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SUMMARY

The motion of @ system an which power i1s transmitted from a
constant rate cource int> an output component of finite mass through
an elastic medium, in whach the output element 1s restrained by
friction, iz ama’vyred and discussed, It is chown that the result
1s & guasi=osclllatory sugtained motaon which includes a period of
rest between consecutive cyclzs. It 13 submtted that this
thenomsnon 1s the basis of the so called "judder" encountered in
servo-mcchanisms, control carcuits ete.,  Means of mitigating the
severity of the “iudder" arcv suggested.
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LIST OF SYMBOLS

|

L steady rate inpub

disnlacements £t

output displacements £t

output lag, spring compression ft

}tmm%
periods

pericd of cycle sec

1
frequency gg;

spring force 1b
frietion per unit length of peraphery of a packing 1b/in

kinetic fraction 1b
static fraiction Alb

viscosity o.p.

working pressure 1b/in? (also integrating factor an Laplace
transform £7PY)

inlet pressure
L2
exhaust pressure 1b/in

interference pressure
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rubblng velocity f£t/sec

equivalent steady input rate ft/sec
absclute plston velocity £t/sec
Jeck cylinder bore and rod dieameter in.

width of packing an.
B¢
e

f1lm thickness an.
spring congtant 1b/ft

— 1b_sec?
= g+

wvelocity rotilo






1 Introduvcticn

A mechomenl device comprasing o mass and 2 spring constitutes an
oscallatory system.  Any form of dumping, friction or velocity domping
generally causes decay of the exasting oscallation, unless erergy as fed
nto the syetom to sustain the amplitude. There is, however, one
instance of metion in whieh friction ago the cause and condition of
sustained oscillatory behaviour. It 1s the case of incremental motion
of a jJourncl zn a hearing, & rod 1n « sleeve, a pin in a hinge ond
cthers. Thas case ns of particulasr interest in tho application of
rubber soala an the jachs of hydraulieally powered flying controls. It
has been observed n corbair power lnstallations that, while cperated on
the ground, wrthin a rango of 1nput rates the piston rod end consequently
the cortrol surfoce moved in a serics of increments, a phenomenon some-
times called * ulder”, gaiving o v1sual and audible ampression of a vio-
lent oscillation superimposced on the mean linear dzsplacement,

Let, for the pumesc of analysis, the moment of nnertia of the rota-
ting cortrel surfcce with 1ts mass balance be replaced by & dynamically
cquavalont mass concentrnted in the piston of the operataing jack.
Further, let the combiuned clasticity of the gystem be measured or csti-
mited and agzumed to bo made up of the compressibility of the {luwd and
the elasticity of the envelope (expansion of the jack cylinder and
pipes).  TFinally, leb 1t be amegined that a constant speed hydraulic
pump benins dellvoring pressure 01l at a qatoe  correspending to a mean
stcady 2Lston veolocity v, . This assumption would strictly apply cnly
in the casc of purc ratc cowitrol wathout o "follow-up" mechanism, as the
follov=up valve "ould arpress 1te characteristic on the volums delivered
into the jnck.  As 1t happons in some cascs of valve control, the effects
of frlctlup arc fclt most drstinetly in the range of medium gpeed« Vi,
when the volve 1o only partly oovon cnd 1ts fluctuntion renders the
analysie rother complicated. Tt 1s agsumed, howuver, that the present
surple theory doecs apnily in the casc of a 1ong stroke control wvalve,
vihcre & gmall fluctuniion of the fully open valve does not appreciably
alter the ' rote of flow.

2 General apalytical method

2.4 Friction

Consaderable uncertoanty prevailed an the zssessment of the velue of
frietion coefficrient of rubver setls as used 1n hydroulic Jacks, predige
tron being made diffrcult by the seomingly crratic behaviour of rubber
in the lubricated bore of the jeck cylinder.  Auwong the Factors
wnflucrcing the [riction coefficicnt are matcrial md degrec of finigh
of the bove, corposition and hardncss .of the rubbcr sealiag ring,
veloeity of rubbang, optrating pressure, type of hydraullc fluad, ani=
t1a1 conbact pressure (anterference fit of the sewl) and a number of
others. Experrence from hydvaulae wdercorrmage struts indicates that
somC 5-10% 07 thrust 1o dissipated in the friction of the glands. Vhite
‘and Demny 1n thevir cocent work {(Reference No.1) made o welcome comtribu~
tion toveards understanding the sealing mechanism of flexnble packings.
Working on the theory advanced by Archbut cnd Deely ond Iichell's theory
cf {low betiicen 1aclined surfaces, they evelved o formula cornccting the
mean factors in the foxm: of o generul cguatilon

FL = Lu_gfﬁ {2-8 + 20) o

vhere o= friction per unat length of circumference of the seal,
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p = vorking pressure of the fluad, u = fluld viscosity, V = speed of

P .
rubbing, b = axial width of the packing ring, ¢ = f? and pgy = dnitial
contact pressure (interferense fit). In the authors' own admission
this formula may be erring on the low side.

A point of particular importance, however, is the experimental evi-
dence of an extremely steep rise of the fraiction coefficient at rubbing
speeds belaw a certain critical value. This cratical velocaty is
defincd as the one at which a. permanent film of fluid (lubricant) is
established which separates the tvwo rubbing surfaces.  Above that vel-
ocaty tho Vhite~Denny formmula applies and the thickness of the film h
can be calculated from the equation

N _//*— v b
"V p(16.2 + 38C)

At speeds below the critical, however, the film of lubricant begins to
break down and, probably due to the extreme thinness and digcontinuity

of the film, the surface adhesive forces coms into play, resulting in =
steep risc in the rubbing resistance. It 13, of course, a matier of
common knovwledge that the statie, or breakaway friction is usually some-
vhat higher than the kinetic friction, which is generally true cven of
non=~lubricated surfaccaz, but the rise i1n frictional resistance shown by
White and Demny {sce Reference No.1, pp.49 and 56, repreduced in figure 2
of this Report) 18 so uncexpectedly sbrupt and large at speeds just below
critical, that .t has, in some ocases, the chamcter of dscontinuty or
step change. Thus values of friction under static (boundary) conditions
of 5 Lo 10 tames those of film friction seem to be quite commonplace and,
depcndang on the combination of type of rubber and lubricant, may well be
excecded. This s an extremely interesting property of lubreated scals
and its imelications ore discussed in the following paragraphs.

2.2 Bquation of motion

One complete cyele of motion of the system described in the first
paragraph will be found to consist of three phoses.

First Phase. Let 1t be first zcssumed that the system be initially
ot o standstili, 1.c. the vaelve is closed and there is no flow in or out
of the jack, At tume + = O the valve opens fully and the pump begins
to deliver fluid anto the Jack at a constant rate corresponding to an
gquivalent oiston velocity vy« Simultaneously pressure is applied to
the seals pilving risc o a high static friction R, which resists the
piston moving.  As, hovever, the pump is delavering all the time at o
constant rate pressure in the system rises and, until the piston "breaks
away" and sbarts moving, the exoess volume of fluid is accommedated in
the expanding cylinder and pipelines. In the symbolised representation

%4 ¥
K n
*;il—hgh{ Vo
e i
s ’
P
R,r



wnen t <0 X = Xy = 0 vy = 0

O<tsty Xy

it

<
—

o+

Xa...

No movement of the mass m will take place until the spring force kxy
reaches the level of R, when the seal will "break avay". This copdi-
tron 1s expresscd as

vy to k= R or
R
X =v,t == 1
’10 170 " x (1)
R
and touﬁ}- (2)

Second fhase.  Almost wummediately after the "break away" the fric-
tion force R drops to o fractlonal value r and wilil, for simplieity
of treatment be assumed constant as long as the motion persists. This
assumption of constant fraiction 1s not ontirely correct. The absolute
preton velocuty vo varies, as will be seen, from O to approximately
2vq  viithin one cycle and the fraction force, according to Whitc and
Denny varics os the sguare root of veloeity.  Thus, 1f calculation of
fraction 18 based on the mean velocity +wq the ainstantoncous error will
be wathin +40%. But the ovorall effecl of this variatlon within one
cycle and o particular 1ts effect on the Troquency will be found noeg-
ligablec.

Measuring tame 4+ {rom the instant of the "break away" the spring
force at any instant car be expressed as

FS = kAx
= k(x1 - X2)
= k(xﬁo + 7t - %) (3)

and wsertang (1) for %,
o

/!
Ja
L k{E + Vb - x2> (&)
\
How the equation of motlon can be writiten
d?xE
“—s =T+ F =0 (5)
at® ®



Using (4) for Fy and arranging the terms in the way suitable for
operational solution

$ (D} =¥ (%)

the eguation of motion beoomes

2

a4 x
2+.15.x2=-r}‘§v1t+%£ (6)
at? "
Trensformiug (6) (Laplace)
po o
- ‘ ~pt
@2+5/¥9tﬁd$=%/@mt+mﬂ&p dat (7)
0 0

complete solution of (6) 1s obtained

R—I‘

smn/E

xzuv,lt—'

1 - cosf J ®)

sﬁ|‘*

Tt can bhe scen from (8) that the motion is basically an oscillation about
the mean datum wvqt, somewhat assymetric dug to the presence of friction.

(Bec skotch page 9 and fagures 3, &, 5 and 7).
The duration of this phase ' is obtained from tho condation of

meximum amplitude by difforentiataing (8) with respect to time, equating
to zmoro ond solvaing for 4, thus

k
.t o A - Q(R‘I‘) VJi ITLJE

T el = e 51D or
JE Ok (R-r)2 + v2 km
m m
(9)
X
x4 o 2(R-r) v1zgﬁé
=~ ¢ — Sin 5 )
JE fﬁ (R=x)° + v~ km
m m 1

depending on vwhether the mazamun lics in the fourth or third quadrant
{Sce Appendax I).

Third Phase. At the instant &' the piston velocity becomes zoro
and ag o consequence the friotion riscs agean from r to 1ts static
value R and the motion will cease for such a period of tine as the
gpring force remaing less than the fraction R. At the instant ¢!

the amplitude X, o8



{ 1 £ per |, i
¥ o= v, B! - ginfE b 4 82K 11 - cos =ttt (10)
2 7Yy f k ! = o J
. m _ _ .
and at the same iime x1 WA
% =% o+ Vb =S4 vt 11
13 % AT e (11)

(measured from the instant ') necessary to complete the

The time £V
s calculatsd from

cycle;, 1.c. when again iy = Xy

X' - x
g L 0x 72 * (129
v, v,
Inserting cxpressions (10) and {(11) for x), and x4 (12) o simple
expression 1o obtocued for ", thus
g o B 20 (13)

K vy

irrespectave of the quodrant in which the muximum of X, Jaovs.




. 1 =1 ! - R ] =
At the anstant " the initial conditions (% = X5 P Vs Vo 0)

have been reproduced and a new 1dentical cycle will begin.

The total peried of the cycle will be the sum of the intervals of
the three phases, thus

T =%, + ' « t" (14)

whore the right hand side 1s the sum of cquations (2), (9) ana (13).
Because of the duslaty of (S) the total time T 1s cither

k
2{R=r) v, m/z
N =.g§ + ELBZEl - 1, sin'1 ( 2) 12 jm (15&)
\/.1‘5 kvy ‘[.15. (R=r) + v, km
m m 1
k
2({R=r) v, m /=
or T =5 + .2_@‘.). + -1-_- 511‘1-1 ( ) L \/m (151))
ko kv JE Gbﬂ2+v$km
m n

Referring to (15a) the first term of the right hand side 1s clearly the
natural period T, of the same system wathout friction and it is
apparent, and can be gencerally shown (for 15b above), that T iz always
greator thon T, 1n other words, the addition of thas type of fraobion
reduces the natural freoucncy of a frictionless systom.

2.3 Discusgion of mcthod. Craphical reproccntation.

For the purposc of graphical esnalysis arbitrary values were intro=
duced 1nto equatien (8), vaz. W=1 1b, Lk =10 1b/ft, R = 0.4 (0.8,
1.6 1b, r =0.21b ond vy =1.0 (0.5, 2.0} f4/sec. The rosults
were tabulated and plotted (figures 3 and L}. PFirst the steady input

rate vy was varied (v1 = 0.5, 1.0, 2.0 ft/soc). It can be saen
(figure 3) that wuth ancrcasing vy tuc perrod of rest between consccus
)

tive oycles (during Whlch-?ﬁ? = 0) which 15 characteristic of incremental

(as distinct from truc sseillatory) motion, decrcases to a small fraction
of the total pornod of the eycle. Ono possible inference from this fact
18 that zbove a certain valus of v, tho period of rest bocomes so small
that the film cstablished during the preceding pert of the cycle has no
time to break down with tho result that o somewhat constant low valuc of
frictrion coefficicent prevails throughout the cycle. The motion, however,
alvnys remoins ilneremental, although with deercusing period of rest the
incremental charncter of the oycle becomes less and less patent.

It 2s antoresting to note that the total period T and its recip-
roeal, the frequency, is practically independent of w4y, with a soaroely
perceptible tendency for the frequency to rise with v, .

The maximum znstantaneous amplitude relative to the steady input
rote datum wyt {drsplacement lag) increascs with vy, bubt the relatzve
amplitude, that is the ratio of maximum instantencous amplitude and the
totol displacoment in one cycle (betwsen two consecutive rasts) falls
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off wath growing vy. IS may be that the violence of oscaillation of
thois iype should be gauped by its relative maximum amplitude rather than
by 1ts abzolate valuc, or, at any rabe the psycholegical lmpression in

the obscrver may be =oric function of the two combined, which, 1f accopted,
may cxplain iny the rotlon would "eppear" most uneven wathin a cortarn
nedium range of stoouy wnput velocity vq.  Another possible argument is
thot while ab low vy the mexumum smplitude 1s saell and not too signifi-
cant, in the regrou of high vy 1n hydraulic circusts hydrauwlio domping

N (V=i wo 2
forces ceme inte olay, progortional to v ( ) which hove not bean

considered 1n this treatise for reason of simplacoiby, dending to oveon out
the oseillation. That leaves rgoin a certain medium range of vy whero
the anaramental nwetion appears rolatively mest violont.

quite acoidcntally in the three cases considered (faiguxe 3) the value
of gtatic fricticon we.s chosen twice that ol kinetic fraction, R=2r. This
is & gpeceal cose anl it vall have been already notaced that in this case
t"  becomes zero and tho cyele hagp only two phoscs.

In fegure 4 ¢ oot of threo cases 18 plotied an which the ratuio R/
vag varwed (R/r = 2, 4, 8). The increase of the poriod of rest wath
R/t 15 vory cobvious, but agaan the total poriod of the oycle s little
affccted, there being o tendency foi the frecuency to drop with increee
sing R/r.

In figure 5 as shown the offect of staffening of the transutting
medaum, k.  The rosult 1s twofold: tho frequency of the cycle increases
appreciably with k%, and simulioneously the period of rest (ty and ")
quickly dimiviches., The lattor offect leads 1o =& satualion simlar bo
that cncountered above wath high vy apnd similar considerations apply
here.,  Thus, 1n o paven gysbom, raising the staffroos of e tronamatiing
medium s clearly :n orfoctave way of combating the severity of "judderx®.

It bhas beon mentioned in paregraph 3.2 thet an crror is introduced
by basing caleulation of fraction on the moan volocity vy dnstead of on
the varnable wvo.  The muxmum instantencous valuc of velocity v, o
be caleuloted an the wsual way by differcrtiating tizce cquation (8),
cquating to zero, solvang for t  and ingorting this value anto the farst
differcnticl. Divadiny tho mdzumum ingbanbencous velocolty Vomn x? thus

obteincd, by vy o sumple velocity ratic results, thus

=1 4 M +/ Rer (16)

It zg found in most practical applications that the square of the bracket
under the root sign 1 cuite emall and the valus of ¢ tends towards 2
and so the reasoning of paragraph 3.2 (ns rogards the avernge value of
friction) applies.

It may be of intorest to note thot duwe to the presence of fraction
the infloction point of x5 = F{t}J does not coincidc with the intor-
scetion with xy = vyt as onc might concludc from the fact thot at that
nstant %, = x an& the spring fores oquals zero.  The anflection
pownt and conscquontly Voax O be found also graphically from'the
plot of =xp = £{t) «s thoe interscction vath a line parallel to =x, = vt
(scc sketch on page §)

K1F:V1‘t —1‘:\; (17)



4t that instant (of wntersection with (17)) the residual spring foree

2
d x

Just equals the instantansous value of friction, =0 and Vo is

dt
MaXilnulle

In a recert tost on a hydroulie servo unit the traces of the output
shov a remacksble sumilerity to the curves computed by the present method
and the relovant grephs are reproduced here for intercst (figure 6).

5 Conclugions

In sysicms an vhich power 18 transmitted from a constant rate source
into the cutput clement of finite mass through an elastic medium and in
vhich the output clement i1s restrained by friction, the resulting motion
of the mass may bc of an i1ncremental character, waith periods of rest
intorposed betvicen the consecutive cycles of sustained amplitude, Thag
period of rcst and the rolative violence of the ancremental motzon is
strongly accentuated by the difference between the statie and kinetic
values of friction, vhich appears to be very promounced in the cese of
rubber-metal rubbing combination, such as 1s used an hydraulic jack seals.
Ascent luvestigations have shown that the ratios of the two frictions of
the order of 5 to 10 may be frequently realised., The resultant response
to a step 1nput 1s then distinetly incremental; quasi-oscillatory, consis-
ting of a succession of jerks in the general direction of motion and it
18 submiticed that this is the basis of vhat 1s commonly referred to as
"judder" .

There sceom to be two main means to mitigote the severity of the
ohenomenon, namely, one, inoreasing the oum frequency of the gystem by
stafiening the tronamitbting medium. To thrs end the fluad should be
thoroughly deeacrated by blecding the system, the jack cylinder so
desapgned and drmensiored as to cnsure 1ts maximum rigidity and the pipoe-
lircs of sturdy dcsign be kept as short as practicables It may be
adviacble in ocome gystoms using stavionary piston and moving Jack cylindoer
to reversc the order and keoep the cylinder stationary ain order to moke
the use of rigid mctal pipelincs (an place of elastic flexible hoscs)
possible.  Alfcernat.vely, or perhaps simultaneously, the jack fractien
skould be kept peuorclly low and in particular combinations of rubbing
materzals and lubricants (flalds) with pronocunced d&fference between the
static and kinectzc fruction coefficiuvnts should be avoided.
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APPENDIX I

Bquation of metion and derivation of formuloe

)
k
N
TIIFETTE TR
Rr
Phage T
X1 = V‘J]‘t
V‘l tD k=R
X']o = 'V'1 tO = .E‘.-
R
Yo Ty
y
Pheac IT

Conditzon of cquilibrium of forcees acting on the mags m

d%x

dtz

-~ m +Fa-r=0

Spring force

Fy =k Ax = k (x1 - %)
If % io now counted fron the instant 4

Xy =x10+v.1t:§+v1t
Thue

R
F.=1 s 4+v.t - x
S (k 1 2)

Introducing (7) into (5) and rearranging in the way suitable for

operational selution

¢ (D) = v (%)

-1 -

(+)
(2)
(3)

(4)

(5)

(7)



the cquotion of motion beeoorcs now

2
dx

2+.1.{:x2=-1-(1{ vt + R-r) (8)
dt2 I ot

Leplace “rensforrnticn of (8)

oo
= ]

0w [ -

(Prr. - %*:) / ,,a"'p-t :2 dt = % / (k Ve t o+ R-I') £ pt dt
W) 0

o0
E; vy [ ¢7PY tat + (Rer) [ £P¥ ay (9)
{

o]

L
O"_‘h—?-')g

Integrating the right hend side of (9)

oo
- -pt -pt
/&Pttdt:_ltsp +if6p
i b PO

0

- ok
A LR Y

- [= o]
r
'
i
|
I
I

P p2
_ o
L (10)
P2
B.nd o0 oo
A
-pt ~pt
/EP at=|-1eF 1 (11)
| b P
) _ o
Thus, inserting (10) and (14) into (9)
oQ
- v 1 - 9
f@ptxzdtz n1 2,2 k+Rnr (2 k
+ &
c D (p "'E) P P m)
or K K
s 11 R-r I (12)
X(p) = Wy - +
p? (pF+ £) K p (o + )



The expressions on the raght hand side are reduced by splittang into
partial fractions

-~

X
i olas ]
272 . ky W 2 k
pe(p® + ) Pt =
N2 k
Lk (A+B)p= + Ac
2,2 .k
p(p° + E)
- Lo (13)
T2 2 .k
B e o+ o
Similarly,
k X
n = n =1 . B - (14)
2 2
p(p? + ) "+ k) P pfes
Therefore
= 1 1 h-r 1 - 4]
Zo(p) = vy l“““ * 5T (15)
I'Pg P2 + £ k P p2 .
n i) L 11 '

Using & table of lLaplace trensforms (Referonce 2) the completc solution
can now be written directly :

¥ : S
_ - sk Bur o /k
xz = V1 I + ,E ulﬂ\/-ﬁ{ t + —-1:;-— l 1 = Cﬂp\f';n' % (16)
i \J( i} 2l |_

To determine the maximum amplitude ng and the corresponding time "

(measured from the instant t,) (16) 1s diffcrentiated and equated to
zero

dx i - o

= coos JEt] 4 BE [E gan [E ¢ 17

= ,v,l{:‘l cos mt~t+ T msln\mt—o (17)
or

v cos/-k-t;-g:ﬁﬁ-g31nﬁt+v1 (18)

1 m X Vm m
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Squaring (18) and expressing cos in terms of sin

vz-vzsinz\/-lzt_ E‘—\/: s:.ng\/—t+2er ks:.n t+v
4 1 ™ m 1

(19)
Dividing by v, sin\/% % and rearranging (19)
i =2 ] -
R—r l{_ L] !_].S_ R-I‘ k -
(kv1 m) i Slnxlmt+2kv1‘4m 0 (20)
and .
2 BL jk
kva Vm
ainf%t = - _.12 =
[ETE EY 1
\kV'.1 m
2 (R"I‘) V1 m/%
= - > 5 (21)
(R~r)< + v, km

The negative sign significs that the angle / %‘1- t lies elither in the
third or fourth quadrant and conseguently

k
E(R-r) v mF
oo 2F_ A g 1 vm (22)
EET ol
I
or
k
Y S 4 2(R-r) v, m‘/;
t = Tt T e 5 5 (23)
Je & (Ber)” + " km

To decide between (22) and (23), equation (18) is solved for oos

t o,
thus

vy -, cou/_ FR—-I‘/ cos\xmt_o {24)

oy

....17...



Writing & 1instead of ( £ B.E.) » Squaring and rearranging with
m

respect to cos \/..19 (
m

(v'12 + 8%) cosz\/%t - 2v, co% I_ﬁ.t + (‘»ul2 -a%) =0 (25)

[t

a quadratic for cos \!/'l'x;' t is obtained. Solving for cos\ X s
m

2\7‘12 :{_—_‘/24."?12'}'— l{-.(v.1z+ - LI')

2(v12 + a2)

S

cos t =

= 5 (26)

fl
The plus sign must be neglected gince \/ % t  cammot be equal to zero,

Taking the minus sign 1l ig clear that 'v/ X t liez in the third guad-
m

rant if Vi< a, and in fourth quadrsnt 1f v, >a and cguations (23)

or (22) respecectively apply.

1 1
Iutroducing + ainto (16) the moxamum amplitude %, 18 oblaincd

B - r R
' C_Lgin B ¢ BE 1w cos /K '] 2
Xy = Vy t H'}Emn\jmt + = L cos\/mtJ (27

Aol

at that instant

1
%, =x1o+v1t:E+v1t (28)

=v}

The peraod of the third phase t" (counted from the instant t') 1s
calculated from the expression

(29)

t
X2' and %, acc found in cquation (27) and (28} rcspectively.

- 18 -



" ' 4 ke Rur ! R '
t - o ——— - (=== - )
t_ \/.TES /mt +k*v1 [1 cos!mt] = t
m
in /¥ & ! _ Rer
s:.n\/; - cos ) %! (30)

e

Equations (22) and (23) will suply %' in (30). Let also 0 be

R—r) v, m X

2
written, for the time being, instead-of gin1- (
(R—r) + v12mk

Turning first to equation (22)

1 . ki 2% 1 _ Rer k | 2K 4 r

't":.-..__sln\/: .-.-:—-mn J: .-—-,.,w-._.n‘-
EME R Ty TN NENE vy
m | Vm m Lm m

= A p _Rex 2, _r_ (31)
ks:.nﬂ o 1-s:.nn-kv
m
Taking next equation (23)
t“:——:l:sin\/jlg —95-__+-1—_Q "%EGOS\/E _75_4...1_9 ...—.‘2.-
kTR E 1 "EE e
bis| Y m ;o Lm m
1 R=1r r
E e ginf] 4+ == cogfl ~
n
1 . Rer .. 2 r
"--'Slnﬂi-Br— 1—511'10-—1{—;- (32)

I

1
Vm

Remembering that

san (sin~! &) =

- 19 =



e \&
2(R- 2(R-r) v, myX
o {(R-r) wyn Rer [, (R=r) v, my= r
(R-0)? 4 vf mk % (Rer)? & vf nk vy

[ a— .
( 2
2(R=1) T, m / *i‘:u‘ {(R—r)2 - vf mk]}

{R—r)2 . v12 nk kv \ F(R--r)‘2 + v_12 mk]z kv

Taking {irst the ton signs

2(R-x) v,m 3 ( -(R-r)2 * v.]2mk
AL - (R~} + T
(R-r)? 4 ¥ nk W (r-r)% + v2 nk J

2(R=r) w0 y (Rer)2(2r=R) + ]ivi2 m k
(R-r)2 4 ok K (Rr)? s vfnk
2(R-x) vfm k - (R-r)2(2r-R) + Rv12mk

kv ((R-r)z * vf mk}

(Rm2r) v12 nk + (R=2r) (R-r)2

kv, L(R-r)z - v,‘;z ka

- &2 (3
kv

Ths seme rosult 1s obbained 1f the bottom signs are teken in cquation

(33) .

It 18 obvious that t" bscomes zero when R = 2r. The total
period of the complete cyols 1s

T=%,+1t +1t" (35)

- 20 -



Referring to ogaations (L), (22) or (23) and (34)

Tk
2(R-r) vy m =
LA M O
kv [k k (R-7)“ + v“ km ¥V
NN y
m VA
o 2(R-x) 1 2(R=1) ¥ m/—‘g
= 2%, 2ltn) LA apT 1 vm (36)
X KV \/E (R-r)2 + v?z km
m m
or
k
2(R=r) w n/g
e B LB L gyt SO W | e
kv, \/5 k (R-r)< + vf km ¥V
m Vm
2(R~1) v n/E
= _'J:C: " 2§R"r! & _L Sirl-1 1 Y'm (57)
/__Ig kv, JE (B=r)2 + v2 km
V1 m 1
The velocity of the mass m at any instant 18 given by the first
derivative of (16) and appears in equation (17)
ax —
= =V r*l - cos/Et +B:-£\/Esinﬁt
dat T m k Vm m
Differentiating again and equating to zero
dzx /“‘ e
2 oy JE i By, BTk o (Ey -
-——-2.-_V1Vmaln\}mt+ - mCOSJ’;t—O (.58)
dt
B=1 ko fE X
cos/; =~V s Sln\!-ﬁt
oxr
-
tan /.lit =~ Hor (39)
V m /k
mn V'-1 —

The ingtant of maxarmum instantaneous velocity v, 1s oaloulated (%
counted frorm the instant to) from

-2 -



2max % \/E
m m
=K _ il tan"1 Rer
[— e
m mn m

and maximum velocity

v a v 1-005\/.71?. Br [k gn
2max 11— mtvzm'ax].’-k m

1 - o8 (7;:- an! ___RZIL_) 4 B=T

H
<
-

it

£ gin (71’. - tan~

vy 1 4+ cos tan-1 R-r ]+ R-r @sin tan=! _R-T

m k Vm
kJ i
L m ?]1 \/m m V1 ‘]?1
Remembering again that
aﬁ.n(tan"1A) = f._é.___
V1 o+ &
and
cos(tan™14) = wemde
Vi 4 42
a o Ree
k
m v,/ =
1 R=r /X% 1V m
Vo = vy 1 + \/:
kVm 2
Rmyp

1

(%0)

R

I
i
mv.?] ™

(41)

|



and the ratio

2

1.}.-@:&%

_,VZmax_,l ki vy
p = 1;!-_1 = *

2
=1+1+(R-I‘ ) (43)
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