
C.P. No.. 1345 

PROCUREMENT EXECUTIVE, MINISTRY OF DEFENCE 

AERONAUTICAL RESEARCH COUNCIL 

CURRENT PAPERS 

A Theoretical Investigation of High-Speed Axisymmetric 

Turbulent Mixing Layers with Large Temperature Differences 

bY 
f:‘l 

P.W. Carpenter - 

Department of Engineering Science 

University of Exeter 

LONDON: HER MAJESTY’S STATIONERY OFFICE 
I 976 

fl.80 net 



C.P. No. 1345* 
October 1975 

A THEORETICAL INVESTIGATION OF HIGH-SPEED AXISYMMETRIC 
TURBULENT MIXING LAYERS WITH LARGE TEMPERATURE DIFFERENCES 

- by - 
P.W. Carpenter 

Department of Engineering Science, 
University of Exeter 

SUMMARY 

A two-parameter integral method is developed for predicting the mean- 
flow characteristics of high-speed axisymmetric turbulent mixing layers 
with large temperature differences. Results are presented graphically 
and in tabular form for such quantities as spreading rate, entrainment 
velocity, potential-core length and velocity along the dividing streamline. 
These results are for the case of a jet issuing into a quiescent medium; 
a range of jet Mach numbers from 0 to 5 is taken. For each Mach number 
results are presented ocrresponding to values of the temperature ratio 
across the mixing layer ranging from 0 to 00. On the whole the available 
experimental data agree well with the theoretical predictions. Results 
for the case where the jet issues into a moving stream are not presented 
graphically or in tabular form, but approximate analytical formulae are 
given whereby most of the quantities of interest may be determined. 

1. Introduction. 

The mixing layer at the initial stages of a turbulent jet has been the 
subject of an enormous number of theoretical and experimental investiga- 
tions. This great interest is partly generated because the two-dimensional 
mixing layer is one of the simplest manifestations of turbulent shear flow 
and consequently is highly suitable for a study of basic processes. However 
the fact that a wide range of engineering applications involve mixing layers 
is probably an even more important factor in promoting an interest in them. 

The basic properties of hot compressible jets are important in aircraft 
propulsion (e.g. their effect on jet noise) and in combustion processes. 
Cold jets exhausting into a hot medium can arise when secondary air is fed 
into furnaces and combustion chambers. In addition to their role in the 
initial stages of jet development, mixing layers are also an important 
component of the flow field for many separated-flow phenomena. The flow 
over rearward- and forward-facing steps, blunt-based aerofoils and bodies, 
and over rectangular cavities are typical examples. Indeed, a well-known 
method of approach due to Chapman (1950) and Korst (1956) assumes that the 
processes in the mixing layer dominate the entire flow field in such 
phenomena. There are a wide variety of additional industrial and meteor- 
ological applications of turbulent mixing layers. 

A relatively simple method for predicting the basic properties of the 
mixing-layer region in an axisymmetric turbulent jet is described below. 
The basic properties in question include the spreading rate, potential- 
core length, entrainment velocity, and dividing-streamline velocity. 
Results are presented for jet Mach numbers MJ ranging from 0 to 5.0 and for 
stagnation enthalpy ratios, ~HJ, ranging from 0 to co. 
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Since mixing layers have been so widely studied, these results cannot 
be highly original, However, experimental data for most of the Mach- 
number and total-enthalpy-ratio range are non-existent or extremely scarce, 
Engineers are therefore forced to rely on theoretical predictions, It is 
believed that the results presented below are the first that systematically 
cover the entire range of interest in Mach number and total-enthalpy ratio, 
Another objective is to show how the properties of such mixing layers have 
a behaviour which can be explained with reference to simple physical 
processes, A short review of previous theoretical investigations is given 
below, 

2, Review of previous theoretical investigations, 

The notation is defined in Fig, 1, p is the gas density and T is the 
temperature, 

Low speed axisymmetric turbulent mixing layers with TJ # T- have been 
studied theoretically by Szablewski, He used the Prandtl (1942)-G&tler 
(1942) eddy-viscosity model, assumed that the turbulent Prandtl number 
PrT = 0.5 and neglected viscous dissipation, His work is presented in a 
series of articles, In Szablewski (1957), G&tler's (1942) solution is 
extended to heated mixing layers, and is used to start an iterative 
procedure for finding numerical solutions of the two-dimensional case with 
(TJ + T,)/T, = 0, 1, 2, 5 and (uJ - u,)/uJ - 0, 0.25, 0.5, 0.75, 1, The 
corresponding axisymmetric mixing layers are studied in Szablewski (1958) 
i (UJ - Q/u, - 0, 0.25, 0.5, 0.75) and Szablewski (1961) ((u, - u-)/uJ = 1). 
Finally, Szablewski (1963) considered the case of a cool jet issuing into 
a hot medium {(TJ - T-)/T,, = -0.25, -0.5, -0.75). 

Compressible heated mixing layers have been considered by several 
investigators, notably Crane (1957) {asymptotic expansion technique , 
PrT = l), Jacques and Gailly (1966) {numerical solution , PrT = 1 , 0 f MJ 

d 4.0) and Mills (1968) {numerical solution , PrT = 0.5 , 0 f MJ < 5.0, 
0.2 d Ts/TJ C 0.81, These investigators confined themselves in the main 
to predicting the velocity-profile shape, 

There have also been two series of investigators who linearized the 
equations of motion {after the fashion of Gzrtler (1942) and Pai (1949)) 
to obtain approximate solutions, One series consisted of Korst and his 
co-workers e.g. Korst et a1,(1954) and Korst and Chow (1966). The other 
series starts with Libby (1962), continues to Alpinieri (1964), through 
Kleinstein (1964) to Cook and Singer (1969), Each investigator used a 
different eddy-viscosity model, and each is primarily concerned with the 
main part of jets issuing into streams of different gases, 

Also, there are the series of investigations based on Warren's (1957) 
integral method; Warren gave results for 0 6 MJ E 2.6 and 0.25 d Ho,/HJ f 1, 

The method was extended to inhomogeneous mixing layers by Donaldson and 
Gray (1966). and to the (u- # 0) case by Smoot and Purcell (1967). 

Finally, Abramovich's (1963) integral method should be mentioned, The 
basic premise of this rather crude technique is an assumed variation of 
spreading rate with density; the spreading rate iswtually calculated, 

n 
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Despite this very considerable effort, the influence of compressibility 
and heat transfer on the basic properties, especially entrainment velocity, 
has still not been adequately determined, 

3, Choice of eddy-viscosity model and value for turbulent Prandtl number, 

Traditional eddy-viscosity models have proved inadequate for many turbu- 
lent shearflow phenomena@ This situation has led to the development of the 
turbulent-energy methods, e.g. Bradshaw et al, (1967). Nevertheless, the 
velocity profile in incompressible mixing layers is predicted very satisfact- 
orily using the Prandtl-Gzrtler model, viz, 

- pu'v' - rF(uJ - urn) baG/ar (3.1) 

where u' and v' are the fluctuating velocity components in the x and r 
directions respectively, E is the mean axial velocity, b is the mixing- 
layer thickness and K is a constant (a kind of inverse turbulent Reynolds 
number), Therefore there is little point in adopting a more sophisticated 
model for the problem in hand, 

The major difficulty is how to take into account the effect of compress- 
ibility and heat transfer on the kinematic eddy viscosity, Many investigators 
have used a transformation technique {e.g. Ting and Libby (1960), Channapragada 
(1963), Channapragada and Wooley (1967), and Laufer (1969)); others have 
replaced b in eqn. (3.1) by a density-dependent thickness or have assumed a 
particular functional dependence of K on the mean density {e.g. Ferri et al, 
(1962), Alpinieri (1964) and Schetz (1968)). However, these methods lead 
to velocity profiles that are at variance with experimental ones, which 
invariably are little different in shape from incompressible ones {e.g. see 
Hill and Nicholson (1964) who compare measured profiles to various theoret- 
ical predictions). 

Morkovin (1962) suggested that the turbulence structure in turbulent 
shear layers would be unaffected by compressibility providing the fluctuations 
in Mach number were less than unity, This hypothesis, or deductions there- 
from, appears to work well for compressible boundary layers {e.g. see Bradshaw 
(1967). Maise and McDonald (1968), Herring and Mellor (1968), and Bradshaw and 
Ferris (1971)). In jets the velocity and density fluctuations are much larger 
than in boundary layers, In view of this Morkovin's hypothesis would be 
expected to fail in jets for Mach numbers which exceed one or two, Conse- 
quently, the variation of K with Mach number and total-enthalpy ratio is deduced 
by fitting theoretical predictions to the experimental data for spreading rate, 
The available experimental evidence discussed in Section 5 suggests that K 

remains approximately constant with change in total-enthalpy ratio but probably 
decreases with a rise in jet Mach number, 

The question of choosing a value for the turbulent Prandtl number is now 
considered, Unlike its molecular counterpart, the turbulent Prandtl number 
is not a property of the fluid, but rather a property of a particular flow 
field. There is no reason for it to be the same for different shear flows, 
or even to be constant across a particular mixing layer, However, if for 
simplicity it is assumed constant, what value should it take? The experi- 
mental evidence is somewhat confusing, Hinze and Zijnen's (1948) measure- 
ments in a low speed jet show PrT varying from 0.70 at the centre-line to 
1.25 at the edge. Broer and Rietdijk (1960) report similar values in an 
(MJ - 1.74) jet, Pabst (1960) and Corrsin and Uberoi (1950) report PrT=O#70 

for/ 



-40 

for hot mixing laqere, A plasma jet of MJ - 2.35 and TJ/To - 10.4 was 

found by Demetriades and Doughman (1969) to have PrT - 0.89, If PrT 

is chosen as unity, considerable theoretical simplification is achieved, 
and on the face of it this does not seem a bad choice although the 
evidence reviewed above suggests 0,7 is the best choice, 

4, Analysis, 

(i) Governing equations, 

The governing equations for compressible turbulent mixing layers may 
be written in the following form, 

(4,l) 

(4,2) 

-h&{($- -l)rr$l 
rT 

(4.3) 

where (u,v) are the velocity components in the (x,r) directions, p is 
the density, a bar indicates time-averaged quantities and where the 
following definitions apply 

- _ 

f 15 { 1 +F/(& 1 

ii - CpT + u2/2 

E - - PU'V /(aZ/ar) 

Pr T - E/E T 

cT 
- - m/(a?/ar) 

where a dash indicates fluctuating quantities, 

The notation is further defined in Fig, 1, 
on the governing equations are 

u-u 
OD 1 for ii = H, r > r2(x) 

u-u 
J I for ii = HJ r < q(x) 

(4 

(b) 

(cl 

W 

(4 (4.4) 

The boundary conditions 

(a) 

(b) 
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ii - 0 at r = rl(x) k) 

rl = r-2 = ro at x=0 (d) (4.5; 

Under the boundary-layer approximation the boundary condition (4.5~) 
is equivalent to V - 0 at r - 0, The position of the inner and outer 
edges, r1 and r2, are unknown a priori for x > 0, 

If Pr, - 1 then eqn, (4.3) may be solved to give 

ii = HJ - (HJ - 

Non-dimensional density 
from eqn, (4.6) and have the 

Hoo) t"J -  &j/b, -  u-1 (4.6) 

and temperature profiles may be derived 
form 

1’hH ;; 
+d 11-j-(1 - EJ)l - - m (U)2 

uJ 
(4.7) 

where m * (Y-1)MJ2/2, x = Uoo/U~~ AH - Hm/HJ 

and y is the ratio of the specific heats, 

(ii) Derivation of integral relations, 

gultiply eqn, (4.1) by a weighting factor rf * (c) and eqn. (4.2) by 
rf j ’ (4 s where in this case the dash indicates di i! ferentiation with 
respect to E, Integrate the sum of these two products with respect to 
r from r = 0 to =, The result can be written in the form 

d r P’l fj(G)rdr 
I 

Qo 

;i;; o 
+ Fr?fj (U) 

0 

(4.8) 

f j”(;) rdr 

0, 1, 2 ..1... (4.9) 

Now by symmetry v’ = 0 and au’/ar - 0 at r - 0, 
required to satisfy 

Let the fj (U) be 

f.(uJ “0; j “0, 1, 2 ,,,.. 
J 

(4.10) 

and let the independent variables be transformed as follows 

f xmr 1 + 15 = Kx/rO , 5 = (r - rl)/b) (4.11) 

In addition if it is assumed that au’/& - 0 at r 3: rl and r2, and 
finally if eqn. (3.1) is used, then eqn, (4.9) becomes 



-2 

$ C i2 1' RUfj(U)cdL + 
1 

0 

;ti I RUfj(U)dg + 
0 

j - W, . . . . . ...*. (4.12) 

where R - c/p, ; - u - u/u J , ;1 = rl/r, , ;2 - r2/ro and i - b/r,, 

(iii) Determination of 6, ;1 and ;2, 

To proceed further a functional form must be chosen for U, Many 
theoretical and experimental studies of mixing layers have shown that 
the actual shape of the velocity profile is only slightly altered by 
changes in A, MJ and AR. Therefore it is assumed that U is an invariant 
function of C, and the following functional form is chosen 

U(C) - (1+x)/2 - i(l - X)/2? tanh (klc + k2) (4.13) 

where kl - 2 arctanh (0.98) and k2 - - arctanh (0.98). This function 
is very close to the exact solution for an incompressible mixing layer, 
In effect, it is a two-parameter family of profiles, $1 and 6 being the 
two parameters implicit in (4.13). Equation (4.7) may be used to obtain 
an expression for R, 

Since there are two unknown functions (or parameters) of 5 to be 
determined, two of the integral relations (4.12) are required, The 
simplest two weighting functions which are linearly independent and 
satisfy condition (4.10) are 

f. - u - a ) fl - (U - l)(U - A) (4.14) 

With the substitution of the weighting functions (4.14) in equation 
(4.12) the following two equations are obtained 

+ ;lLJ, ) - 0 (j - 0) (4.15) 

(2;IA + ;lJA) di/dE + cJA d;l/dE - -iKA - &LA (j - 1) (4.16) 

where IA - IIRU(U-A) (U-l)gdt, JA - llRU(U-A)(U-1)dt 
0 0 

1 
KA - 2(1-A) 1 RWJ/ds)2rds, LA = 2(1-X) /1R(dU,dC)2dC 

0 0 

53’ 
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IB - /lRU(U-X)~dc, JR - IlRU(U-h)d< (4.17) - 
0 0 

Eqn, (4.15) may be integrated 

($-l)(l-A)/2 + b21B + 

to give 

;l;JR = 0 (4.18) 

If ;X = 0 and 5 + 0 (c + 0) the roots of eqn, (4.18) become ;l = !: 1, 
So obviously only one of the two roots is_physic@ly acceptable, this root, 
which establishes a relationship between rl and b, takes the form 

;1 = -65,/(1-X) + ( 1 + b2J28/E1-A)2 - 2b21,/(1-A) Ill2 (4.19) 

In principle, one can substitute from eqn, (4.19) in (4.16) and thus 
the problem i! reduced to solving one nonlinear ordinary differential 
equation for b. To solve this differential equation numerically b is 
represented as a polynomial in 5, i.e. 

ii = blS + b2E2 + b3t3 + b&' (4.20) 

Using the binomial theorem, eqn, 
of G, i.e. 

(4,19) may be expanded in powers 

Cl = -ikl + 1 + C2b2/2 - C3?'/8 (4.21) 

where Cl = J&l-A) ; C2 - J;/(1-h)2 - 21&l-X) 

Substituting eqn, (4.20) in (4.21) leads to 

;1-l- Clblt + E- CIb2 + C2b:/21&2 + I- Clbg + C2blb2)S3 

+ {- C2b4 + C2(2blb3 + b$)/2 - C;b:/8&4 + ..o,. (4.22) 

Using the definition of Cl the following expression is obtained from 

eqn. (4.22) for 02 I - ;iI$ yj ) 
i, 

92 - (A2 - AAl)/(l - A) (4.23) 

where Al - ['(l-RU)d< and A2 l-R&d5 
0 0 

(4.24) 
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n2 represents the orientation of the outer edge of a two-dimensional 
mixing layer (or axisymmetric one under the limit c+O) with respect to a 
splitter plate (or nozzle r = ro), 

By substituting eqn, (4.22) and (4.20) into eqn, (4.16) and equating 
like powers of 5, a series of equations for determining bl etc. may be 
obtained in the following form 

bl = -LA/J* 

b2 = -(2b;(IA - CIJA) + bl(K, - LAC1)1/(2JA) 

(4,251 

(4,261 

b3 - -(3JAC2b;/2 + 6b1b2(I, - JACl) + b2(KA - CILA) + b:C2LA/2)/(3JA) (4.27) 

b4 = -(4b=(IA - JAC1) + 8blbg(IA - JACl) + 6b:b2C2JA 

+ b3(KA - ~1~4) + blb2C2LA)/(4JA) (4.28) 

Of course, eqn. (4.25) is equivalent. to the two-dimensional result, 
The polynomial (4.20) is curtailed after the fourth-order term, bu! 
this is more than enough to ensure an accuracy of one per cent in b, 
as a substitution of calculated results for bl etc. into (4.20) would 
show, 

(iv) Calculation of entrainment velocity, 

From the continuity equation (4.1) the following relations for 
entrainment velocity is obtained 

(4.29) 

Now &,- 

0 
(4.30) 

Therefore eqn. (4.29) leads to the following equation for entrainment 
velocity 

but J has been assumed to be a function of 5 only, thus the first term 
on the right-hand side is zero, Changing integration variables from r 
to 5 leads to 

“00 
-I KU J 
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(4.31) 

where XT = Tm/TJ. 

Further simplification can be obtained by integrating by parts the integrals 
in eqn. (4,31), thereby after some rearrangement the final form given below 
for the entrainment velocity is obtained, 

<Cl + 6)Veo/(KUJ) - ;(di/dS) IX-XT+XTA3) + G(d+dS)X 

+ i1 (d&/dE) IX-AT+XTA1 1 + kr (d&/de) (X-XT) (4,321 

1 
where A3 = I ( 1 - RUc)dc (4.33) 

0 

In the limit as c-@(k) eqn, (4.32) becomes 

“,/ (KUJ) = bl{ (x-xTh2 + ATA ) (4.34) 

This is equivalent to the two-dimensional result, Obviously, it is the 
mass-entrainment rate per unit length, 2np,,rVm, which must tend to a 
constant as r* in an axisymmetric jet, so when comparing it to the two- 
dimensional case r2VoD should be used rather than VW. 

(v) Calculation of the dividing streamline, 

The dividing streamline is defined as the one which divides the fluid 
originally in the jet from the 
means that the mass flux below 
i.e. 

fluid entrained from the surroundings, This 
the dividing streamline remains unchanged, 

2= I 
rd m- 

pu rdr 
0 

(4.35) 

or, after substitution and rearrangement 

cd cd 
1 - ;: - 29 1 RUcdS + 2G1 1 RUd< (4.36) 

0 0 

Eqn, (4.36) is an implicit equation for cd and must be solved 
numerically, 

In the limit 5+0(k) eqn, (4.36) reduces to 
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I 
Sd 

n1 - (1 - Q/S - RUdC (4.37) 
0 

which is, of course, equivalent to the result for the two-dimensional 
mixing layer. 

5. Discussion of results. 

(i) Comparison with other experimental and theoretical results. 

Although the analysis presented in Section 4 is valid for the case 
where u # 0, results have only been calculated for u, - 0, 
approxi&te analytical formulae for bl, 

However, 
Al and A2 are given in Appendix I 

whereby most of the quantities of interest can be determined for the case 
of uw f 0, 

Calculated values of bl, b2, b3, b4, ID and JD are given in Table I 
for a comprehensive range of Mach numbers and stagnation enthalpy ratios, 
Similarly, Al, A2 and A3 are listed in Table II. Almost all properties 
of practical interest may be evaluated using these tables in conjunction 
with the equations given in Section 4, 

Selected properties are also presented graphically, 
cl and ;2, 

The boundaries, 
and dividing-streamline position for a low speed axisyxnnetric 

heated mixing layer are presented in Fig, 2 for a comprehensive range of 
temperature ratios. The development of entrainment and dividing-stream- 
line velocities for the same are plotted in Figs, 3 and 4 respectively. 
Fig, 7 presents curves showing the variation of potential-core length 
with Mach number and stagnation-enthalpy ratio, The remaining figures 
display plots of two-dimensional properties for a comprehensive range 
of Mach number and stagnation-enthalpy ratio, 

A useful source of comparative data is the series of papers written 
by Szablewski on low speed mixing layers with TJ # T , The results for 
spreading rate and entrainment velocity, shown in Fizs. 5 and 8 respectively, 
compare fairly favourably with his, 
--!" ;;z;i);s=o 

Szablewski's values for bl and 
were e 

'p 
timated using his values for the spreading parameter, 

= 0 &bl)- 1. 
inferred that the 

Since he assumed that PrT = 0.5 it may be 
spreading rate and entrainment velocity are not too 

sensitive to the value of PrT, 

A direct comparison of the '12 predictions in Fig, 6 was only possible 
for Szablewski (1957). Values of n2 could be estimated approximately 
from velocity profiles given elsewhere, but this procedure leads to such 
rough results as not to be worthwhile, Since the present velocity profiles 
are only approximations, it could not be expected that the predictions for 
'12, 'Id and [i&J in Figs, 6, 9 and 10 respectively would be very accurate, 
The Vahe of n&J seems to be especially sensitive to the precise shape 
of the velocity profile, A comparison between the present predictions 
and some previous theoretical results is presented in Fig, 12, It can be 
seen that the present results lie slightly above those of Korst et al (1954) 
who used the error-function profile, In addition, it will be noted, from 
a comparison of the accurate results of Jacques and Gailly (1966) and 
Carpenter and Tabakoff (1971), that the value of PrT has quite a noticeable 
effect at the higher values of Mach number, Although the results plotted 
in Fig. 10 are not very accurate in absolute value, they probably indicate 

the/ 
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the effect of a change in MJ and XB quite adequately, In any case if 

b/uJ is so sensitive to the precise velocity-profile shape, it is 
unlikely that in practice the value could be predicted within 10% 
accuracy, 

It is evident from Fig, 7 that when TJ < T- there is a considerable 
divergence between the present estimate for the poten@al-core length 
and Szablewski's (1963) result, His prediction for rl(x) shows the 
inner edge turning very abruptly towards the axis near the end of the 
potential core, This effect is absent in Fig, 2 and in Szablewski (1961) 
where TJ * T=, The reasons for this discrepancy are not apparent, In 
addition to Szablewski's theoretical results, Bezmenov and Borisov's 
experimental value of l/F 

PC 
for a very hot jet is plotted in Fig, 7, 

This value comes from Fig, 13 of Golubev (1967) who gives x 
PC 

/r. = 5 
for TJ/T- - 15 compared to x 

PC 
/r. - 8 for TJ/T- - 1, It can be seen 

that this experimental point agrees very well with the theoretical 
curve, A data point from Balashov (1958) is also included in Fig, 7, 

xPc 
was taken as 11.5 r. in this case, Finally, data points from 

Corrsin and Uberoi (1950) are also included On Fig, 7, 

The agreement between the theoretical curve for l/c,, in Fig, 7 
and the experimental data for strongly heated mixing layers is good 
enough to suggest that the inverse turbulent Reynolds number, K, is 
invariant with stagnation-enthalpy ratio, In addition, Szablewski 
(1958) compared his results for a hot jet in a moving stream to the 
experimental data of Pabst (1960) (u-/uJ = 0.47 and 0.06, Ts/TJ E 0,431, 
and concluded that K remains unchanged, Since Szablewski's results 
agree very well with the present ones, this can be regarded as further 
evidence corroborating the conclusion that K does not vary with 
temperature ratio, 

It is immediately apparent from Fig, 11 that the existence of a 
considerable scatter in the data taken from various sources constitutes 
a major difficulty in comparing predicted spreading rates with experi- 
mental ones, Even at MJ = 0 there is a 25 per cent difference between 
Wygnanski and Fiedler's (1970) value of K and Liepmann and Laufer's 
(1947) value, This scatter can probably be partly explained by the 
sensitivity of turbulent mixing layers to their initial conditions, 
This was brought out by the experiments reported in Bradshaw (1966) 
who showed that a mixing layer developing from a fully turbulent 
boundary layer tends to a higher level of turbulence (i.e. larger K) 

than one in which transition occurs after separation, This effect has 
been confirmed by Jones (1969). It happens that Wygnanoki and Fiedler 
had fully turbulent initial conditions while with Liepmann and Laufer 
transition occurs after separation, 

Another effect, possibly connected with the preceding one, is 
reported by Crow and Champagne (1971). They show, inter alia, that 
a mixing layer subjected to pressure fluctuations of certain frequencies 
spreads at a greater rate, This observation is also corroborated by 
Kel'manson's (1968) experiments, Thus the possibility exists that 
acoustic radiation, originating in the mixing layer, can be reflected 
back into it by adjacent surfaces, causing a modification to the mixing 
properties, A similar phenomenon was certainly observed by Glass (1968) 

in/ 



in compressible jets, He found that if the reflecting surfaces were 
adjusted to maximise the effect of acoustic feedback then a 50 per cent 
increase in spreading rate could be achieved, This effect could be 
responsible for the large difference between Johannesen’s (1962) values 
for u, obtained in a jet with internal shock waves, The first shock 
cell yielded u - 21.9 followed by an abrupt change to 11.9 after inter- 
action with a weak shock wave, 

c 

t 
Recently Birch and Eggers (1972) have critically examined the 

experimental data for spreading parameter, They suggested that many 
of the investigations have been carried out on mixing layers which were 
not really fully developed, Their recozznended variation of u with 
Mach number is shown in Fig, ll,,a comparison of this variation with 
the theoretical predictions for bl leads to the following variation of 
K with Mach number: 

TABLE III 

MJ K/K0 

0 1.0 

1.0 1.0 

1.5 0.86 

2.0 0.68 

3.0 0.51 

4.0 0.47 

5.0 0.46 

The predicted entrainment velocity agrees exactly with Liepmann and 
Laufer’s measured value of K - 0.0055, Using this value, appropriately 
modified using Table III, Johannesen’s (1963) experimental value for 
entrainment velocity is plotted in Fig. 8, The agreement with the 
theoretical curve is excellent, Johannesen’s value for entrainment 
velocity was deduced from his Figure 23 which gave a value of 2nr2&,V,; 
r2 was taken as equal to r. since the measuring point was near the nozzle 
exit. Hill & Nicholson’s (1964) experimental data were all predicted to 
within 10X accuracy by the following semi-empirical formulae 

Ta -0.67 
-e 

uJ 
0,049 (yoe6 (1 + +M;) 

This formula will only agree with Liepmann & Laufer’s result if the constant 
is changed to 0,033, Therefore, acting on the premise that Hill & Nicholson’s 
mixing layers had unusually high spreading rates, their actual measured values 
are reduced by a factor of 0,033/0.049 when plotted in Fig, 8, In spite of 
this adjustment the experimental values are still about 30% larger than the 
theoretical predictions, although the variation with total-enthalpy ratio 
appears to be correctly predicted, 

(ii) / 
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(ii) Physical interpretation of theoretical formulae and results, 

V 02, and db/dx can be regarded as being determined respectively 
from a%ass, momentum and energy balance applied to an elemental slice 
of mixing layer, To appreciate this consider a slice near the origin 
in Fig, 1 of width dx, where the mixing layer may be treated as two- 
dimensional, 

A mass balance gives 

while a momentum balance gives 

and an energy balance gives 

(5.1) 

(5.2) 

(5.3) 

The last term on the right-hand side of eqn, (5.3) represents the 
dissipation of mean-flow kinetic energy by the turbulence, It takes 
this particular form because the rate at which mean-flow energy is lost 
to the turbulence is given by 

I 
- ;;(u, - 

a’;l 2 
u,J b t$ 

When u - 0 (i.e. X=0) V /UJ, 112 and db/dx may be determined 
directly frgm the three equat?ons given above (NIB, r12 + 01 = 1). 
However, when X # 0 it is necessary to eliminate Va/uJ from (5.2) 
and (5.3) to obtain eqns, (4.23) and (4.25). 

Henceforth only the (u- = 0) case will be considered, 

The limiting forms of R as AH + 0 and 0, help to explain the 
effect of strong heating on the mixing-layer properties, From 
eqn. (4.7) it follows that 

R+ 1 
m(l+m) - mlJf as XH + 0 and R -t (5.4) 

As the jet is heated to an increasingly high temperature, the 
surrounding air will have a relatively greater density, Therefore 
the small change in velocity, occurring as one moves inward from the 
outer edge, leads to a relatively large change in momentum flux, This 
results in the mixing layer being deflected towards the jet axis (i.e. 
r12 becomes smaller). A rise in Mach number enhances the effect because 
this causes the gas in the jet to become even more rarified, On the 
other hand when the surrounding air is heated (AH > 1) the effect is 

reversed/ 
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reversed and rt2 rises, Ultimately when XH + Q) then I-Q * 1 as is evident 
from eqn, (5.4) and (5.2). The influence of a change in MJ is much less 
pronounced for the (XH > 1) case, These qualitative arguments are borne 
out by the results presented in Fig, 6, 

Why do turbulent mixing layers spread? They spread because momentum 
and energy are convected laterally by means of the turbulent fluctuations, 
Also, because mean-flow energy is converted into turbulence energy, To 
paraphrase eqn, (5.3) in words 

{The spreading rate} 

- {(Rate at which kinetic energy enters the mixing layer from the jet core) 
- (Rate at which it crosses a.section of the mixing layer)) 

+ {Rate at which mean-flow kinetic energy is converted into turbulence 
energy) 

(5.5) 

As the jet-core becomes hotter, n2 diminishes, Thus the rate at 
which energy enters the mixing layer rises in relative terms, increasing 
the numerator in eqn, (5.5). On the other hand the Reynolds shear stress 
is reduced because of the considerable reduction in density over much of 
the mixing layer, Thus the denominator in eqn, (5.5) falls, Hence the 
spreading rate rises as the jet becomes hotter, Since an increase in MJ 
means a reduction in pJ, the spreading rate also rises with MJ, These 
arguments can be reversed if the surrounding air is heated (XH > 1); 
except that in the limit XH + 00, db/dx becomes independent of MJ, because 
for finite VJ the core density pJ is always infinitely greater than p, 
(c.f. eqn, 5.4). These arguments are corroborated by Fig, 5, 

An entrainment coefficient, cq, is defined as 

=9 - (5.6) 

This represents the mass entrainment per unit surface area, It is clear 
from eqn, (5.1) that 

=q 
= (Rate of change in mass flux at a section) - (Rate at which mass 

enters per unit area of mixing layer from jet core) 
(5.7) 

Now cq rises with TJ for two reasons: 

(i) db/dx becomes larger, thereby augmenting both terms in eqn. (5.7); 

(ii) the reduction in PJ increases their difference owing to the outer 
part of the mixing layer tending to make a bigger contribution to the 
first term. 

. 

Consequently/ 
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Consequently, cq rises in value as the jet becomes hotter and 
decreases when the secondary air becomes hotter, This can be clearly 
seen in Fig, 8, However, -V=/uJ * c 
increasingly hot, 

q AT, so as the jet core gets 
a smaller and smaller entrainment velocity is 

required to make up the required value of cq, and vice-versa when XH>l, 
Ultimately when XH+O it can be seen from eqns, (5.1) and (5,4) that 
v,-; whereas when 1~ 

(5.8) 

Fig. 8 confirms this, 

If MJ is fixed then UJ varies as G, Therefore the value of VoD 
4 relative to its unheated value can be obtained by dividing V-/UJ by AH, 

As Fig, 8 shows, this quantity remains almost invariant over the practical 
range of AH for hot jets, 

Finally, the ratio of cq to its unheated value serves as a measure of 
the mixing layer’ s “efficiency” as a mass-entrainment mechanism, This 
quantity {multiplied by (c~)~H=~) is also plotted in Fig, 8 for MJ - 0, 

It is apparent that (XH<l) mixing layers are relatively very “efficient”, 
e*g, the AH = 0.2 case is two and half times mOre “efficient” than when 
AH - 1, 

The behaviour of the dividing streamline with change in XH and MJ 
is easy to understand, nd depends on the rate at which mass enters 
the mixing layer from the jet core, in other words it depends on 172, 
This is obvious from eqn, (4.35). Hence nd rises and ud falls when 
the jet is heated and vice-versa when XH>l, A rise in Mach number 
has a similar effect to heating, It follows from eqns, (4.35) and 
(5.4) that Lim{nd and ud) is independent of MJ, These prognostications 

hi-+- 
are given quantitative dimensions in Figs, 9 and 10, 

The effects of axial symmetry have not been discussed, They are 
almost entirely what would have been expected, Therefore Figs, 2, 3 
and 4 are left to speak for themselves, 

6.1 
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6. Conclusions 

(i) The variations of such properties as spreading rate, the position 
of the inner and outer edges and entrainment velocity, are determined 
for an axisymmetric mixing layer, Comprehensive ranges of Mach number 
and stagnation-enthalpy ratio are taken, 

(ii) A comparison between the predicted properties and available experi- 
mental data corroborates the premise that the constant in the Prandtl- 
G&tler eddy-viscosity model is invariant with respect to changes in 
temperature for low speeds, A recommended variation of K with Mach 
number is given in Table III (p.12). 

(iii) The non-dimensional entrainment velocity, V,/(KU~), is found to be 

almost invariant with change in Mach number, For a fixed Mach number, 
v %T) x 

H 
51 is found to vary only slightly for 0.2 I XH s 1.0, The 

mixing layer in a hot jet is found to be a much more efficient mechanism 
for mass entrainment than its unheated equivalent, 

(iv) The cool jet issuing into a hot medium is shown to have a mixing 
layer with properties which are invariant with changes in Mach number 
for the limit Too/TJ + 0~. 

(v) The entrainment velocity of a two-dimensional mixing layer is not 
directly proportional to the spreading rate when the Mach number and 
total-enthalpy ratio is varied, This is clearly shown by eqn, (4.34). 
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TABLE I 

THE VALUES OF CERTAIN PARAMETERS INVOLVED IN CALCULATIONS OF 
THE CHARACTERISTICS OF AN AXISYMMETRIC TURBULENT MIXING LAYER 

t 
l+H 
"XH bl b2 b3 b4 IB 

i 
JB 

-1.0 
-0.8 
-0.6 
-0.4 
-0.2 

0 

0.2 
0.4 
0.6 

0.8 
1.8 

-1.0 
-0.8 
-0.6 

-0.4 
-0.2 

0 

0.2 
0.4 
0,6 
0.8 
1.0 

23.00 
38.21 
44.76 
49.58 
53.67 
57.42 
61.09 
64.90 
69.13 
74.45 
84.46 

23.00 
36.88 
43.15 
47.81 
51.78 
55.45 
59.05 
62.79 
66.96 
72.19 
82.00 

-14.5 108 
31.6 327 
64.8 609 
94.1 934 

122.0 1307 
149.7 1742 
178.2 2261 
208.9 29'06 
243.5 3764 
286.0 5063 
352.1 8266 

-14.5 
25.3 
54.6 
80.7 

105.5 
130.2 
155.6 
182.9 
213.5 
250.7 
306.7 

I -1.0 
-0.8 
-0.6 
-0.4 
-0.2 

23.00 -14.5 
34.18 14.0 
39.80 35.9 
44.08 55.6 
47.79 74.4 

MJ - 0 

MJ = 1 

108 
289 
523 
796 

1112 
1481 
1923 
2476 
3212 
4329 
7078 

MJ - 2 

-930 
-90 

2262 
5694 

10280 
16270 
24160 
34820 

50070 
74470 

131200 

-930 
-386 
1358 
3955 
7458 

12060 
18130 
26320 
37980 
56390 
96610 

. 

k 

108 -930 
226.7 -800 
383.0 33 
567.8 1355 
784.2 3185 

0 

0.0410 
0.0585 
0.0708 
0.0809 
0.0898 
0.0982 
0.1065 
0.1154 

0.1258 
0.1431 

0 
0.0371 
0.0537 

0.0655 
0.0752 
0.0838 
0.0918 
0.0997 
0.1081 
0.1178 
0.1336 

0 
0.0293 

0.0439 
0.0545 
0.0632 

L 

0 

0.2415 
0.3043 
0.3423 
0.3704 
0.3934 
0.4136 
0.4324 

0.4511 
0.4713 
0,500o 

4 

0 
0.2257 
0.2881 
0.3261 
0.3542 
0.3771 
0.3972 
0.4158 
0.4341 
0.4537 
0.4806 

0 
0.1911 
0.2521 
0.2899 
0.3178 

Contdl 
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TABLE I (Contd) 

0 51.24 93.2 1040 5618 0.0709 0.3406 

0.2 54.66 112.5 1351 8835 0.0782 0.3603 
0.4 58.23 133.1 1741 13150 0.0852 0.3784 

* 0.6 62.23 155.8 2266 19180 0.0926 0.3959 
0.8 67.26 182.6 3069 28250 0.1010 0.4141 
1.0 76.57 220.1 5051 44170 0.1137 0.4374 

MJ - 3 

-1.0 23.00 -14.5 
-0.8 31.66 5.0 

I 108 -930 0 0 
184 -1013 0,0221 0.1552 

-0.6 36.55 20.5 286 -724 0.0344 0.2135 
-0.4 40.40 34.6 408 -183 0.0436 0.2504 
-0.2 43.78 48.2 553 604 0.0513 0.2778 

0 46.98 61.8 726 1668 0.0581 0.3002 
0.2 50.17 75.5 938 3072 0.0644 0.3195 
0.4 53.53 90.1 1209 4918 0.0706 0.3370 

0.6 57.31 105.8 1577 7363 0.0770 0.3537 
0.8 62.07 123.6 2147 10600 0.0840 0.3705 
1.0 70.82 146.4 3574 12510 0.0940 0.3906 

MJ = 4 

Contd/ 
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TABLE I (Contd) 

-1.0 23.00 -14.5 108 -930 0 0 
-0.8 28.31 -4.90 147 -1119 0.0127 0.1007 
-0.6 31.98 3.17 198 -1213 0.0213 0.1506 
-0.4 35.05 10.62 ' 262 -1254 0.0281 0.1842 
-0.2 37.85 17.75 338 -1263 0.0339 0.2098 

0 40.56 24.74 432 , -1258 0.0391 0.2309 
0.2 43.31 31.72 549 -1267 0.0440 0.2491 
0.4 46.26 38.76 702 -1351 0.0487 0.2653 
0.6 49.62 45.90 917 -1679 0.0535 0.2805 
0.8 53.87 53.05 1259 -2842 0.0586 0.2952 
1.0 61.65 59.94 2136 -10050 0.0651 0.3113 
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TABLE II 

THE VALUES OF CERTAIN INTEGRAL PROPERTIES IN 
AN AXISYMMETRIC TURBULENT MIXING LAYER 

l-xH I 
1+xp MJ’O My=1 

Al I A2 A3 
I 

Al I A2 
I 

A3 

-1.0 1.0000 1.0000 ' 1.0000 l,oooo l,oooo 1.0000 
-0.8 0.7297 0.7585 0.9477 0.7492 0.7743 0.9532 
-0.6 0.6468 0.6957 0,9203 0.6689 0.7119 0.9280 
-0.4 0.5901 0.6577 0.8982 0.6143 0.6739 0.9076 
-0.2 0.5432 0.6296 0.8776 0.5694 0.6458 0.8888 

0 0,500o 0.6066 0.8569 0.5286 0.6229 0.8699 
0.2 0.4568 0.5864 0.8344 0.4881 0.6028 0.8496 
0.4 0.4099 0.5676 0.8080 0.4448 0.5842 0.8260 
0.6 0.3532 0.5489 0.7735 0.3932 0.5659 0.7955 
0.8 0.2703 0.5287 0.7179 0.3192 0.5463 0.7469 
1.0 Q 0.5000 0,500o 0.0866 0.5194 0.5611 

. 

I 

4 

My2 MJ53 

-1.0 1.0000 l,oooo 1*0000 1.0000 1.0000 I l,oooo 
-0.8 0.7905 0.8089 0.9639 0.8317 0.8448 0.9733 

-0.6 0.7157 0.7479 0.9431 0.7634 0.7865 0.9567 
-0.4 0.6653 0.7101 0.9262 0.7171 0.7496 0.9431 
-0.2 0.6246 0.6822 0,9108 0.6802 0.7222 0,9306 

0 0.5881 0.6594 0.8955 0.6478 0.6998 0.9185 
0.2 0.5530 0.6397 0.8793 0,6172 0.6805 0.9058 
0.4 0.5164 0.6216 0.8608 0.5863 0.6630 0.8917 
0.6 0.4743 0.6041 0.8375 0.5521 0.6463 0.8743 
0.8 0.4166 0.5859 0.8015 0.5077 0.6295 0.8485 

Contdf 
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TABLE II (Contd) 

1-A H 1+xH I 
MJ=4 MJ=5 

Al *2 453 *I I *2 I *3 -. 
-1.0 l,oOOo 1.0000 1.0000 l,ooOO l*oooo 1.0000 
-0.8 0.8658 0.8752 '0.9802 0.8923 0.8993 0.9850 
-0.6 0.8039 0.8208 0.9669 0.8367 0.8494 0.9742 
-0.4 0.7614 0.7854 0.9558 0.7977 0,8158 0.9651 
-0.2 0.7276 0.7587 0.9457 0.7665 0.7902 0.9567 

0 0.6983 0.7669 0.9359 0.7396 0.7691 0.9486 
0.2 0.6711 0.7181 0.9258 0.7151 0.7509 0.9404 
0.4 0.6443 0.7012 0.9147 0.6913 0.7347 0.9315 
0.6 0.6157 0.6853 0.9014 0.6665 0.7195 0.9210 
0.8 0.5804 0,6697 0.8824 0.6372 0.7048 0.9064 
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Fig.1 Schematic sketch of the mixing layer region in an axisymetric jet. 
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Fig.2 Development of the inner and outer edges and position of the dividing streamlino in axisymetric 
mixing layers having various values of T-/T,. HJ = 0. u, = 0. r = 1.40. 
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Fig.3 Development of the radial velocity coqonent at the outer edge of an axisymmtric mixing layer 
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APPENDIX I: APPROXIMATE ANALYTICAL FORR'ULAR FOR bl, Al, 1\2, 

ForParlae for LA, JA and bl: 

From Equation (4.25) we see that 

bl * -LA/ JA 

where LA - 2(1-X) 1' R(dU/dr)2ds 
0 

(Al) 

WI 

JA - 1' RU(U-X)(U-l)dt 
0 

(A3) 

These integrals can be evaluated analytically if we change variables 
from r; to U whence 

X+E 
LA * 2(1-X) 1 R dU/dS dU (A4) 

1-s 
x+E: 

JA - lMk I RU(U-X)(U-l)(dU/dl;)-' dU WI 

where c - 0,01(1-x) if the approximate velocity profile (4.13) is used, 
It also follows from (4.13) that 

dU 4k(U-l)(U-x) 
YE - 1-A 

where k - arctanh(0.98) {i.e. k = kl/2) , 

(A61 

Hence, substitution from eqns, (A6) and (4.7) for dU/dS and R 
respectively into eqns, (A4) and (A5) leads to the following integrals: 

x+c 
LA - 8k/ @-1) (Il-A) dU 

l-e (l+m){l-A(l-U)) - mU2 

-%a 
X+E 

JA 
U 

l-s (l+m){l-A(l-U)) - mU2 

(A7) 

dU w3) 

where A = WE) / (1-U. 

The integrals are readily evaluated to give 

LA = e (1-a) - f I(I+SI)A - m(l+A)l Fl 

- f (2m2X-m(l+m)(l+X)A + q2 - 2m(l+m)(l-A)} F2 

:m/O WW 

LA’ 



- (ii) - 

!A - $ k (1-x)3 : m- 

where q - {(l+m)W + 4r(l*m)(l-A)W 

a Fl (P*~pX) I In (l*m)(l-Ml-A-e) - m(X+e)Z 

C (l+m)Il-As) - m(l-c)2 1 
2 

F2bJH,U = - ; (l+m)A - 2m(l-c) 
Q 

and to give 

WT) 

- arctanh 

+0 

c (l+m)A - 2m(X+s) 
q . 31 

(AlOa) 

(AlOb) 

JA - - (1-X)2(1+X)/(8k) :m-0,X -1 H (AlOc) 

since 
c has been assumed to be eero to obtain eqns, (A9b & c) and (AlOb & c) 

this only introduces a very small error in these special cases but makes 
the formulae very much less cumbersome, 

In the special case of m - 0, XR - 1 

LA (1-X) bl - - - - 56*3 rrn 
JA 

(All) 

This agrees with the relationship which Abramovich (1963) deduced by means 
of a less rigorous dimensional analysis, 

Formulae for Al and A2 : 

Al - I'(l-RU)dr & A2 - /'(l-RU2)dc 
0 0 

(A121 

Main we change variables from & to U, substitute from eqn, (4.7) for R, 
and find after a certain amount of algebraic manipulation that 

1 dU 
- mu2 

(A13) 

where/ 



- (iii) - 

where 

. 

al - 
ma + (l+m)(l-A) 

(l+m)Xh + (l+m)(l-A) - mA2 

$1 = 
{m - (l+m)A + Am)(l+m)(l-A) 
(l+m)XA + (l+m)(l-A) - spX2 

Yl = ml 

and 

A2 

(A14a) 

(Albb) 

(A14c) 

(A151 

where 

a2 - 
(l+m)X + (l+m)(l-A) (A16a) 

(l+m)AA + (l+m)(l-A) - mX2 

82 - 
{(l+m) (1-A) + mXI(l+m) (1-A) 

(l+m)XA + (l+m)(l-A) - mX2 
(Aldb) 

Y2 - mu2 (Aldc) 

The integrals involved can be readily evaluated to give the following 
formulae fqr Al and 82, 

al (1-a) B10-A) 
Al = ‘--?f- - ‘T P2(msXHpX) - yi JA (A17a) 

a2 (1-A) 62 (1-A) 
A2 * ~-2 - -Rc F2bdHJ) - Y2 JA (A17b) 

l 
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quiescent medium; a range of jet Mach numbers from 0 to 
5 is taken. For each Mach number results are presented 
corresponding to values of the temperature ratio across 
the mixing layer ranging from 0 to CCS. On the whole the 
available experimental data agree well with the 
theoretical predictions. Results for the case where 
the jet issues into a moving stream are not presented 
graphically or in tabular form, but approximate 
analytical formulae are given whereby most of the 
quantities of interest may be determined. 
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