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ROYAL AIRCRAE'T ESTABLISHMENT 

The Theoretxal X!ave Drag of Open-nose Axxlsymatrxal Forebodxs 
mth Varym~ Fmeness F&tio, Area Ratlo and Nose Angle 

by 

J.H. Wlllls* 

and 

JAG. Handal. B.Sc. 

Exx3tmg results for tne wave drag of open-nose axisymetrical 
fcribodxs are for boc?;es whose profiles are straight lmes or paraboim 
arcs. These results are here z&ended to a far& of profiles which 
mcludes the straight lme and th-: parabolx arc as special cases. 
Slender body theory IS employed throughout. 

* Thm work was done while bIr. Ihllls was on a VaCatiOn course at 
the R.A.E. durxng July and August, 19% 
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1 Introduction 

Fmenkel' has produced results givmg the wave drag of open-nose 
axlrprlt-trxal forebodles* whose profiles are straigMz lmes or parabolx 
arcs, the latter profues having zero slope at the position of inaxmuu 
cross-section. The drags were obtamed by use of the two forms of 
llnearlsed theory, kno%'n as slender body the r and q&%x-cylmder 
t!leory, described in t1'13 papers by Llghthlll 33 7 . Fraenke1.s results have 
been applied at 'cues to bodies of revolutxon whose proflles are neither 
straight lines nor parabolic arcs. In such a case the value obtaumd for 
tk wave drag 1s only a crude estmate of 1% true value. Recently, 
however, mre accurate vaiues of the wave drag have been requxred. It 
was decided, therefore, to extend Eraenkel's work so as to include other 
profile shapes. In thus paper a family of profxles which mcludes the 
straight lme and parabolxc arc as special cases will be considered. 

Both classes of 2roflles m Fraenkel's paper depended on imo pam- 
meters. One of these was taken to OP the area retlo, (the ratm of the 
cross-sectmnal nrea at the nose to the mxmum cross-sectxonal area); 
the other was the fmeness ratio, (the ratlo of length to maxi.m~ rndma). 
The extension to a larger fanuly of profiles mtroduces a thud parameter; 
thx parameter is mtimately connected with the slope of the profile at 
the nose (see equation (1) bt&m). 
1s shmn in Figs. l(a) and l(b). 

The effect of varymg thrs para.meter 

In this paper slerder body theory is used throughout. QUaSl- 

cylinder thosry applies when the area ratio 1s clos? to unity. Fracnkel 
found that, m thm region, the nppllcatzmn of slender body theory gave 
results in good agreernentwlth quasx-cylmder theory. In the regwn 
where slender body theory applies l.c. where tht; fmeness ratlo 1s 
large, the appllcatlon of quasi-cylmder theory gave results whxh, in 
general, differed appreciably from those of slender body theory. Hence, 
It ws decided to drspense with quasi-cylmdcr theory here and to calcu- 
late the wave drags usmg slender body theory alone. 

In vxw of the revcrslbxlxty tneorem cf Ref. 1, the princxpal drags 
of the corresponding afterbodxs, (obtamed by rexrsmng the forebodxs), 
wlllbe the sane as the drags of these forebodies. 

2 Derivation of' Fommlae for Drn~ 

The forebodies are assumed to be in a su~usomc free-stream of 
iriach number M, the due&ion of the free-?trem velocity bemg paralltl 
to the axis of the bodres. The nose of a body 1s assmed to be 
x = 0 and the maxmm~ cross-se&Ion at x = &, x being measured along 
thy axis. R. 1s wrItten for the radms of the body at x = 0, and REI 
for the maxinun radrus (occurrug at x = j.). So IS written for the 
cross-sectional area at x = 0, and SF., for the cross-sectional area at 
2: = k . Tht profile 1s assumed to have zero slope at the imxmum 
cross-se&Ion, the straight lme profile being the only exception to 
this. R(x) 1s the value of the radius at station X. 

The fanxly of profzlcs cmnsCiered has the followxg equation; 

R = R, - (Rm -R,) (I - y, (n > 1). ('1 

-% Throughout thu work It. 1s assumed that the pre-entry stream-tube 
whose boundary separates the internal aM3. external flows, IS cylindrical. 
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The follwing stibstxtutions are now made: 

“/e = Pi 

R/e = e 

R 
qc = 16 

R 
o/Rm = o- 

(24 

(2b) 

(2c) 

(24 

(1) b ecomes 

0 = ,511 - (I - a)(1 - E)"j (3) 

Differentlatlon of (1) show that the slope at the nose 1s 
n(R, - Ro) 

e * Lfn 
denotes the nose angle, then 

tan-q zn-6 (1 -rJ). (4) 

Exsmples of the above fatly of profiles are shown m Figs.l(n) and l(b). 

If e2S(E) is the cross-sectlord ares at statmn 5, the wave drag of a 
body, accoming to slender body theory, 1s g:ven by 

1 

-2n ~$1 - o-)T~ 
1 

S"(g) log F5 d5. + 2x n2 ~~(1 - a) 2 T4 log & . (5) 

0 

In this formula, which 1s true only 1f n > 1, D 1s the wave drag of the body, 
p and U are the density and velocity respectively of the free-stream and B is 
written for v' M2-1. 5, C$ are vamables of integration and dashes denote 

dxfferentiation wxth respect to the independent variable. If n = 1 the 
formla to be usd 1s 

+ 272 (1 - C2)T4 
c 

2 2 
log$ + CT log= 

3 
(6) 
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(3) and (6) cc11 be derived easily from equatmn (17) of ref.1 From (3), 

s(c) = 7c.2 )I - (1 - a)(1 - c)";2. (7) 

Introdu.ucmg CD, the drag coef'f~c~em based on maximum cro;s-sectional area, 
where 

c cz D 
D +pu2a2 XT2 

f 

I 1 

- = -2n2(142 2D 
2 [(n-l (I-E, y2- (2x1-l)(l-cJ)(l-5 P21 

T si 00 

~(n-1)(1-~2)~-2-(2~~-1)(1-u)(1-~)2~-2] log IE, - E21 d$ a?+ 

1 +4&? -a)2 s [(n-l)(~-~)“-2- (2n-1)(l-cT)(l-g)211-2]log E ac 0 
+2n2cT2(1-c.)2 log &, . (8) 

Rc~laclny (I-Fy), (t-4$ and (l-5) by &her variables, and using integrals 

llstec2 m the appendix, (8) becomes 

cD 
2 = 2('-u) 

2 n2 
( 

an + P," + y, u2 + u2 log & 
) 

, (9) 

2n-1 

-.& [I + (n-1) 1 i+ (2n-1) F $1, (loa) 
r=l El 



and 
Zn-I 

yn = .&-j-c 5 
l-=1 

(1oc) 

The fornula for the wave drag when n = 3/2 was also worked out. USlng mteya1s 
evaluated in the appendix ard applyu?g (8), it may be shown 
is of the same form as (95, but the coefflcle?ts are given by 

that this forti 

a3/2 
= &+$ log 2, 

-4 

@3/2 
=?-d + 2 log 2, 

Y3/2 
= - 5 

an' P,Y a y,- are plotted against n m F1g.2. 

(W 

When n = 1 a similar process applied to (6) and (7) yields the following 
result for the drag coefficLent: 

72 
7 

= 2(l-a)2 
t 
- & + d - $ lT2 + (l+o?) log & - c2 log o- . 

I 
(12) 

The difference in form between (9) and [I?) arises because of the extra 
discontinuty m slope of the straight line profile at the rasitlon of maximum 
cross-se&lox-h 

3 Discussion of Results 

The above equations for the drag we of the form 

3 = f(~, BT , n ) q 
T2 

This equation can be written as 

(t3a) 

by using (2~) and (2d). 

The results obtarned are plotted in F~gs.3 to 5 using the form of (I.%). 
For n > 1 the cuves of Fig.3 all have the same general shape as those for the 
parabolzc profile, (n = 2). 'The main effect of an menease in n IS an increase 
111 the drag, ceteris parzbus; for this reason the vertrcal scale has had to be 
compressed for the larger values of n. For n = I the curves have a deferent 
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shape. In particular they do not pass through a common point when 
So/s, = 0 as they do for the other values of n. This is due to the 
presence of the extra duxontlnuity U-I slope at the rrzwmwn cross- 
section. The ssme curves are plotted logarrthmxally m Fig. 4; these 
curves should be used for reading off required drags. 

The maxmm value of BRm/& fa- wnxh the wave drags were evaluated 
decreases as n mcreases. This IS because, for luearised theory to give 
physxally plausxble results, the Mach angle p must be greater than the 
nose angle. Hence, 

R 
tanp,n$(1 -CT) 

i.e. 

or 

BR 
-h&i) 

The curves in Figs. 3 and 4 are drawn only for thze values of 
BRd& for which this Inequality 1s satisfied. The xnequality may be 
taken as a rough lnduw.txon of the lx&t of applxab.brllty of the theory. 

The muunum value of the right-hand side occurs whher, LT = 0; hence 

BR 
This maxxnum value of 2 e decreases as n mcreases. 

In Fig. (54) iS2C@,,," is plotted against 3, (P > I), for SJSm = 0, 
i.e. for babes with pouted noses- only one curve occurs since from the 
form of equation (17) of Ref. 1, It follows that the drag of such bo&es is 
xndependent of Nach number. This is not true If n = 1 since the dwcontln- 
uxty in the slope at the posrtion of maximum cross-section still occurs. 

In Wgs. (5b) alld (5~) h2C,,/Rm2 is plotted against n, for varxous 
values of BR Id 4, for two values of SJS,,.,. (S,/S,=O.3 and Sa/Sn=0.7). This 
shows the general efL'ect on the drag of a varution of n, I.e. of a 
varlatxon of the slope at the nose. All the curves of Fig. 5 hve a 
nmimum between n = 1 and n = 2. However If n 1s very close to 1, the 
profile has an extremely rapid change of slope near the position of 
rmmm.m cross-sectxon. The drags of such unrealutx profiles have no 
physlcal slgnnlfwnnce and the curves of Fig. 5 are of no practical use 
for values of n very close to I. Nevertheless, a few values of the 
wave drag for n = 5/4 were calculated by a sxx~lar methcd to that of 
section 2 and these serve to -indxate the theoretical behaviour of the 
curves when n approaches 1. The maxmum of the curve for Rn/e = 0.2 in 
Fig. 5c at n = 5.5 YIS almost certainly spurious. It appears because (14) 
does not hold in the region and so luxarlsed theory 1s ten&&g to 
break down. 
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As regards the accuracy of the results obtained in this paper, it can be 
stated with confidence that the drags for bodies with sufficiently snallvalues 
of BRd8 will be correct, on the basis of linearised theory, since slender body 
theory holds for such bodies. The phenomenon shown in Praenkel's v,ork, (agree- 
ment of slender body theory with quasi-cylinder theory in regions where the 
latter but not the former w~mld be expected to hold), suggests that, even for 
coqaratively large BRs/&, the results are probal:ly still quite close to the 
correct results based on linearised theory. WhenBRm/& approaches l/n, however, 
linearised theory itself breaks down and results in this region should be viewed 
with caution. 

Pig. 4 can be used for a profile which does not exactly correspond to any 
member of the faxnly considered here but the probable error in the wove drag in 
so doing 1s difficult to estmate. It is possible that profile shapes with 
identical fineness ratios, area ratios and nose slopes my have wave drags 
diffmmg comzderably from one another. If this were the case, a still 
larger family of profile shapes mcormrating at least one more parameter would 
have to be considered. The calculation of the wave drags of this family would 
inevitably be tedious. The only statement that can be made vmth certainty is 
that the wave drag of a profile not belongi% to the famly defined by (1) will 
bc estimated v;lGh mch more accuracy by the use of j2g. 4 than by the use of the 
two sets of curve3 m Ref. 1. 
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List of Symbols 

B =/M2 -1 

Drag coefficient, based on maximum cross-sectional srea 

Wave drag of body of revolutron 

Length of Sody 

Free-stream Mach nuniber 

Arbitrary indices in integrals evaluated in Appendix I 

Parameter of family of profiles defined by eqtition (1) 

Radius of body at x 

Radius of body at x = 0 

&xu.nm radius of body, always occurring at x = & 

Cross-sectional area of body at x 

Cross-sectional area of body at x = 0 

Cross-sectioml area of b&y at positron of rnximm radius, 
(x = e) 

Variablesof integration used in the evaluation of u~tegah in 
Appendix I 

e. 



P 

o- 

7 

No. - 

1 

2 

3 

List of Syrbols (Contd) 

Free-stream ve1oc1ty 

Distance along axis of body measured fron nose 

see equatmns (IO) and (11) 

Nose angle 

e = R/E 

Semi-angle of I&xh cone at the nose of the body 

g = x/e 

Variable of mtegration in equation (5) 

mee-stream density 

Dashes denote differentmtxon mth respect to the 
mndependent x+.rxable. 
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Evaluatmn of some Inte$?,?-ds 

1. 

1 

-i 
x" log (1 - x) dx 

0 

1 n 
n+l 

1 
=- 

n+l 
ic 

zcvx+&=-l- 
c 

2. 
n+l 

I(1) 
1‘ 

0 r=l r=l 

2. 

1 
- y” log IX-Y1 dY 

i 
Cl 

Thx is the same as 

1 m+l 
=-L5i$ki4 + .& 

JT 

xr-l ym-r+’ dy+ 5 [log /y-x!]; 

0 r= 

WI 

=-loEpz+~ E+E 
c 

m+l 

=I 
m-r+2 InkI 

log(l-x)-i- 
mtl loi+ 

10. 



1 1 

* By using I(l), - . . 
ii 

X" y" log Ix-y\ dx dy may be wltten as 

00 

n+l mtl m+n+2 

Trj;it;;;-ir ~t+~~7m-rt:)(n+r) - (mtl)Ln+n+2j L, 2 + (m+,)[m+*+2jT 
z= I-=.; 

n+l In+1 
1 -1 1 .z (mtn+Z)(n+l) z 

r+ ( 3Itn+2)(m+l) c 4 + (m+lj* 
r=1 Cl 

Some numerlcalvalues of this 3.ntegral are given 1n the follwang table. 

TAEGEI 
1 1 

Values of the integral - 
l-1 

x" y" log lx-ypx ay 

00 

ygo 1 2'3 4 

0 1 1.5000 0.7500 0.4861 0.3542 0.2761 
I ’ 0.7500 0.4375 a.3056 0.2326 0.1867 
2 o.L&& 0.3056 0.2222 0.1736 0.1418 

3 0.3542 4 0.2761 z; :::I:: ::zi / / ! ::z 

1 

3. - d x-hog (l-x) ax 

Put x = t2. The Integral becomes 

1 1 

-2 
i 

log(l -t2) at= -2 Ilog(l -t)+log (1 +t)] at 
0 

=- 2 [-(l-t) log (I-tj+ (l-t) + <l+t)log(l+t)-(l+t)]i 

= 4(1-log2) I(3) 

11. 

I(2) 



1 1 

-ii 

,-4 
Y 1% IX-Y1 c3.x aY 

00 

Put x = t2, y = u2. The mtegcal becones 

1 1 

-4 

r6 

u3 log 1t2-U21 at au 

0 

1 I 

-- 4 

61 

u3 peg (tt 11)+ log It-u1 ]at au 

0 

I 

EG- 4 I? [(t+u) log (t+u)-(t+u)+(t-11) log (t-u)-(t-u)]:,du 

d 

1 
= -4 u3 [(I + u) log (1 + u) t (I -u) log (1 -u) - 2 ]au I(4) 

Now I 

d 
(J+d+) log (l+u) ,=@+$)log (,+u)~o-~ ($+$$ 

= & log 2 -hi k4 

L L 
+u3-u2+u-l+& au 

I 

= & log 2-L 
20 

c 4,~-1,L 
5 4 3 2 

l+log 2 I = $ 1% 2-+&j I(5) 
, 

using I(1) 

I 5 
- (uu+, log (1-u) au= 1 ;-+ 

1 0 4ti Ll 
=& I(C) , 

CT z 

.-. BY I(4), I(5) and I(6) 
1 1 

-ii 
x4 y log Ix-y] ax ay : -g log 2++$+$+2 

;O; 8 ,0-T log 2 10) 

12. 



2 Rltx= t2, y=u. The int-sgralbewms 

11 1 1 

-4 
ii‘ 

log ~t2-u2~ataIl=-4 
il 

[log (t+u)+l.og It-UIj at au 
00 00 

I 
s-4 

i 
(t+u) log (t+u)-(t+u)+ (t-u) log It-u1 - (t-u,]; au 

0 

1 

= - 4 
i! 

[(l+u) log (l+u)+(l-u) log (l-u) - 21 au 

= -4 i2$ c log (1 J u) - II +&u12 y2 log (I- u) + y2 _ 2u 1 1 0 
z-4 =12-8log2 I(8) 

k‘t.2078. CP245.K3 - Prsnted In Great Brrtam. 
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FIG. I(b) EXAMPLES OF PROFILES FOR F-O-49, 2=0=25, AND 

5= I (INNER CURVE), 3/2, 2,3,4,5, 6, (BUYER CURVE). 
I.E.7=0*075, 0~1125, 0450, 0.225, 0.300, 0.375, 0.450. 
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FIG. 3 (e) 
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FIG 3(g) DRAG OF FOREBODIES WITH n = 6. 
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FIG. 4@. DRAG OF FOREBODES WITH 71r = I (STRAIGHT LINE PROFILE) 
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FIG. 4(9. DRAG FOREBODIES WITH m= 3. 
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FIG. 5(b) DRAG AS A FUNCTION OF n 
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