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Summary

Knowledge of the variation close behind a trailing edge of the wake
displacement thickness

o o] (o3

is necessary in calculations of the circulation round an asrofoil,
Examination of data now availsble reveals that in the wake: (1) velocity
profiles on either side of the line of minimum velocity may be derived
from the corresponding trailing-edge toundary-layer profiles by change
of scale of each co-ordinate; (ii) the velocity defect at corrgspording
points follows a universal recovery law of the form K(x - xo)"f even
close to the trailing edge., An immediate consequence of these two
empirical properties is a simple relation for the form parameter

H = 8%/0 at points in the wake in terws of trailing edge values, In
conjunction with the momentum equation this meakes 5* " determinate,
igreement with experiment is very satisfactory.
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List of Symbols

Strearwise and normal coordinates,

Streamwise and normal couponents of velocity in wake.
Velocity at edge of wake,

Velocity at infinity. ‘

Velocity components on wake centre line,
Displacement thickness = J[ (1 - E)&y.

Momentum thickness = % (1 - %)gy.

Foru parsneter = 0°/6 .

Universal function depending on velocity defect at centre
of wake,

Width of half wake,
Integrals defined from trailing edge profile,

Suffixes referring to trailing edge and to upper and lower
halves of wake,

¥ - coordinate of centre line.
Chord of aerofoil.

Rate of transfer of momentun across wake centre line,
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1. Introduction

In theoretical investigations into the sectional characteristics of
aserofoils it is necessary to know how the displacement flux

1],'* =/(U-u)dy:.-U6*

varies in the trailing edge region, methods are alrcady available for
calculating this variation for turbulent boundary layers, but the
corresponding problem for turbulent wokos has hitherto received little
attontion, An nrwestigation is novw presented into the distribution of
mean velocity in such wWekes, and a method doveloped for predicting the
variation of displacemeont thicknoss, starting from a treiling edge ot
which the boundary layer volocity profiles orc known. Cases in which
secparation has occurred ahaad of tho trailing cdge ere cxcluded from the

investigotion, and the velocity U(x) at the cdge of tho wake is assumed
knovin,

As for turbulent boundary layors, the calculation proceeds by
moang of the momontum oquation togethor with en expression for the form
paramcter H, and the problom is to find this latter. A convenient
coordinate systen is that composcd of the stresmlanes and cquipotentials
of ideal flow past the aorofcils Since there is no skan friction, the
nonentun equation is simply

__@_9__ g _(_ig - wee XY e (l)
= + (H + 2) 3 5 0

( The integrals defining 9 and 8% =Ho now extend ocross the whole width
of the Wakee )

At a great duistance, U and therefore © become constant; moreover

o = /%‘(1-%‘)@- »/(1-%)@ = &
amd H -» 1, o

(1)

Squire and Young gave the fora parsmeter relation

lOg% a (H-l) see Y *es see (2)

for use in calculating profile drag, "thich depends on © and inwvolves H
only indirectly, The cquation clearly cxpresscs the correct behaviour
of B as U » U, downsiream, but unfortunately it is not sufficiently
accurate in the neighbourhood of the trailing edge. The relation was
derived from the limaited data then availsble, obteansd by B, M, Jonras(z)
on a Wing at small incidences for which the trealing edge value Hp

did not cxooed l.he I\ieasuremet'xt)s \,iLtSL congiderably higher values of Hrp
made at th? gI.P,_LS by Preston \3)s \4 and at Langley Field by
mondelsohn\ 9} do, not agree at ell woll with the relation, which was in
any casc tentative, It hes thereforc scemed profitable to mske a fresh
investigation an the light of these measurcments, and two empirical
properties of the velocity profiles hawve energed: (:L) gaonatrical
siailarity of the half profiles on cither side of the weke centre to the
corresponding trailing edge profile with its cusp removed, and (ii) a
universal law for recovery of velocity at the centre of the wake in
terms of distance downstreon, Taken together, these leed to a relation

/for



- 4 -
for the variation of H in terms of Hy and distance downstream.

2s Velocuity Profiles an the Wake

Imtially the wakc 1s asyrnctrical because of the different
histories of the uppor and lover boundary layers; as 1t sproads, 1ts
asyaictry is decrcased by transverse mixing in the fully turbulent core,
The typrcal state of affairs 1s shown diagrammotically in Figuro 1,
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+

herofoil

city profile at T.E.
Veloclty p Profiles in wake

Figsl

The dotted line passing through the points of mimmum velocity u, on
succeeding profiles will be celled the “waks centre line", In tho
region of asymnetry this is not expected o be a streamlins, but since
duy/dy = 0, shear stress vanishes along it, except at the actual
trailing edge, where there is a discontinuity in shcar, and a very
complicated mixing process tekes place., TFor cunvenience it will be
assuned throughout that, as happens on an dercfoil at positive incidaenne,
the upper boundery layer is thicker at the trailing edge than the lower
cne, and is nearer to separation in lne sensc of having a higher H,

at great distances fran the acrofoil the velocity distribution
and turbulencc pattorn may bo expected to rescmble those at comparsble
distances behind a circular cylinder, the asymmetry due to aerofoil
incidence having been removed by turbulent mjxing. The latter case has
rccently been fully invostigated by Townsend\®/, whose construction of
the wake appoars to Jjustify the conventionel assumption that the mean
profiles sufficiently nany dianeters from the cylinder are geometricelly
sinilar, with the form

UO -u = UO A(x) f(y/b) s so s ses (3)

/where
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where b = ‘z(x) ard f is a universal function, This form has
always been assumed 1h malhematical investigations such as those by
Schlichting and others described an Ref.7. From purely dimensional
considerations 1t may be shown that

ax) e (x ~ xo)-%

b(X) o« (X“xo)% ses LR see san (t.-b-)

where x = Xo 18 the distance from the virtual origin of the wake.

+{x) measures the velocity defect at the centre of a profils, which

is in fact found experimentally to fall off as (x = x,)™Z, (Schlichting
used a mixang length relation to find the form of £, thus assuming
dynamical simileraty of the turbulent motion. This is open to
considersble doubt, except at great distancos from thegylinder.)

The similarity relation (3) does not hold in the dead water region
irmediately behind a circular cylinder, but it 1s not chviously impossible
for such a relation to oxist for the flow immediately behind a streemline
body. Cleorly profilss of velocity from one side of the weke to ths other
cannot be expected to be similar, becausc of the initial difference in
thickness of the two halves (which ultimately disappears)s On the other
hand half profiles appear to be so, each havang broadly speaking z
“holf crror curve" shapo, Successive holf profiles in the downstroam
dircction differ only in being broader and in having smaller wvelooity
defocts (U - uy) at tSXCiJE Sxentres. & a?t'xiloa oxamipation of profiles
neasured by Pres‘ton(3 s \&4), liendelsohn 53 and Jones 2) shows that for
these et least,such similerity exists very closely., The funetion f
is no longer uwmversal, berng determined noWw by the boundery layer
profiles at the treiling edgo.

The set of profiles in Figure 2 a1llustrates this. The points are
taken from experimentsl profiles, and the s01id lines which fit their
upper and lover halves belong to families derived by affine trana-
formation (i.e. by change of scalc of cach coordinate exis) from tho
upper and lower halves respectively of the initial profile. This latter
has been chosen as the trailing edge profile, faired across a very
narrow part of its'centre to remove the cusp; the fairing is not
sufficaent to alter the velues of 8% and @ , The profile at ¥e = 40
in Figure 2 departs slightly from the winterpolated curve, in such a way
s To restore syrmetry between the iwo halves, end it must be concluded
that the shape imposed on the veloecity proifile by traizling edge con~
ditrons, although preserved for distances of the order of a quarter
chord or more, is ultamately modified by turbulent mixaing to a universal
agymptotic form,

The colculations of the naxt scction concern only the region close
to the trailing edge, and the velccity distribution is assumed to be
expressible there by

Ue-u = UA(JC) f(y/b) X sae eve oo (5)

where b(x) is a representative width and y is meamsured from the wske
centre line. £ apd b arc different for the upper ond lower halves,
but the velocity U(x) at the edge of the wake is the sarme for esch half,
Vithout loss of gencrality f moy be normelized so ns to moke £{0) = L.
Then

Mx) = (U-um)/U.

3s Velocity at Centre of Wake

It seemoed possible thet the curves of A(x) obtained froa different
aerof'oils might satisfy a gonernl law for recouvery of valocity at the

/ centra
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centre of the wake, and accordingly the ratio u,/U was plotted against
x/c, the non-damensional distence behind the treiling edge, for the data
obtaained by Preston and by Jones, ¢ is the nerofoil chord, an appro-
priate length to represent the history of the boundory layers. The
result is shown in Fig,3, . single curve can in fact be drawn through
the points from the five scets of measurcments plotted, with very little
scatter. llendelsohn's peints, a1l of which ere in the 1mmediate vicinity
of the trailing edge (x/c < 0.10) also agroc well wath the curve given,
but they have been mitted to avoid over-crowding the figure, We con~
clude that at any rate as a good approximation 4 is a2 universal function
of x/c. The interpolated curve in the figure 18

(U~ u)/U = 0,1265 (:;/c+0.025)'1§ evo  sas  aee  ese (6)

The form is chosen in order to give the verration, already reforred to,
proportional to (x - xo)"'é‘ at large distances, and the constants
0,1265 and 0,025 give thc best fit with experiment. The treiling edge
value (x/c = 0) is then u/U = 0,2; this gaves a consistent meens of
fairing the trailing edge velocity profiles so as to treat them as
belonging to the wake, It must be remarked that all the data lies in
the Reynolds number range 0.5 x 106 - 5 x 10° The similarity of
profr1les 1s probably independent of Reynolds rumber, but the curve of
welocity recovery on the centre line would perhaps show a scale effect
outside this range,

1
Lhe Vaorration of H 1s a half weke

The typical width b may most conveniently be defined as the width
(assuned) finite) of a holf velocity profile, so thot £{1) = 0. The
integral characteristics of' the half woke are thon

b 1
5% = [(1-— -:-Ddy = b %) / fz) ag
b 1 "
0 = f E( -l-;)dy = b alx) ff(g)il-;’;(x)g‘(g)} aE .
Now let 0 O
1

I

—
)
P
o
S
2
dm
1

2

1
/ (£(2) 1% a = 1.

Then 1., 12 are independent of x; be'ng fixed by the 1nitial profile,
The 1n%egrels becone

/riquation



L]
§ = b JL(X) . Il

6 = ba(x) [ I) =iz I,])

1 I
.E... = = = 1= (%) 2
6* L] H Il

o '.<1 -"":‘E)oc i(x)
« (%c+ 0.025)'%.

Therefors if HT is the trailing edge value for the corresponding boundary
layer

/ 1
1- 2 ¢ X4+ 0,025
54 [ o *

= ::(l+l+0

\ 0,025

Thus the variation of H & given distance downstream in the half wake
depends only on Hgp, OCurves of thas variation, for initisl values

Hp = loky 18y 242, 2.6 and 3,0 are shown in Fig.,. These illustrate the
fact, also found experinentally, that most of the decrease from Hg

to the asymptotic value 1 takes place close behind the trailing edge,
it dastances at which the velocity profile has begun to depart from the
geometrically similar fom described by (5)y H has decreased almost to
uidty, and the resultant error 1s insignmificants The analysis for the
asymptolioc case s gaven in Modern Developments assumes H = 1, 50 cannot
be used 0 predict the way in which this value 1s approached.

—
2

) oo (D)
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1
Hop

5¢ Variataon of H in a Whole Wake

(Here subscripts u, 1 refer to upper (i.e., thicker) and lower
halves of the wake respectively, Symbols without subscripts refer to
the whole wake), Fron the defimtions it follows that:-—

8*

i
(o]
#*

u 6*1

and therefore

H = (Hueu + HI'LB‘L)/B ey eoa een (8)

Hy and Iy may be calculated from the form parameter equation (7) but it
is not possible to celoulate O, and 91 scparately, since the momentum
oquation (1) applies only to the whole wakos In the uppendix it is shown
that for the upper half waeke, using m for the y co-ordinate of the
centre line and v, for the transverse volocity there, the momentum

/eq:at: on



equation is

—_— ax U
ax b u

=0'/P U2 .sp s ca (9)

where
dn
o =p(U—Um)(V'm-—Um .—-) . YR sen (10)
dx
Simnlarly for the lower half it is
de, 8 au
-a—— + (H‘L + 2) ._‘L— — = - _0'— . voe vee (11)
x U oax o U2

sdaing (9) and (11) gives equation (1),

-o'(x) then represents the rate of ftransport of momentum dowmierds
across the Wwake centre line by turbulent mixing, which takes place in
such a way as to restore symmetry. It is evident fron Fig.2 that this
occurs, since bi groves more rapidly than b, wntil ultimately they
become equale Unfortunntely there is no way of finding the quantities
an/dx and vy/U, so (9) =2nd (11) cennot be solved separately, Thus H
for the whole woke cannot be found exaotly. However limits are known
between which 8/6 = 1 = 61 /O wvaries, and thus limits may be cbtoined
for the varpation of H, In fact © /0 decreases from 1ts trailing edge
velue (6 u/ 8 )T t0 &, 80 thot the true H 1lies between the curves of

(_Z_u) B, +<fe_1_> Hy see  ose  (12)

T T

H

H = %(Hu+H‘L) sse are (13)

where H = end H] are ocalculated from their trailing edge velues by
means of (7). The accurate solution for H is a curve which agrees
with that given by (12} at the trailing edge but ultimately approaches
that gaven by (13), However the curves given by (7) for different
values of Hp all lie close together beyond about a quarter of a chord
downstream, and the departure of the true H from that given by (12)
1s very small, Equatzon (12) expresses H as a linsar interpolation
between the curves of H,, and Hj , and thus gives to the first order
a curve of the family to which I-I‘:1 and Hy belong; the curve of thisa
family, 1n fact, which has the 1nitial velue

HT =(Hu eu"'Hl el )T/ST.

This curve could therefore be treated as an approximation to the true
solution.

+

A rather extreme case has been calculated to estimate the error in
this approximate procedure, and the result is shown in Figure 5. The
trailing edge conditions assumed are €, = L4 8 , H, = 2.4,

Hy = lo4s Then Hp = 2,2, The differonce between the foired curve,
which is intended to represent the true solution, and the linesr
interpolation, is nowhere more then 2% per cente The latter curve

/differs
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differs by less thon 1 per cent frum that given by equataocn (7)e Thus
the theoretical variotion of H in a whole woks is given with reasoneble
accuracy in teras of 1ts traxling edge volue by (7

For one of the cases measured by Preston(j) narcly the wake behind
a symmetrical Joukowski serofoil at 6° incidence, the satisfactory
agreement betwoen theory and experinent is 1llustrated in Fagure 6, Such
discrepancy as occurs would be compensated by the falring process just
described, Similar agrecmcnt has been found in all cases,

6o Discussion

The theory is purely empirical, but seems acceptable in the light
of present knowledge of turbulent shear flows, It 1s most acocurate at
points moderately close to the aerofoil, and only such points need be
considered in estimating the influcnce of the wake on aerofoal
characteristicss. The investigation has been made mainly to find a
consistent way of carrying cut this estimation, without necesserily
laying great stress on accuracy. 1n fect it was found in the investa~
gation of lift doscribed an Reference 8 that the streamline shift
produced by the displacenent thickness usually accounts for only a small
part of the loss of 1lift below that of ideal fluad theory, and the
approximations used in this paper are not sufficient to introduce errors
into lift predictions. The stroamline shift from the pattern of ideal
flow arwses from the sharp contraction in displacement thickness behind
the trailing edge, This is a conscquence of the rapid drop an H, which
18 predicted by the theory, and i1s found experimentally.

Use of the predicted variation of H in the momentum equation
should incrcasc the accuracy of drag predictions by the Squire-Young
wwethod, although this is probably unnecessary. For 1lift calculations
a further conjecture must bc made for the position of the wake stream-
lines. Flow leaves the trailing edge as smoothly as possible, and this
may be represented enpirically by assuming the trarling streamline to
agree imitially with that of ideal flow, Wwhich bisects the trailing edge
angle. In uppor and lower halves the momentum equation takes the form (1)
1f shear stress on the streanline is neglected. Sclution in each half
soparately is then Justafieble by an argunent  gimilar to that of
section 5, In numerical examples 1t has been found sufficiently
accurate to calculate 8* for sach half keeping © constant, since H
accounts for the greater part of the veriation,

The rote of transfer of momentum across the weke centre line,
represented by the quantity ¢ defined in equation (10), cannot be
determined by analysis whaich involves only mean velocity quantities,
Investigation of the factorg influencing this transfer would bhe an
interesting contribution tc the theory of turbulent shear flow.
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APPENDIX

omentun Equation for a Half Vake

The equation of motion s

o du
u-——+v,___ = UEE.}.i 'E . e tee “aa (1)
ox ay dx By o

Let y = & %be the edge of the wake, y =1 the centre line,
U, and v, the velocity components on the centre line. Ve define the

integral characteristics of the half wake by

[ (-3

it

5*

1]
L3

L]

-

-

L ]

-

L ]

L]
—~
n
~

fab)
1]

5
Z (1-->dy. e e een ()

The momentun equation is derived by integrating the equation of motion
(1) with respect of y from m to & , 1.e. from the relation

6 du ou U au ( )
U 4+ Voo = —_— - . e "-I-
[ ("33 ) f (%)
M
Consider the various ternsg-—

(1) T venishes at y = m since duly = O there; and
also at the edge of the wake, so that the last term on the
right does not contribute to the integral,

/(1)
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(21)
5 ou 8 &5 ov
' [ v--dy = [vu] -f u == 4y
n ay " n oy
8 ) ou )
=y [ -
n 0%
ty continuity.
Sirnlarly

Thus

5 Bu +8 Bu 5§ du
/ v == dy Uvm—Uj —-dy-vmum+'/.u--dy
n By ) n 9x

and altogether (L) becomes

5 5 14U u\ 1 Bu
U / dy S = == + |1 =« 2 w - ==y = vn(U - um) ' eee (5)
1 U ax U/ U ax *

Now consider the tecrms on the left hand side of the momentun equation:=

ae a 8 /u u?
@ == =[5
ax dx Jn U U
14u ;& uw 2ul 5§/ 1 2u\ du U, um2 dn
U dx Jn U g n \u U3 oax U U ax
& au 1.aU +6 u 22
(1) (H+2)-——-=---[ 1+---§- dy
U ax U ax In U U
. @ & au § |1 au 20\ 1 Bu w u_\ an
- a == 4 (H + 2) - =f - - 1 - - as dy - —— 1 - - —— o 000(6)
ax U ax n U dax U/ U oax LAY U f ax
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The antegral in (6) 1s the sawe as that in (5), and elininating 1t from

the two equations gaves

de 6 dU v dn u
dx U ax H) U dx U
ar
de 0 4u o
et (H42) = = e
dx U dx pU
where
an
o= P(U = um) vm - u]n ==
dx

is the rate at whaich nomentun crosses the wake centre line.

e (7)

cee (8)
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