12 .
sin (o 623) cos 9 sin 631 + cos(o - 623) cos 831 , (B=44)

A
1
cos 63 = (cos 8 cos o — cos B cos(o. - 6 ))/gin 8
1 31 12 23 23
= - cos 0 cos 0 sin 612 - sin o cos 812 s
L = cos(a - 8,.) cos 612 sin © - gin (0 - 8,,) cos O (B-45)
23 31 23 31
. . . 2,,2 3,.3
In a similar manner we can write for the base vectors a /A and a /A
a2 a a a
a * 2 %7 2 * 2
- = dl1 cos 612 Z;-+ d22 Kg-+ d33 cos 923 Ki s (B-46)
A 1 2 3
and
a3 a a
a * 2 % & %3 2
—5 = dll cos 631 Kl + d22 cos 623 XE + d33 Kg (B-47)
A 1 2 3
Using (B-41) in (B-46) and (B-47) we obtain
*2 12 % . 2 12 %2 k
cos ek = ¢cos 0O cos ek + sin © d2 cos 62
%
+ (cos 623 - cos 63! cos 612)d33 cos 8, k =1,2,3 (B-48)
and
% % *
cos 6k3 = cos 63 cos 6, + (cos 623 - cos B cos elz)dz2 cos eg
%
+ sin2 63]d33 cos e§ , k=1,2,3

(B-49)
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The direction cosines of the base vectors _elz/A2 and 3?/A3

) sin @

given by
%9 2 cos 623 cos 93] - cos 612
cos e1 = cos 8 = sin 8 sin 6
B VY93 31
2 .
a 4 %2 sin (o - 623)J
—5  {cos 6 = - — : - sin (@ - 6,,) sin 8
AZ 2 sin 623 sin 6 23
%9 cos (o - 623)J0
cos e3 T T sin © sin 6 = - cos(a - e23
23
\.
(
%3 31 cos 812 cos 623 -~ cos 63]
cos 9] = cos 0O = a6 TS
sin 8, sin 6,,
a’ x3 sin aJ, . .3
- . <cos 62 = 3in e ST 6 = gin o sin 6 ,
3° 12 23
A
% cos aJ
cos 633 = SI55 sig 5 = cos & sin 631 s
12 23
\
where 0 is given by (A-48).
In this case we will have
1 . %1 _ 7
5, = 8 = 3
and, from (B-50) and (B-53),
%2 _ .12
6] =
%
¥3 = 43!

Appendix B

are therefore

(B-50)

(B-51)

(B-52)

(B-53)

(B~54)

(B-55)

(B-56)

(B-57)

(B~58)

In conclusion we note that the direction cosines of the unit base normal vectors

which have been derived in this section are tabulated in Tables
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Appendix C
GENERAL RIGID BODY ROTATION MATRIX

At any point P we consider four orthogonal Cartesian frames of reference

in which the coordinates of any other point Q will be represented by

2 1 2

t= (tl, t, t3), u= (u, u’, u3), v = (vl, v2, v3) and w = (w], wz, w3).

The frame (P, ul, uz, u3) is obtained by a rigid body rotation ¢ about the

1 . . . . . .
t axis and the resulting coordinate transformation will be given by

u = T]E_ , (c-1)
where
T] = 1 0 0
0 cos ¢ - sin ¢ . (C-2)
0 sin ¢ cos ¢

Similarly the frames (P, vl, v2, v3) and (P, wl, w2, w3) will be
obtained by successive rotations 6 and 8 about the u2 and vl axes

respectively. The corresponding coordinate transformations will be given by

v = Tzﬂ ’ (c-3)
and
w o= TBX R (C-4)
where
T2 = cos 8 0 sin @
0 1 0 , (C-5)
- sin 6 0 cos 8
and
T3 = /1 0 0
0 cos B - sin B . (C-6)

0 sin B cos B
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The resultant transformation will be given by
v = TE ’ -7
where
T = T3T2T] . (C-8)
But
Wt = t° cos u; s (C-9)

i,
where a, 1s the angle

k

and the kth axis in the

with (C-8) we find

cos

CcoSs

cos

cos

cos

cos

cos

cos

cos

o

between the ith axis in the (P, W], wz, w3) frame

(e, t], t2, t3) frame. Using (C-7) and (C-9) together

cos 8 , (C-10)
sin 6 sin ¢ , (C-11)
sin 6 cos ¢ , (c-12)
sin 6 sin B , (C-13)
cos ¢ cos B — sin ¢ sin B cos 6 , (C-14)
- (Sin'¢ cos B + cos ¢ sin B8 cos 8) , (C-15)
- sin 6 cos B , (C~16)
sin B cos ¢ + cos B sin ¢ cos O , (C-17)
- sin B sin ¢ + cos B cos ¢ cos 9 . (C-18)
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Appendix D

DERIVATION OF THE INTEGRABILITY CONDITIONS

D.1 Case I: 6,08, = /2, 8,5 /2

In equations (4-16) we take k =1 so that

oA
% %
——lT-——% + Al cos Sal —35 <cos 6?) = A3 cos Gal —ET <cos 63) . (D~-1)
A]A RIS 3E 9E
. 1 *1] o *] o
Since AIA =1, cos Ga = cos 61, o=1,2,3 and cos 6@ cos 61 = 1 then
equation (D-1) reduces to
aA )
——% = A, cos 621 —ET (cos eg) . (D-2)
9g £}

%
Also, since cos 6@1 cos 6% = 0 the right hand side of (D-2) can be written

3
o 1 *1
as A3 cos 63(8/3£ ) (cos ea ).
. . . . . o *1
Using the equations (B-1)-(B-9) the direction cosines cos 83 and cos GQ ,
a =1, 2, 3, can be expressed in terms of 6, ¢, ¥ and © and we obtain

23

*
- A3 cos 63 —jir (cos 8a1>
og

= - A3 {sin 8 sin(@ — 623);§T (cos 8)

+ (cos(w - 623) cos ¢ - sin (¢ - 623) sin ¢ cos e) EST (sin 8 sin ¢)

3
- (cos(w - 623) sin ¢ + sin (p - 623) cos ¢ cos 6) —ET-(sin 0 cos ¢?}
9g

1 ]

= = A3 {sin W - 923) [sin 8 2 (cos B) - sin ¢ cos © 2 (sin 8 sin ¢)
dE 9E

]

- cos ¢ cos 8 2 (sin 6 cos ¢%
XA

+ cos(¥ ~ 623) [cos ) —QT (sin 6 sin ¢) - sin ¢ —ET (sin 6 cos ¢%}
213 3g

= A3 {sin W - 623) ffT -~ sin 6 cos(y - 623) ?fT} s (D-3)
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i.e.
o4, { 36 36 ‘
—_ = A sin (¢ - 6,,) & - sin 6 cos(y - 6,,) &— , (D-4)
3&3 3 23 ag1 23 ag]

which is equation (4-19).

In a similar manner if we take k = 2 and k = 3 in equations (4-16) and
use the expressions for the direction cosines in Appendix B and Tables 1 and 2
we will obtain equations (4-20) and (4-21). The remaining equations (4=22)=(4-27)
are derived by taking the systems of equations (4-17)-(4-18), setting k = 1,2
and 3 in each system and proceeding in the same manner as in the derivation

of (4-19)-(4-21). The resulting six equations will be of the form

oA
——% = A2 {sin ! EQT - sin 0 cos V¥ QET} R (D-5)
13 & o0&
dA
A, sinecosq,a_%-siwa_ef} -2 0-6)
9 & of
A1 {cos P 39§-+ sin ¥ sin 6 Eﬂ%f} = - A2 {cos 8 327-+ EET} R (0-7)
o0& og & & ®
A2 {sin 6 cos Y éﬂi - sin Y ggg} .
IS g
= A, {sin 8 cos(W - 8,,) “Ls = sin (b - 0,,) 39—2} , (D-8)
r1a ot
9A 3 - 6..)
sin 923-——% + cos 623 A2 {cos 0 325 + QIE} = A3 {—————Tfiéi— + cose-égg} s
3& 3& 3% 3 g
(D-9)
3A 3y - 8,,)
A2 cos 0 §9§-+ Ekg} = - sin 623 —5 + cos 623A3 {cos 8 8¢2 + 5 23 }
9k ok 0§ 9 3g



Appendix D

D.2 Case II: al/Al = E}; eij Fa/2, 1F]

To derive equations (5-1)-(5-8) it is convenient to start with
equations (4-1). The first three integrability conditions are obtained by
setting i =3, j=1 and k= 1,2,3, and using the expressions for the
direction cosines given in Appendix B by equations (B-35)-(B-40) and

(B-43)-(B-45). We obtain, using (A-62),

9g

3 . 12 .
3 [A] (51n (a - 623) cos 6 sin 831 + cos(a - 623) cos 631)}

kY

47

9 . . 12
) (A] sin 63] sin 6 ) = 0 |, O~11)

_ A ) )
- 5 [A3 cos (a 923)] . (D-12)

3 12, .
;EE-[A] (cos(a - 623) cos 8 sin 631 - sin (o - 623) cos 631>]

El3

If we form the sum (D-12) x cos(a - 623) - (0-13) x sin (o - 623) we obtain

after some algebra the relation

8A3

9 . 12 3
—_ = -—-—-§-(A1 cos 631) + A1 sin 631 cos 0 ——3-(a 6

351 3¢ 3E 23

Again, if we form the sum (D-12) x sin (a - 923) + (D-13) x cos(a - 623) and

proceed as above we obtain

3 (o - 623)

Ay ————— = - “j%i (A] cos g2 sin 63l> + A cos 6
9g a&

3o - 623)
31 ag3
Similarly, if we set i =2, j =1 and k= 1,2,3 in equations (4-1)

we obtain, after using equations (B-35)-(B-40), (B~43)-(B-45) and (A-62)

- __5__1. [— A, sin (o - 623)] . (D-13)

) . (D-14)

(D-15)

_§§- A sin 6 sin 612 = 0 |, (D-16)
e 1 31
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) . 31 . 3 _
—5 [Al (— sin o cos © sin 912 + cos a cos 612> = 7 [AZ cos oc] , (D~17)
9 4 9&

——a-—A - co cse3l'6 - si ) T———a-—--A in o
5 | s a co sin 6, n o cos 6, = 1[ 251n]
9E A 9g
(D-18)
Again, if we form the sums (D-17) x cos a - (D-18) x sin a and
(D-17) % sin a + (D-18) x cos & we obtain the relations
A
-—-%— = -—?—2- (A1 cos 612) - Al sin 612 cos 631 -a-% . (D-19)
ok 9k 13
and
Ay 2o - —97 <A] cos 621 sin 612) + A cos 8, 2 (D-20)
1 o0& 9&
Finally, if we take i =3, j =2, k =1,2,3 1in equations (4-1) we obtain

an identity when k = 1 and the following two equations for k =2 and k = 3

3 _ .9 -
;—-i-l:AB cos(a - 623)] = —3 l:AZ cos a] . (D-21)
g 13
and
) . 9 .
1A -9 = — A . (D-22)
agz [3 sin (a 23)] 353 I: , sin a:l

Forming the sums (D-21) x cos a + (D-22) x sin o and
- (D-21) x sin o + (D-22) x cos o and proceeding as before we obtain

the following two equations

dA

2 9 . sa
— O — (A cos © ) + A. sin © —— ’ (D—23)
8&;3 362 3 23 3 23 862
and
a0, 9 . 3a
A, —— = - —= (A, sin 6,.,) + A, cos 6 —_—= . (D-24)
2 353 352 3 23 3 23 352

The eight integrability conditions will be given by equations (D-11), (D-14),
(b-15), (pD-16), (D-19), (D-20), (D-23) and (D-24).
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Appendix E

ELLIPSOIDAL COORDINATES

In this special orthogonal curvilinear coordinate system equations (2-1)

will have the formls’]8

1 2 %
x = <1 v g! ) dntlsne’ (E-1)

1

2 2
x2 = (0 + El > cngz'chgB , (E-2)
x3 = Elsn£25553 . (E-3)

2 3 1

0<t!l <w; - 2k <g? <oxy-2k! <3 <2k
Here o 1is a positive parameter such that 0 <o <1 and o, (I - o) are the
parameters associated with the variables Ez and 53 which arise in the
introduction of the Jacobian elliptic functions. These functions possess the

following well known properties:

2

sn{~ = sinyY , (E-4)
2
cné = cos¢Y , (E-5)
1
g2 = (1 - o sin® @)? (E-6)
where
Y
2
g2 = f gy , E-7)
1
0 (1 -¢ sin2 v)?
and
— 3 . -
snf” = sin ¢ |, (E~-8)
cng” = cos ¢ (E-9)
— 3 .2 =4
dng = (1 - (1 = ¢) sin” ¢) s (E-10)
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where

0

dy

T 6

o

(- [1 - ol sin® y?

From (E~4)-(E-11) it follows that

and

Also the functionms snEz, an;2

has a period 2K where

The derivatives of the Jacobian elliptic functions are given by

and

dn2£2

sn2£2

dn2€2

ar—12€3

§2£3

£2€3

K i

K =

1 - csnzg2 R
1 - cn2£2 s

(1 =g) + canEZ s

—2.3

1 - (1 -a)sng” ,

—2.3

l = cn' g s

o + (1 - 0)35253

s given by

m/2

/

0

(sniz)

(cnﬁz)

(dne?)

dy

(1 - ¢ sin2 Y)%

cngzdng2 .

- snEZdnEZ R

- osn&;zcni2

Appendix E

(E-11)

(E-12)

(E-13)

(E-14)

(E-15)

(E-16)

(E-17)

are periodic in £2 with period 4K and dng2

(E-18)

(E-19)

(E-20)

(E-21)



Appendix E 51

Furthermore sn&z, an2 and dni2 are analytic for all real values of 52
and snE2 and cniz have simple zeroes at the points O, *2K, *4K,... and

*K, *3K, #5K,... respectively. The function dn&2 has no real zeroes.

A similar set of properties hold for the functions §E€3, 5553 and 5353

with ¢ replaced by 1 - o and K by K] where K1 is given by
/2
k= f D r - (E-22)
(1 = (1 - g) sin” v)

0

The complete properties of the Jacobian elliptic functions and their associated

functions can be found outlined in Refs.15 and 18.

The surfaces El, 52, &3 = const. will be, respectively, an ellipsoid,
hyperboloid of one sheet and a hyperboloid of two sheets. The equations defining

these surfaces are

+ + = ] R (E_23)

’ (E-24)

and

]2 22 32
X _ X _ X
(- 0)55253 (1 - G)ZEZEB 35253

= [ (E-25)

We also have, from (2-4), (2-23), (B-1)-(B-9), (E-1)-(E~3) and (E-19)-(E-21)

the relations

I 2\ 2
£, = 51<1 + ) dne’ene’ = A, cos e: = A cos @ , (E-26)
2 2\
2— . .
t, = €1<é + El ) eng cng” = A1 cos e? = Al sin 8 sin ¢ , (E-27)
t3 = sngzaﬁg3 = A, cos 6? = A, sin 0 cos ¢ , (E-28)

1
2
I 2\ —3 2 2 I . ,
t -0\l + & snf “sn& ené = A2 cos 62 = A2 sin 6 sin ¥ , (E-29)
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}

2
tg = = (o + il > ZE£3sn£2dn£2 = A2 cos 9§
= A2 (cos ¢ cos ¥ — sin ¢ sin ¢ cos 6) ,
. (E-30)
tg = Eld_ﬁEBanzdnEz = A2 cos eg = - A2 (sin ¢ cos ¥ + cos ¢ sin ¢ cos 8) ,
. (E-31)
o4
1 1 2e= 3—_3 1 .
t3 = (l + £ ) dng cng “dng = A3 cos 63 = - A3 cos P sin 6 , (E-32)
o3
t§ = - (c + gl ) cn€2§E£3aﬁi3 = A3 cos 6§
= A3 (sin Y cos ¢ + cos ¢ sin ¢ cos 6) ,
) (E-33)
tg = - gl(l - o)sn£2§1£3§£3 = - A3 (sin ¢ sin ¢ — cos ¢ cos ¢ cos 6)
. (E=34)
From (E-26)-(E-34) we obtain
A = BB [1+ (EI)Z -4 5+ (gl)Z -4 , (E~-35)
i 273
A2 = BlB3 , (E-36)
A, = BB, , (E-37)
with
2.2 —2.3 t
Bl = (ccn E” + (1 - 0g)en' & ) , (E-38)
— 4
B, = (dn2g3+ (g‘)z) , (E-39)

i
B, = (csnzgz + (g')2> , (E-40)
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2
(B,B.B.)
I o= AAA 123

17273 1
(1 . (z‘>2)2 (o + (s’)z)

1
2

1]
Nt

1 1
_— 2 — 3
<dn2£3 £ ) (GanEZ + (1 - o)cn2£3)

(Gsnzgz . (51)2) . )2
1
(1 + (a‘)z) <c + <s‘>2)

N

(E~41)
Also, the Euler angles are given by
1 1,2 2 2—23
£ (O + (87) ) dnf“sn&
cos 6 = ; T (E-42)
2.2 1,22 (=2 1,22
(osn E” + (87) ) (dn £3 + () )
1 2— 3
tan ¢ = £ cnt cnb , (B-43)
2 —_
(0 + (51)2) snEzdnE3
and
2 2— 3 [—2.3 1,2 }
osnE cnfsné (dn E7 + (£7) )
tan ¢ = (E-44)
dne?eneSdmed <osn2g2 + (51)2)
From (E-38)-(E-41) we find that the singular points of the transformation,
i.e. the points for which J = 0, occur when B; =0 or B3 = 0. The
equations B, = 0 and B, = 0 imply Ez = *K, 53 = iKl, and 61 = 0, 52 =0

1 3
respectively so that from (E-1)-(E-3) we see that the singular points of the

transformation lie on the hyperbola given by the equations

2 3,2
C RN 2 _ _
T =5 = = 1 , x =0 (E-45)
and the ellipse given by the equations
2,2
S ST M R =0 . (E-46)
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In Tables 3 and 4 we find the values of cos 6, tan ¢, tan ¥, By, B, and
B3 for any given El and special values of the arguments 52 and &3. The
expressions shown in Tables 3 and 4 will hold for all values of o except where
otherwise stated and the values of the functions at other points can be found
from these tables and the properties of the Jacobian elliptic functions given

above and in Refs.15 and 18.

In the special cases when o > 0 and o + 1 we obtain, from the above

formulae:

Case o~ 0

snE2 > sin 52 , (E-47)
cng2 +  cos 52 , (E-48)
2
dng”™ > 1 , (E-49)
sng> > tamh £° (E-50)
c—rigS,Elf > sech £° , (E-51)
K - % , B s e, (E-52)
3
B] = sech § . (E-53)
%
B, = ((5')2 + sech’ 53) , (E~54)
1
B3 = £ R (E-55)
1 3
cos 6 = £ tanh ¢ T (E-56)
)
((51)2 + sech? 53)
2
tan ¢ = cot & s (E-57)
tan ¥y = 0 (E-58)

. . . . 2
The singular points of the transformation are along the axis x = 0, x~ = 0.



Appendix E

Case o > 1

sn?,2 - tanh Ez ,
anz,dn’é2 + sech Ez s

5553 -+ sin E3 ,

3

2553 - cos & R

el - 1,

1
K » o | K -»> % s
Bl = sech Ez s
_ 1,2
B2 = ((g Y7+ 1)
2
By = ((E])z + tanh’ €2> s

El sech gz sin 53

cos B8 = T >
2
((51)2 + tanh’ Ez)
1 2 3
tan ¢ = § cosech § ?OS & ,
27
eet)
o\2
(1 + El ) tanh 52 3
tan § = tan £

1
2
<tanh2 g2 4 (a‘)2>

The singular points of the transformation lie on the plane

3 12 + 22 1
x =0 {x x =1 and along the axis x = x = 0,

55

(E-59)

(E-60)

(E-61)

(E-62)

(E-63)

(E-64)

(E-65)

(E-66)

(E-67)

(E-68)

(E-69)

(E-70)
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Appendix F

THE INTEGRABILITY CONDITIONS FOR SOME AXTIALLY SYMMETRIC GEOMETRIES

F.l Case 6 = 7/2 (612 = 63] = 1m/2)

Here we set

x> = 1 cos & (F-1)
x> = r sin £ (F-2)
r = Al (F-3)
and
6 = - . (F-4)

We find, after some algebra, that equations (4-19) and (4-22) will be satisfied
and that (4-25) is an identity. Equations (4-20), (4-21), (4-23) and (4-24)
state that ¢ - 923, A3, A2 and ¢ are independent of El, i.e. independent

of ¢. The remaining integrability conditions will be of the form

3A

. 2 3y 9
sin 6,, —x + cos 6,,A = A, —= (¥ -86,,) , (F-5)
23 ag3 2372 ag3 3 352 23
%A
9 . 3 9
A KL I sin 6 —— + cos B,,A, — (b - 6,,) , (F-6)
2 BE3 23 852 2373 aE2 23

and equations (F-5), (F-6) will reduce to the Riemann-Cauchy conditions in the

= w/2 so that Ae_lw

special case A, = A, = A, 0 is an analytic function

9 2 3 23
of E” + it for any value of §.

F.2 Case Yy =8,, =1/2 (612 = 9

23 p = /2

3

In this case we set

x2 = r sin 53 (F-7)
x3 = T Ccos £3 (F-8)
r = A, (F-9)
and
3

¢ = & (F-10)
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Equations (4-21) and (4-27) will be satisfied and (4-24) will be
identically satisfied. Equations (4-19), (4-20), (4-25) and (4-26) state that
Al’ 8 and A, are independent of £3 and the two remaining equations (4-22)

2
and (4-23) become

—-—;- = a2 (F-11)
dE S

and
dA
——f— = —Alé-e—z- ; (F-12)
og g

In the special case when A = A2 = A equations (F-11) and (F-12) reduce

1
to the Riemann—Cauchy equations and Ae 10 will be an analytic function of

El + i€2. The body can be represented again by €2 = const.

Case ¢ = 1n/2

We set
1 . 1
X = r sin & . (F-13)
x2 = - r cos E] s (F-14)
r = A, (F-15)
and
o = ¢ . (F-16)

Equations (4=-19) and (4-22) are satisfied and (4-25) becomes an identity.
Also equations (4-20), (4-21), (4-23) and (4-24) state that ¢ - 623, A3, A2
and ¢ are independent of EI. The remaining integrability conditions will be

of the same form as (F-5) and (F-6) and reduce to the Riemann-Cauchy conditions

when Ay = A3 = A and 623 = 7n/2 as in the case 6 = 7/2,
F.4 Case ¢ =0, 923 = n/2
We set
x2 = r sin 52
x3 = Tt COS 62 A2 =r, 52 =¢ .,
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The integrability conditions are

dA

L o, 88

ag3 3 ag]
30 A3

T3 T Y s
ok 13

with A], A3, ® independent of 52.



Table 1

=1
UNIT BASE VECTORS Ak =<

L
6
cos 0,

2 2 2 2
(JO =1 + 2 cos 612 cos 623 cos 631 cos 6]2 cos 623 - cos 631>
cos L o=1 L =2 L =3
k = cos © sin 6 sin ¢ sin 6 cos ¢
- |k = sin 6 sin ¥ cos ¢ cos P - sin ¢ cos 0 sin Y - sin ¢ cos ¥ - cos ¢ cos 8 sin P
]
w .
S ' . cos ¢ cos (P 823) sin ¢ cos (Y 623)
k = sin 8 sin (y - 623)
- sin ¢ cos 6 sin (Y - 623) - cos ¢ cos 6 sin (¢ - 623)
ol - JO cos 93] sin o - cos 6]2 sin (o - 623) cos 631 cos 0 =~ cos 612 cos(a - 623)
H N sin 623 sin 623 sin 823
v o
S|k = 0 cos o - sin o
© s
k = 0 cos(a - 623) - sin (o - 623)
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Table 2
- %
UNIT NORMAL VECTORS (A%)™'a¥ = cos 6 zk_gz
*
cos Qk L=1 L =2 L =3
k = cos 6 sin 6 sin ¢ sin 6 cos ¢
- - cos ¢ sin (3 - 6.,.,) sin ¢ sin (¢ - 6,.,)
. 23 23
g k= sin 6 cos(y - 623)
] - gi - - -
S sin ¢ cos 6 cos (Y 623) cos ¢ cos 6 cos(Y 623)
k = - sin 6 cos V¥ cos ¢ sin Yy + sin ¢ cos 6 cos ¢ | - sin ¢ sin ¢ + cos ¢ cos 6 cos Y
k = 1 0 0
. f- - cos 623 cos 631 - cos 612 i JO sin (a0 - 623) _ JO cos(a - 623)
9 > sin 623 sin 63] sin 623 sin 831 sin 623 sin 931
I
Z cos 6]2 cos 623 - cos 631 JO sin a JO cos o
k= in 6 sin 6 sin 9 sin 8 sin O sin 8
sin 0, 23 12 23 12 23

09



VALUES OF cos 9, tan ¢, tan ¢ AT 52 = 0,k, £

Table 3

3

£2 = 0 £ =k e3 -0 g3 - !
1
()
o+ £ sné 1 _ f—_3 1 2
cos © . £ (1 - ag) SnEl 0 £ dnt ]
2\? 2 \? 2\?
(dr_1253 + E] ) (dn2£3 + 51 > (csnzéz + El )
1 2
tan Cb ® 0 g Cngl ¢
2 2
(c + El ) snE2
tan IP O 0 O )
g *k)
o F 1 s

19



Table 4
2 3 1
VALUES OF B,» By, By AT £° = 0,k; £ = 0,k
€2=0 €2=k g3=0 €3=k]
— 1 — 1
(r - (1 - 0)sn2£3)2 (1 - 0)£cm‘;3 >0 - crsnzgz)2 o%cniz >0

9




5]

SYMBOLS

speed of sound

base vector

normal vector
=A2=A3

magnitude of base vector a,

[ =4

(subsection 5.2)

magnitude of normal vector g}
vectors in orthogonal systems (Fig.l)
magnitude related to Ai (Appendix E)
constant in equation (3-7)

Cartesian unit base vector

Cartesian unit normal vector

Jacobian elliptic function with parameter
(Appendix E)

Jacobian elliptic function with parameter
EB (Appendix E)

differential length vector, equation (A-1)

9

1

and

c

magnitude of differential length vector, equation

Jacobian elliptic function with parameter
(Appendix E)

Jacobian elliptic function with parameter
£3 (Appendix E)

Bfl of

e’ ae!

A] (cos 6? + 1 cos 6?)
Ae—ia

co-variant metric tensor of order 2

contra-variant metric tensor of order 2

specific enthalpy

J-1

g

1

and

g

63

argument 62

and argument

(2-8)

argument 52

and argument



SYMBOLS (continued)

Jacobians of general transformations
-1
(A]A2A3) J

1.2.3.-1
dydydgdy

quarter periods of elliptic functions with parameters o and
1 -0

radius of large circle (subsection 5.2)
fluid pressure

point in Euclidean three space

fluid speed

polar coordinate (Appendix F)

gas constant

specific entropy

Jacobian elliptic function with parameter o and argument £2
(Appendix E)

Jacobian elliptic function with parameter 1 - ¢ and argument
53 (Appendix E)

temperature

rigid body rotation matrices (Appendix C)

vector in Cartesian reference frame

. th .
1 contra-variant component of vector L

vectors in Cartesian reference system

.th .
1 co—variant component of vector L

.th .
1 contra-variant component of vector u

co-variant component of vector Vv

contra-variant component of vector Vv

Cartesian coordinate
o+ v

angle between ith axis in (P, wl, w2, w3) Cartesian frame and

1 2

kth axis in (P, t , t°, t3) Cartesian frame



ij

¢td

ijk

S1

Subscripts
i’ j’k
N

SYMBOLS (continued)

Euler angle

ratio of specific heats

co-variant Kronecker delta symbol = 0, i # j

=]:1=J

contra-variant Kronecker delta symbol = 0, i 7 j

= l’ i = J

0, i#j

=1,1i=j

mixed Kronecker delta symbol

ith general coordinate
= 1 for i, j, k an even permutation of 1, 2, 3

= -1 for i, j, k¥ an odd permutation of 1, 2, 3

0 if any two of i, j, k are the same
Euler angle

angle between the vectors 2 and Eﬁ
angle between the vectors 5} and

angle between the vectors a, and cj

2 =
angle between the vectors g} and <
cos 612
sin 93]

fluid density
parameter of Jacobian elliptic function

amplitude of Jacobian elliptic functions with parameters
1 -0

Euler angle
velocity potential function
Euler angle

vorticity vector

ifm 9 ( k)
€ L tm
9

o
cos ezkﬂl’z

indices running from 1 to 3

. . e e, N \
index used in definition of dN (no summation over N)

g

and
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SYMBOLS (concluded)

Superscripts

i, 3, k indices running from 1 to 3

. . N .
N index used in definition of dN (no summation over N)
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Fig! Base and normal vectors
(right angles indicated by parallelograms)

Ab3
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Fig.3 Base and normal vectors (case I)
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