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SUMMARY

The amplitudes of the flapping harmonics up to the sixth harmonic
have been calculated for a range of blade pitch and blade inertia number
for tip speed ratios up to 0.6, The calculations are for a straight
(infinitely rigld) blade and blade stalling 1s not token into account.

The results arc given in the form of gencralised curves. For the
ordinary helicopter, the amplitude of any haymonic is about 1/12th of
the preceding harmonic, for a tip speed ratio about 0.3.
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1 Introduction

In many forms cf helicopter work,particularly in relation to
vibration, it 13 necessary to have some knawledge of the magnitude of
the hagher harmonics of the blade flapping motion. It had always been
appreciated qualitatively that the amplitudes diminish rapidly with
higher Trequency bul no quantitative sssessment had been made. This
wag due, wn parh, to the corplicated nature of the evaluation and also
to the fact thai other parameters, such as blade bending and bwisting,
could have a large influence in the final crfects on the heliocopter.

In order 1c make a start to this work, this report deals with the
evaluation of the {lapping motion for a straight blade. The effects of
blade bending on the tflapping are not yet known, but it is thought that
these effeccs can be treated separately, in which case the present
caleculstions would give lhe flapping for the linc through the root and
0.75 radius position on the blade. However, al the present stage, the
calculaticns are strictly valid only for {the infinitely rigid blade.
Blade stalling is not taken into account in the calculations.

When the helicopter iz in forward {light, the velocity of the air
over the advancing hlade is increased vhile that over the retreating
blade is decreaced. In orler Lo deal wath thrs dastribution of velocity
and to mainvain trom, th appropriate cyclic pitch is applied to the
blades, This is, on ordisary helicopters, simply a first order harmonic
applicaticn and the blede 1s free to ilap at any other frequencies. Thus,
the flapp.ng mozion o° the tlades can be expressed as an infinite Fourler
serieg, an vhich l(he couswaat tern s the coning angle, the first harmonloes
are vriwrnsd by the sppreopriate comtrol angles (longitudinal and lateral
oyclic pitch) and flapping at highe - hommonics is free to take place
accordiag to the acrodynomic, cenvwafugal ond incrtia foreces involved.
This roport deals with the evaluation of the magnitude of these harmonios.

2 Theoxy

A rotor of radius R 18 assumed to have a forward velocity V
and a rotational velocity (1. The axes of reference are taken through
the rotor ocenire, parallel and perpendicular to the mean tip path plane.
This definiticn is sumilar to that used ain general helicopter work,
Ref.1, except that a mean tip path plane must be taken to allow for the
introduction of higher hammonics of flapping.

The component of the forward veloclty parallel to the mean tip
path plane 1is

u 0=

The velocity through the disc, perpendicular %o the mean tip path
plane is

AOR

At the present stoge of the theory, the usual assumption is made
that X 1is constant over the rotor disc.

The velocitazcs of bthe air with respeot to o blade element distant
r=xR from the rotor axis are as follows:-

Velocity parallel to mean tip path plane and perpendicular to the
blade (chordvise) is

(x +p sin ¥) QR (1)
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Veloc1ity perpendicular to the mean ft1p path plane and to the blade
‘(through the dise) is

(7&+Bpoos¢+%x>nR (2)

where B is assumed to be mmall, so that sinp can be replaced by 8
and cos f by unity.

The velocity along the blade (spanwise) 13 neglected for the
reascns already discussed in Ref.1,

Defining flapping angle in the usual way
B = a,—-ay cosy -Dby siny = a, cos 2¥~ by, sin 2y -

= &y cOS jllf-bj sin 3¢ (3)

When the axes are taken relative to the rotor disc, the values of
a4 and by are zero. However, the higher hamonics of flapping are
not dependent on thais definition amd in order to make the egquationsg more
generel, the a4 and bq have been retained. In the subsecquent evalua-
tions of the higher harmonics,’ the first order effects are eliminated in
the generalised forms By + a4 longitudinally and =-A4 + bq Ilaterally.
The definition of A perpendicular to the rotor dise is required for the
evaluation of a, and of the control angles if required,

Differentiating equation (3)

g = +aq siny - by cos¢+2a25in21h—2bzoos2\?+

+ 3agsn 3y - 3 by cos 3Y ..., (%)
(—}%: &y cos¥ + by siny + L4 a, cos 2§ + 4 by, sin 2¢ +

+ 9 a3 cos 3¢+ 9 'b3 s 3 veenian . (5)

Hence, the velocity perpendicular to the blade axis {through the disc)
by combining equations (2}, (3) and (4), is

[?\.+p cos ¥ (ao-a1 cos § = b4 sin¥ = ap cos 2§ = by sin 2V =

az cos 3¢ - bz sin 3% beiann. )

+ % (ay sin¥ = by cos¥ + 2 ap sin 2§ = 2 by cos 2¥ + 3 ajz sin 3y -

3 bz c08 3¢ .iee.)] AR (6)
Assuming the usual expression for feathering, the blade pitch-at any
azimuth pogition 1s given by

9= 9, ~A, cos¥ - B, siny (7)
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Fran equations (1), (2) and (7) the effective incidence of the
blade element is

7\+Bucos¢+%x

a = z9o—A., cos¥y - By giny =~ X % ein (8)

or, using the expansion of equation (2) as given by equation (6)

H = 60_A1 cos ¥ -B1 gin ¥
-[?\ + 4 cos ¥ (ao-—a1 cos ¥ = by siny - a, cos 2% -

~ by sin 2V ~ az cos B v iaaenes)
+ X (a1 sin § - by cos ¥ + 2 a, sin2¥y - 2 b, cos 2Y+
+ 3 az sin jw....)]//%x + g osiny) (3)
The aerodynamlc force acting on the blade element cRdAx 1is
ar =%-pacf22R3(x+psin11r)2adx (10)
The corresponding moment with respect to the flapping hinge is

Al = x R 4p

=%pa002Ru(x+psinQJ)2axdx (11)

The acrodynamic moment is then obtained by integrating equation
(11) along the blade. To allow for the tip loss, the integration is
taken from x =0 to B

B
UM = /‘%pacan}"'x(x+usin¢)2adx (12)
o

B
L (x?+ 2%°u sin¥ + xp° sin® ¥) @ ax (13)
Qg{le‘j P

1 B}
z P ad
0‘

Using "the &valuation of a from equation (9) the above equation
becomes



B
L - f[(x5+ 2x2 | osiny + x p@ sin® §) 8,
[w]

I

-;—pacﬂzR
- (X3 + 2 %% siny + x u? sin ) (A4 cos ¥)

(x3 + 2 cxtz

1

o osin ¥ + x p? sin® ¥) (By sin ¥)

(x2+xpsinﬂ,!)7x

- (x% 4 % posin ¥)(uocos §)(a, = a4 cos ¥ = by sing....)

1

(x5+ xzpsin ﬂr)(a»l sin § - by cos | + 2 a, sin 2y -
~ 2Dy 00S 2Y 4+ Lene.n. D] oax (14)

Integrating equation (14), expressing trignometrical products
in hamonic angles and evaluating the expansions up to coefficients
ag ard by, the aerodynamic moment becanes

/Equation {15)
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cosi+ 3 B3u 5202 + Bf: cosy - 2 H cos 3= g cos ¢>A1
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%(ao 00 | = %[— cos2y - %I— - 3—21- sin2{ - -8—;- cos3y - % cosy
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% cos7y - 22 aos3i- 36 2 § osgy— 26 )
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For a blade element dx of mass m , distant xR from the rotor
axis, the increment in centrifugal force and the corresponding mament
about the flapping hinge are as follows

d C.F. =m 0% xR ax (16)

I

a (C.F. Mom) = m 0° x° R°B ax (17)

1

[ mx2 Rz QZB dx

0

Iy 0° g (18)

e o C.F. Maom,

i

Taking moments aboubt the flapping hinge and neglecting the mament
due to the weight of the blade

o= ,0°8+1, B
2 B
a I1Q<B+-—-§) (19)
0
Re-writing in the form of the L,H.S, of equation (15)
2 .
M ) 1y 0 (B+ 8
%PaoQZRL" %pacQZR}‘l' 02
2 g
= = (B4 = (20
(k) >
Pac R)""
vhere ¥ is Lock's Inertia Number = ‘o1

Ty

Evaluating by substitution from equations {(3) and (5)

M

T 571 :-.;;,2- (ao+3a2c:0521[r+3b23in2‘!f~+8a50033¢+8b351n3¢
zpach R

+15a l{_costp!ﬂ-'l 5bl‘_sinmlf+2ha5cos 5\I£+24b5sin5tb
+358.,0086# 35bsinb¥ L.... .. .) (21)

Camparing equations (15) and (21) and equating the corresponding
coefficrents, the following set of equations are obtained.
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Bquations (22) to (34) represent, in generalised fomm, the flapping
motion of the blades and the evaluation of the various coefficients
follows from the simultaneous solubtion of these equations, However, the
solution can be made fairly easily by succcssive approximation methods
since 1t oan be shown that the magnitude of cach coefficient is much
less than that of the preoeding harmonic. Equations (22) to (24) are
dealt with firgt and then the others can be taken in successive pailrs.

If we neglect the small terms introduced by the second and third
order hammonics in equations (22), (23) and (24), these equations become
identical with the oontrol angle work of Rof,1. Equation (22) leads to
the solution for tho coning angle (ao); equation (23) gives the lateral
trim of the votor in terms of the feathering amplitude (44) or the
lateral +ilt of the disc from the no-feathering axis (h1); equation (24)
gives the lengitudinal trim of the rotor in terms of the feathering
amplitude (B4) or the longitudinal tilt of the dise from the no-feathering
axis {aq). Ref.1 also deals in detail with the equivalence of feathering
and flapping and with the evaluation of the corresponding coefficients
in relation to the definition of thc flow through the diso (A) for the
appropriate axis. A in the present report is taken perpendiocular to
the rotor dise.

Hence,
2 2 3 2.2
Y | B2 2 B B B
&0 = E [Ll. (B +l—1) 190"' -—j‘ ?\-"—'E-B-i + ——-ég‘—b?_] (35)

A, = -4 ___BH -2, B 1 H
1 335 ] 30" F" 3 s %2t 5 513 03 (57)
B+:?-“ B+—2-“ B+_é“

If we substitute for By from equation (36) in (35), a, becomes

b .12 g22 .:j..h') 32-1 2
a -IE.Z.( 18}3}-1'5'2“ 19_5_}..____.2__,‘1...3.
o T 2| B2 4 242 °7 3 82 4 2,2
2 2
(2532+3 2)
72 g M 1 BpS
le-lz Bo + =2 o & (38)
}324_%“2 27e Bz+_§“2 3

If we negleot the second and third harmonic terms and omit the
tip loss i.e. B = 1 , these equations (36), (37) and (38) are identlcal
with equations (15), (16) and (13) of Ref.1.

-1 0=



Rewriting equation (24) by substituting for A from equation (22)
we obtain

B B2 B2
o (78° = %) ﬁo+§$ao~r(32~%u2) By = - (8% - 4 4%) ay
2 2 2.2
...Bp,(%..+%%.> 132--—$B a3 = 0 (39)
From this, the value of By + a4 1is
2., 3.2
B+ £
Boea = (Bl T w (3 ThE)
6B BZ—JQ"[J.Z B_}Y(BZ_THQ) B B2_J_u2
2
M= oasz
(40)
2(8% = % %)
From equation (23), the value of ~Aj+by 1s obtained
- - ok (BH, . Bp, k2
A-l-i-b-] = BZ+_1_ 2(3 &, + 4 B.2 8 b5> (14—1)
o M

The value of B4+aq 1is then substituted in equations (25) and (28)
and the value of -Aq+bq 1in equations(26) and (27). By using this
generalisation of Bq+aqy and -A4+bg , 1%t means that, as far as the
evaluation of the higher harmonics is concerned, we do not have to
oonsider any further the effect of different definitions of the flow
through the dise.

Bquations (25) to (28) can then be evaluated in the following
ferm

2.2 2
BB (582 L3 2 Ly )
(_% B ) pay T

g 2B\ LB o ()
B -+ u 3(8% - 412) b

B
2

2
.5
—13—21‘—2-——-(7132_&5>%__B " 78 I

o - 'b2
B2 + §p2\ 3 8 2(8% + § %) Y
- Bz = a8, = 0 (43)

3(B% + £ p8)

e



3(2 12) 2(;#2221l+)
B3p3 +B|JB+3.U _j_g BLB+8BP+{E‘“ .

LBl a ag +
62 + 3 12) © 207 +3nd) o Y 7 B2+ 4 g
Bl B2 -
.._-2-—-3_[*-4- 8 b5 = O (I'lii')
22,02
B /78° = 9 s s 3 % _B5u(B'3“>b
48\B2 - 22/ ©° ZBy(B2 - 4u?) ° 2 \p2_fu2/ 2
3 2.2
..éBLFaB—%’Q‘bB-B—é-E‘bA-—S—-—B“ a5 = 0 (45)

Equations (42) and (43) can be solved simultaneously for a, and
by . Using these walues, equations (I+-Z+) and (14-5) can be solved simul-
taneously for az and bz . More accurate values can then be obtained
by successive approximation. The other coefficients are obteined in a
similar way from equations (29) to (34). In order to produce a more
generalised form, we may divide throughout each of these equations by
84 . The evaluation of the harmonic cocff:l.clents/ a, can then be made

in terms of only threc parameters, viz. B, ¥ and -&—9— .
o

3 Effect of Induced Velocity Dirstribution

In the theory of the preceding section, 1t has been assumed that
the flow through the disc 18 constant over the disc area. However, it
is known that a variation in the flov through the disc does exist. In
same flight bests?, it was found that the distribution of induced
velocity was almost linear from front to rear of the dise in forvard
flight conditions, This cffect 1s also referred to in paragraph 5.2
of Ref.1.

The induced veloclity at any point in the disc can be expressed

as
v o= vy (1 + x K cos V) (46)
8}
where V. is the mean induoced velocity and the value of K ocan be

1o
selected for the appropriate forward flight conditions.

The flow through the disc consists of the ocmponent of the forward
velocity together with the induced velocity

_ Vesini Vi
o= —-—-ﬁ-—-— + ('-)-R- (ll-?)

Using the expression for induced velocity from equation (L€)

TR . K
A = Vsini+vlo+ Vi, * 008 ¥ (48)
OR R 1R

] O



Hence, the flow through the disc at any point can then be expressed
as

Ve %

A= A+ ——(jﬁﬁ-—cosw (49)

vihere A, 218 the mean flow through the disec.

Using the ncmentum equation
2 3 2 2
T = 2% R™p vloQH\/u + A (50)

and substituting for v, 1in equation (49)

O

. x Koug
o —_——T
Ztluz + ?LOE

This value of N can be introduced into equation (14). On
integrating the moment equation and comparang the coeffacients, the
effect of the induced velocity distribu-ion 13 to glve the following
addrtional terms

o= A nos ¥ (51)

B* E ot .
- — in ~quation (23)
VT S
and
}33“ Ko i, ( 6)
- 1n zquabion (2¢
12 Yu? + 27
L Numerical Evaluation
The flapping harmcnzces have been €valuated in terms of W, ¥
7.
and a_o_ for a range of @ up to 0,6, Tor —= =2, 1 and 0,5 with
o] { “0
Y - 12 and for EE = 2 with ¥ = 8. The results are given in
0
Pigs.1 - 12, The first hammonics are given on a linear scale but it

was found more convenient Lo use a log .cale for the higher hammonics.

When the assumed distraibution of i1aduced velocity 1s taken into
agccount in the calculations, by 15 affceted to a large extent, ao
and by to a small exbent and the effect on higher harmonics is negligible.
The results of the induced vclocaty offcet on by , ap and b, are
included in Figs.2, 3 and L respectively

5 Discussion

Figs.1 = 12 can be used to obtean vhe anplitudes of the various
flapping hamonics, It is only acressary to xnov the tip speed ratao,
blade inertia nurber and collective plbten sebfing and to evaluate the
conaing angle (a,) from cquation (38).

It will be seen that, as the frequincy of the hammonic increases,
the amplitudes decrease rapidly. Te obtxain a general piciure, the
amplitudes of the a-coefficients and the b-ccefficienss are plotted in

o] 3me



9
Figs.13 and 14 respectavely, for the conditions _a_o_ =1 and ¥ =12,
o
On the log scale used, the amplitudes of the hammonics decrease almost

linearly and the dccrcase is more ragid at low tip speed ratios. Thus
at p=0.1 each haxmonic is about 1/20th of the procedang harmonic,
at K = 0.3 about /12th and at p = 0.5 about 1/10th,

Other workers on earlier aubtogyro work, such as Lock3 and Wheatleyh’5,
have evaluated the second harmenic of flapping and give similar results to
this report. However, the carlier work does not take anto acgount the +ip
loss, induoed velocity is assumed to be uniform, values of p< are neg-
leeved compared with unity and higher hamocnics are not included. The
equations are therefore much simpler. When these simplifying assumptions
have been applied to the prescnt report, identical compariscn is obtaincd
with the earlicr work. No evaluations for third or higher hammonics are
available from known sources.

Scme flight Yests in America on a helicopter6 and in Britain on an
autogyro7, with a camera located on the rotor head, have enabled measure-
ments of the second harmonic of flapping tc be made with reasonable
acouwracy. In Ref,6 and in Ref.5, a comparison with theory is made and
good agreement iz obtained. General agrecement is obtalned in caomparison
of the wvarious flight ftests with the theory of this report but in most
cascg the cxperimental accuracy does not warrant too dctailed a ocmparison.
In Ref.6 ond 7, measurements of the third harmonic of flapping are also
given but these are of a very small order and, vwhile in general agreement
with the estamated values, no detailed comparison is made.

It must be remembered that blade stalling has not heen taken into
account in these estimates. At high tip speed ratio and large values of
#4 , where blade stalling can oceur on the outer sections of the blade,
the amplitude of some of the {lapping hammonics may be incrcased oconsi-~
derably. Bending of the blade has also been omitted from the calculations.
In many oascs, the flapping and bending of the blade could be considered
separately but further work 1s required to investigate bending effects.
If the mtural hending frequency happens to be closc to the frequenoy of
once of the flapping harmonies, thais form of resonance could give a con-
siderable increasc in the amplitude of the bending or flapping, It is
hoped that further work will Te done to investagate the effcets of blade
stellang and blade bending, Some experimental work 1s now proceeding
with a camera located on the head of a Bristol 171 helicopter.

--'1 li_-
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LIST OF SYMBOLS

1ift slopc of blade section

coning angle

coefficrents 1n Fourier series for flapping
coefficients for feathering

factor to allow for tip loss, usually teken as 0,97
blade chord

disc incidence

blade moment of inertia about flapping hinge
constant allowing for distribution of induced velocity
radius of given blade seotion

rotor radius

rotor thrust

thrist coefficient I
becRp (QR)Z

velcelty of steady f1light

1nduced velocity at given position on disc
mean 1nduoced veloclty

incldence of blade secticn

flapping angle
P ac rh
14

Lock!s Inertia Number

instantaneous pitch of hlade

collective piteh of blade

coefficient of ¥low through disc, perpendicular to
the mean tip path plane

tip speed ratio
ajir-density
blade solidity

blade azimuth pbéltlén measured fron ddwmrind position
in dhrection of rotation

angular veloclty of rotor
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