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Summary.

An approximate method is given for assessing the stability of a towed object, using the same basic
theory as Glauert (Ref. 3) and Etkin and Mackworth (Ref. 6). The analysis is developed in terms of lateral
stability, but can be simply translated to deal with the longitudinal case. Stability criteria are derived
which involve a number of parameters, including the mass and moment of inertia of the body, its drag
and transverse aerodynamic force and yawing moment characteristics, and the vertical separation
between towed body and the tug. Formulae and charts are given for ready application of the method.
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1. Introduction.

Although a number of papers have been written on the general theory of the stability of objects being
towed by aircraft, and also on the related inverse problem in which a balloon is tethered by a cable,
the application of the theory has been limited. A comprehensive analysis would be complex, even when
based on small perturbations and linearised equations, owing to the action of the cable and the aero-
dynamic forces acting on it, and to the coupling between longitudinal and lateral motions.

The present report is restricted to attempting to generalise and improve the techniques of application
of an approximate theory for a drastically simplified mathematical model. To clarify some of the assump-
tions it seems worthwhile to begin by considering briefly, as background, previous work in the field.

Neumark?®. in examining the aerodynamics of cables for balloons, reviewed the known litcrature,
beginning with Bairstow, Relf and Jones?. Much of it relates to the calculation of ‘cable derivatives’,
which are quantities analogous to the familiar derivatives of acrodynamic forces and moments much
used in stability analysis. Thus, perturbations in the components of cable force in a purely longitudinal
problem would be expressed in the form X,x+ X,z, Z,x+Z,z, where x, z are components of the dis-
placement of the endpoint of the cable. It is perhaps significant that Glauert?®, Brown®*, Mitchell and
Beach®, and again Neumark came against computational difficulties. The present author, together with
H. H. B. M. Thomas, tried recently to extend Neumark’s formulae to the doubly limiting case of a cable
without weight and without drag. The analysis revealed that, as the limit is approached, the individual
derivatives X, X,, Z,, Z, tend to infinity but in such a way that (X x+X,2) and (Z,x+Z_z) remain
finite. This behaviour is the root cause of the computational difficulties. It is, of course, unnecessary to
introduce cable derivatives for a weightless dragless cable (which is assumed in the present report),
but even in cases in which perturbations in cable forces caused by cable weight and drag do have to be
considered, it might be profitable to seek an alternative to a representation in terms of cable derivatives.

The classic paper on the dynamics of towed objects is by Glauert®. He considered the shape and
dynamics of a light inextensibie wire when used for towing, and examined the stability of a towed object
subject to assumptions that permitted of separate longitudinal and lateral equations of motion. More
recently Etkin and Mackworth® produced an analysis, which (although they were unaware of this)
corresponded to an approximation given by Glauert. They applied the analysis only to lateral stability.
Lipscombe’ also developed the same sort of theory independently.

Glauert started by determining the shape of the wire following an assumption that the aerodynamic
force on an element of length L would be normal to the element and proportional to sin® & where ¢
is the angle between d L and the airstream. This was based on work by McLeod®. Glauert then examined
the modes of motion consistent with small perturbations for a wire supporting an object, but assumed
at first that the aerodynamic forces acting on the object remained constant during the motion. There
were three such modes, which he interpreted as

(a) a transverse ‘pendulum oscillation’,

(b) a ‘pendulum oscillation’ in the vertical plane of symmetry,

(c) a ‘bowing (or normal) oscillation’ in the vertical plane of symmetry.

Finally he added the effect of incremental acrodynamic forces on the towed object, and the equations
of motion included terms in X . Z,.. Z,. M,,, M, and in Y.. Y,, N, N,. The separated longitudinal equations
yielded a sextic stability polynomial, and, because derivatives of the rolling moment were ignored, the
lateral equations yielded a quartic. For typical parameter values, the sextic factorised approximately
into a quadratic that always represented a stable mode of motion together with a quartic that was anal-
ogous to the lateral quartic, Z,, being considered as the counterpart of Y, M,, of — N, and so on.

Etkin and Mackworth make more drastic assumptions from the outset, as in the present report, which
lead directly to the lateral quartic. They have sought corrections to account for the influence of cable
drag and mass in approximate fashion, but it seems unwise to toy in such a way with the more general
problem, as there is a host of additional interrelated contributions once we depart from the simple
straight-cable. Great care must then be taken in making a consistent set of assumptions. They suggest
that the simple uncorrected analysis might be accurate enough when the cable drag and mass do not
exceed about 10 per cent of those of the towed object, but no positive evidence to support this is known.



The present report makes use only of the simple quartic stability equation, but describes a fairly
complete analysis of the consequences of variations in aerodynamic design or moment of inertia of
the towed object.

Generalised stability diagrams are outlined, and examples for typical parameter values include a
mapping of unstable regions, and give loci that define the maximum degree of instability possible. General
expressions for calculating such loci and other quantities are derived. An analysis of the unstable region
is important in some applications when the operational pattern cannot completely avoid the region
although it may be traversed quite quickly.

Only the equations for lateral motion are given, but as already indicated the basic assumptions are
such that the analysis can be applied to the longitudinal motion merely by replacing lateral parameters
by corresponding longitudinal ones. For zero aerodynamic forces on the cable the correspondence is
exact, and not merely approximate as indicated by Glauert in the general case.

It should be noted that except in some trivial respects the notation follows that described by the author
clsewhere®, and also by the Royal Aeronautical Society'?. A table of corresponding symbols and expres-
sions used by Glauert® and by Etkin and Mackworth® is given in the Appendix.

While the present report was being prepared, Pinsker'? investigated the stability of free-flight model
acroplanes when on tow prior to release. He decided that acrodynamic lift was important and that a
good approximation would be obtained by suppressing the yawing freedom but retaining the rolling
His stability cquation is thercfore a quartic that is quite different from the one considered here, and
the two reports are complementary.

2. Equations of Motion.

Consider an object such that, when towed at a steady speed V, in level flight, its weight is balanced by the
vertical component of the cable tension. The only acrodynamic force is then the drag, which is balanced by
the horizontal component of the cable tension. If the cable is inextensible and connected at the centre of
gravity, and its mass and drag are negligible, it assumes the shape of a straight line. The configuration
in the steady state is depicted in Fig. 1. and perturbations from this state are shown in Fig. 2.

Earth axes 0,x,v,z, provide a reference for the point of cable attachment G and for changes in attitude
of the towed object. The origin O, travels at speed V, and is always at a distance L from the towing-point
P: 0, s also behind and below by amounts «,, b, respectively. The vertical separation b, will be found
to have great significance in the motion of the object. The x,v, plane is horizontal and the x, axis is in
the vertical plane through O,

Any displacement of G relative to O, is represented by the components x,, y,. z,. Acrodynamic-body
axes Gxyz arc employed for dealing with the equations of motion, and for defining perturbations in
attitude in terms of the deviation angles ¢, 0, . Since in this application Gxy is horizontal in the datum
flight condition. the yaw-deviation angle 1 corresponds to a displacement in a horizontal plane and
the pitch-deviation angle ¢ to one in a vertical plane. The roll-deviation angle 4 is cqual to the bank
angle.

Equations of motion are obtained in the usual way, but terms representing the effect of the cable
tension have to be included. Consider the components of the tension Tin the perturbed state. The com-
poncnts along carth axes are given by the column matrix { X, Y5, Z4,\, or {X,,! in abbreviated form.
where

Xyp = Tla,—x,)/L,
Y;‘o = - T).O/L5
Zyo = —T(h,+2z,)/L.

The components along body axes are given by

{XT} = S‘{Xro} ,



where S is the axis transformation matrix.
If we assume perturbations to be small, linearised approximations are forthcoming as follows:

S = 1 — 0
l// 1 ——d) s
-0 ¢ 1
T=T+T', T’ small,

Xr= Xy, + Xy, ctc,
{ ’T}:(I—S){T;ae/ld’ O’ —Tebe/L}_’Te{xo/L’ yn/L’ Zo/L}v

where I is the unit matrix, or

X1 = Tbb—x,)/L+a,T/L,
Y’I" '—T:e(aew'*'bed)—l_yo)/Lv (1)
Zy = Tia,0—z,)/L—b,T'/L.

I

When these force increments are included in linearised equations of motion that could otherwise be
separated into two independent sets, longitudinal and lateral, a similar separation is still feasible pro-
vided that x,, z,, T" are related only to longitudinal variables, and v, only to lateral ones. The linearising
procedure automatically looks after x,. v,. z,, for

)Eo:ua yonelp_l_Ua 20:—V90+W5

where u, v, w denote the scalar increments in velocity components, and it follows that a separate set of
linearised lateral equations is always obtained.

In the more general cause of a curved cable, consistent and reasonable assumptions can be made
that also lead to separate lateral and longitudinal linearised equations (see Glauert, for example).

The lateral equations of motion used here have a particularly simple form since it is assumed that
no rolling motion develops and hence ¢ is zere. The variables are then v, i, y,. Moreover, it is assumed
that the cable bears the whole towed weight.

We may proceed at once to normalised forms according to the scheme of Ref. 9. Basic derivatives
of acrodynamic forces and moments are acro-normalised, and concise derivatives are dynamic-normal-
ised. The dip overscript (v} and cap (.~ ) are unnecessary, and Y, will stand for f’: y, for ¥, as explained
in Ref. 10. The equations of motion in dynamic-normalised form become

(D+yw+Dy = Yr,
no+(D?*+nDyy =0,
Dy, =y +v,
where all quantities are interpreted in terms of a unit of speed ¥, unit of force 1p, V28, unit of time t = ul/V,,
and p is the relative density parameter m/4p,SI. Since in the steady state the horizontal and vertical

components of the cable tension balance the drag and weight, the second of equations (1) in terms of
these units becomes

Yr = —(Cp ¥ +Cypp+y,/C),

where Cj, is the steady-state drag coefficient,



CW l’l’lg/%peV?e'S ’

b, V2
C = b,/ulCy = ——5—.
e/uCW 'uzlzg

The final form of the equations is therefore, for ¢ = 0,

(D+y,)v+(D+Cp)Y+y,/C =0,
n,t+(D?+n,D) =0,
—v —y+Dy,=0.

The force and moment derivatives are given by

Vo= —Y, = L
T dp Sy,
N, N
e ey o S
l fpeS”/;
N, N
no=——, N,= .

i’ TSPV

where i. is the yawing inertia parameter I_/mi?,

4] o o

and Y, N, N, are derivatives expressed in ordinary dimensional form.

The characteristic or stability ¢quation is the quartic
AT AP+, A4+ T A+ T =0,
where

J3 =y, +n,,

J, = yn.+n,+1/C,
J = Cp i, +njC,
Jo =n,/C,

and 7, has been written for —n, as this is usually positive.

3. Stability Quartic and Stability Boundaries.

2

I the aecrodynamic forces were negligible, because the speed is low, for example, the quartic would
approach the degenerate form A2(42 +J,), where J, = 1/C or in ordinary units g/b,. The factor (1% +J,)
would represent a ‘pendulum’ oscillation with period 2n(b,/¢)}. The remaining factor A% merely represents

the neutral properties due to the absence of acrodynamic forces.

If, on the other hand, the acrodynamic forces were important but the incremental transverse force

Y, due to the cable were negligible, the equations of motion would reduce to

(D+y,yv+ Dy =0
nu+(D2+nD)y =0,



which yield the stability equation
By, +m) A2+ (n,+A)A =0,

The factor 4 again corresponds to neutral stability, and the remaining quadratic represents a ‘directional’
mode of motion. Such a mode is usually oscillatory for an aircraft because 7, is appreciable on account
of a rear fin, and the undamped period is then approximately equal to 2rt/w, where w?* = fi,. It will
be seen from equations (1) that one way of imagining the condition of zero Y7 to be approached is to
have a very long cable and also to have an object with very small drag/weight ratio, since

Ta/L=D,, Th/L=W.

It is shown later than an undamped oscillation can be present with combinations of b, and V, that
satisfy the relation b, 12 = constant, and that two such constants exist for any particular towed object.
The b,, V, plane can therefore be charted into three regions, the one for which motion is unstable being
flanked by regions of stability (see Fig. 3). The region of instability can be further charted to show the
severity of instability.

In order to proceed with the analysis in a generalised form it is useful to change the unit of time by
the factor w, and write 4 = ws, so that the stability quartic in terms of s becomes

S4+J3S3+J252+JIS+J0, (6)
where
J3 = (yv+nr)/w’
J, = 1+ynjw*+1/K,
Jl = CDe/w+nr/wK 5 (7)
Jo = /K,
and
K = 0*C. (8)
Further rationalisation is achieved by introducing the parameters
f=njo, )
X = Y/t
d= CDe/yv s
232
w2 lg L 9
= /K = 7
k=1/ b0
-9
T w?h,’
since then
J3 = f(l + x) »
J, =1+ x+k,
J, = fldx+k), (10)
JO = k .



It is worth noting that K can also be expressed as (P,/P,)?, where P, is the basic ‘pendulum’ period,
and P, the basic ‘directional’ period, which were mentioned when discussing the elementary modes for
degenerate cases.

In order to determine the critical values of b.V? we merely have to determine C, or in effect K or k,
and the next section discusses the variation of the critical values with f, x, and d.

Stability boundaries.

A mode of motion with zero damping will exist when the stability equation (2-4) has a factor 2 or
(A% +const.). The first possibility corresponds to 7,/C being zero, and for finite values of b, and V, this
implies that 7, would have to be zero. The second possibility corresponds to a factor of the form (s + By)
existing for equation (6), and therefore would require that

JO_JzBo"I‘B%) = 0,

Jl“J3BOZ'-O. (11)
These are equivalent to the condition
B%—Bo(l—l-d—./z)—f-d:(), (12)
where
k+dx
= 3
° 1+x (13)

The quadratic in By, has rather simpler coefficients than the corresponding quadratic in k, which is
k2 —k l:(l +d—1)+x(1 —(1—_)’2)]-#(1(1 +x)(1+2x)—d?>x =0, (14)

and it is therefore a convenient basis for drawing stability boundaries.

Consider a given towed object with particular values of d, x, /. From (12) we obtain two critical values
of By, and hence of k by applying (13). By allowing f'to vary we can draw in the f, By planc the locus of
points corresponding to an undamped oscillation. Two such loci are sketched in Fig. 4, the typical one
having a turning point at B, = Jd f=1 —J/d. When d = 0 the curve degencrates into two branches:
By =0 and B, = 1—f* The loci reach the B,-axis at By = d and B, = 1. An equivalent locus in the
£,k planc is shown in Fig. 5. Representative points on the Bg-axis should be interpreted with care, since
fx = y,/o and fdx = Cp, /o, and the stability quartic for n, = 0 is

S C
s4+»y~”s3+(1+k)s2+~3‘fs+/< =0.
w w
When k = d, the factors are
(sz+d)(sz+y—”s+1>.
w

As 1,0, x>0 and the point f=0, k = | +x—dx approaches infinity. When & is very large in this
way. the stability factors are of the form

Cr —
<SZ+A——=~DE y-"s+l><sz+&s+k>,
wk w



and in the limit become
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Although we may wish to produce a diagram like Fig. 3 for an existing towed object, a generalised
form is useful for design purposes, and Fig. 6 seems suitable. Here b,/g is plotted against V,w/ul, each
corresponding to a particular value of k.

To illustrate the use of Fig. 6, consider a proposed design with d'= 004, x = 04, f = 0-3. From Fig. 4
we deduce the critical values B, & 0-04, B, &~ 09, and hence from equation (13) the corresponding
k =~ 004, 125 (compare Fig. 5). In this case, Fig. 6 happens to show curves for k = 004 and k = 13,
but if necessary additional curves can be drawn quickly since the equation is merely [b,/g] [ V.w/ul]? = 1/k.

4. Effects of Varying the Aerodynamic Design or Moment of Inertia.

We have shown that the two stability boundaries given by constant values of b,V,? are determined
by the two values of k obtained. for a given value of f, from points such as A, B, in Fig. 5. The aerodynamic
parameters considered are the drag coefficient Cjy,. the acro-normalised derivatives Y., N,, N, and the
moment of inertia I,. These are contained in the parameters £, f, x, d which appear in the formulae and
diagrams of this Report. For convenience, the definitions are collected together below.

Y,= —y,, k = 1/Cfi, where C = b, V}/u*l?g,
N, = —in,, f=n/J@,), ny = —,,
N, = iun,, X = y,/n,,

I =iml, d = Cp/y,.

We shall first discuss the effects of varying Cp,, Y,, N,, N, when I, is constant. Variations of Y, are reflected
in y, and hence in x and d, those of N, in n, and hence in fand x, and those of N, in #, and hence in k
and f.

Variations in Cp, and Y,

Fig. 5 brings out the salient features since the shape of the stability boundary is determined by x and
d. It is clear that as d increases towards a value of unity the two critical points on the k-axis approach
coincidence, and the whole boundary shrinks towards the point k = 1, f= 0. For d > 1 the stability
boundary reappears with a peak at f = ,/d— 1. When d = 1 the stability quartic factorises into the form

(S2+fs+1)(s® +fxs+k),

which for positive values of £, x, k represents stable modes of motion. As indicated in Section 3, points
on the k-axis have to be considered according to whether f'is zero because n, is zero or 7, infinitely large.
Thus, if n, = 0 then f = 0 but fx = y, /.

In terms of Fig. 3 we conclude that the location of curve B depends directly on x, as it corresponds
to the point B in Fig. 5, and that the location of curve A relative to curve B depends directly on d. The
sensitivity to changes in d is in effect illustrated in Fig. 6, since, as described in Section 3, k = d for curve
A in many cases.

The main point of design seems to be that the unstable region can be made small by arranging for
Cp. to be comparable with y,, although considerations of performance and cable characteristics will
set a limit in many cases.

IMENT



Variations in N, and N,.

By plotting f* against k, as shown qualitatively in Fig. 7, we can represent changes in 7, with Cn?
constant, by a point moving along a straight line through the origin 0. This line may intersect the stability
boundary at two points such as A, B, and these define the range of 72, within which instability would
arise. The valucs of k defining this range are the roots of

(1+e+ex)+kidx(t+e+ex)—(1+x+d)} +d(1+x—dx) =0, (15)

where ¢ = Cn?, and the corresponding values of B, are the roots of

Bi(l+e+ex)—Bo(l+d+edx)+d =0, (16)

k+dx
where By, as before, stands for Tiv
X

There is a value of ¢ for which the points A, B become coincident, as at T or S. It is obtained more
casily from cquation (16) than (15), as it must satisfy the condition of equal roots given by
(1+d+edx)? = dd(1 +e+ex),
ded ,
or l—d—edx = +2/(ed).

It

Le. (1 —d—edx)?

The solution of this equation is

which implics two values of e :

1 1 1-d\ 1P
€=y a2t )t (17)

For small values of x and d, e is approximately cqual to

l%Jrl—d x| ; 1[1-d x1?
dlx""2778| a7z s

For cxample, when x = 04, d = 0-04, these approximations yield e = 7371, 4623, whereas the true
values obtained from equation (17) are 740-1, 4-864. These correspond to thosc given by Glauert on
page 20 of Ref. 3, as his equation (63) is equivalent to our (17).

The very large value corresponds to the tangent OS, and the smaller value of OT. We deduce that
instability cannot arisec when Cn? lics between 4-864 and 740-1, whatever the value of ii,. For positive
values of ii,. instability cannot arise when Cn? exceeds 4-864. or in general

1f1-d_x} approximatel
il 2 3 pp y.

The inset diagram of Fig. 7 shows the nature of the relevant part of a stability boundary drawn in the
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fi,, C plane. The value of i, below which the motion is always stable corresponds to the point P, that
is to the peak on the curve in Fig. 4. This 7, is therefore given by

- r
\/(nv) = T——\/d

Fig. 8 illustrates results for x = 04, d = 0-04. The special value of C corresponding to the slope of
4-864 implies a special value of b,V2, which for ‘typical’ numbers [ = 2(ft), u = 200, and n, = 4 comes
to about 1-5 x 10°. Thus for a modest cable length, say b, = 100 (ft), the speed must exceed about 122 fi/s.
On the other hand, we can say that the motion is stable for all values of b, and V, provided that n,/\/(7,)
is greater than 0-8. Although this sort of value may be impossibly large for a given towed object, there
could be considerable design freedom when the object is a carrier of goods or equipment, and then
arrangements of forward and rear fins which are unusual in aeroplanes might achieve a favourable value
of n,/\/(ii,). The fins might well be dorsal and ventral and extend along a considerable length of the body.

The use of larger fins 1o increase n, will also result in an increase of v,. so that the value of x is unlikely
to change very much. In terms of Fig. 5, we see that the critical value k = 14+ x—dx is therefore also
unlikely to change significantly.

The total damping available to be shared among the modes of motion (typically two oscillations
somewhat analogous to the pendutum and directional modes described in Section 3) is (v, —n,), so that
a large-value in relation to \/(7i,) would be expected to be beneficial. A very low value of ii, would cause
the towed object to tend to wander about, as a poorly damped exponential mode of motion would be
present.

Variation in I ..

For a given aerodynamic design n,. and n, are inversely proportional to the moment of inertia I., and
hence f2x 1/1, whereas kocI,. It follows that an increase in I, can be represented by a point moving
from left to right along a rectangular hyperbola f*k = constant superimposed on Fig. 7. An increase
in the moment of inertia therefore improves stability if the original value corresponds to a point in the
vicinity of the right hand branch of the stability boundary, but diminishes stability if the original point
is near the left hand branch.

5. Mapping of Unstable Region.

An analysis of the unstable region may be beneficial. As we have seen from Fig. 3, the unstable region,
when it exists, stretches to infinity in the directions of both axes. In applications where either cable length
or speed have a range of values it may then be impossible to avoid spending some time in a potentially
unstable condition. Strictly speaking, we cannot apply a stability diagram that relates to constant datum
values to a condition in which parameters vary continuously, but it is reasonably sale to assume that
the likelihood of building up an oscillation, while traversing a region that has been labelled unstable
from a panlineart analysis, is a function of the degree of instability predicted by that same analysis.

For the stability equation considered in this Report it is found that the degree of instability increases
as we penetrate further into the region between curves A and B in Fig. 3, but there is a definite limit
-and a locus of maximum instability exists within the region, as illustrated in Fig. 9 by the heavy dashed
curve.

In preparing such a diagram it is assumed that the stability equation (6) has a factor (s — As+ B),
which corresponds to a growing oscillatory mode with persistence index ¢ = 14, and angular frequency
(B—a?)%, expressed in the special time scale associated with s. In other words the mode has the form
exp(at*) sin [(B—a?)* r* +¢], where t* = wt/1.

+It has been proposed by Hopkin and Thomas'' that linear differential equations with constant
coefficients be called panlinear.
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In Fig. 9 the curves numbered 1, 2, 3, 4 are respectively loci of constant persistence given by 4 = 0,
0-025, 0-05, and 0-0654 (max), and one striking feature is the disparity in the gradients as we proceed
inwards from the two stability boundaries. This was taken to be the explanation of an apparent dis-
agreement between theory and experiment in a particular case. Excellent agreement was obtained in
mapping out the lower stability boundary but not the upper one. Th? discrepancy, however, scemed
hardly surprising when theory predicted a very low rate of change of A in the vicinity of the upper boundary,
as the difficulties inherent in pinpointing a condition of zero damping by experiment would be increased
considerably.

It is interesting to draw contours of constant persistence within the framework of Fig. 5 or Fig. 4,
and an example is illustrated by Fig. 10. We find that the loci of constant A4 are closed curves that con-
verge to a point P representing the peak value of 4. This is of course not the maximum value referred
to in Fig. 9, because in that example the value of f was fixed at 0-3. The loci in Fig. 9 thus correspond
1o the points 1,2,3,4 in Fig. 10. For an existing design the value of / would be known, and a diagram
like Fig. 9 might be drawn. During a design study. however, it might be worth determining the point
P. as this corresponds to the worst possible combination of parameters as far as stabilitv is concerned.
The equations that are required for carrying out this work are given in Appendix 2 and illustrated by
Figs. 10 to 13.

6. Modes of Motion.

It is illuminating to try and identify the nature of the two typical modes of iscillation. Working in
our special time scale, we correlate a separate pendulum mode with a factor (s2 +k) and a separate direc-
tional mode with [+ A1 +x) s+ (1 +/2x)].

Consider the stability factors and values of k associated with the points 1,2,3,4,3,2.1 on Fig. 10,
as follows.

Factors k

(s2++0:0442) (s> + 0-425 + 1-038) 0-0459
(52— 00255+ 0-2486) (s? + 0-4455 + 1-063) 0-2642
(52 —0-055 +0-4336) (s> + 0475+ 1-119) 0-4851
(s> —0-0654s +0-6346) (s +0-4854s + 1-185) 0-7522
(s2 = 0055 +0-7837) (s* + 0-47s + 1-289) 10102
(s2—0-025s +0-8594) (s> +0-445s + 1-335) 1-1476
(52 4+ 0:9058) (52 + 0-42s + 1382) 1-252

For the values taken (f=03, x =04, d=004) the basic directional mode corresponds to
(s*+0425 4 1-036), and for the left hand point | we can thus be safe in calling the undamped mode a
pendutum mode. The position is not clear, however, as k becomes larger and of the order of unity, since
the basic modes then have very similar frequencies. It is tempting to say that the two points on the stability
boundary correspond to a pendulum-type mode (small k) and a directional-type mode (k x 1), these
being associated in turn with the lower and upper boundaries in Fig. 3 and Fig. 9. 1t is unwisc, however,
to guess in this way, and a more rcliable basis would be to obscrve or calculate the dynamic behaviour.
Perhaps we could go so far as to say that it would not be surprising if a more complicated motion- -a
combination of pendulum swinging and yawing oscillation—-were obtained for a large critical value of
k in contrast to a more nearly purce pendulum motion for a small critical value of k.

1. Discussion and Conclusions.

Although the analysis developed in the present report is based on drastic simplifying assumptions,
there is evidence that it forms a valuable guide for avoiding or remedying designs that result in unstable
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oscillation of a towed object at certain combinations of cable length and towing speed. Many aspects
of the theory were found to be realistic in recent work by Mettam'? and in associated work in France,
to which he refers.

The existence of stable or unstable motion depends on the relative values of the normalised parameters
Vo» A 1,, Cp, and a quantity C = b,V.2/u?l?g, so that it is impossible to discuss briefly all the significant
combinations. A general stability boundary can, however, be drawn (Fig. 4). This shows the great import-
ance of the quantities /= n,/\/(fi,), d = Cp,/v,. The one factor that can reduce the unstable region to
zero is the ratio Cp,/y,, the value unity being the best.

The benefits from other variations in aerodynamic design or moment of inertia are less definite and
have to be studied in detail, as modifications to the body or tail (or fin) can significantly affect all the
parameters at the same time. It is possible in principle to ensure complete stability (ubject of course
to the basic assumptions), for all combinations of cable length and towing speed, by designing n,/\/(%,)
to be greater than 1—(Cp,/y,)%, but this much freedom of design may not be available in a particular
applicationt.

If an unstable region exists as illustrated in Fig. 3, it may nevertheless be possible to operate wholly
within the lower stable area or the upper stable arca. On the other hand it may be necessary to operate
in the one or the other at different times during the same flight. If this be so, a flight procedure might
be found such that the growth of an oscillation is acceptably slow while the transition through the unstable
region is carried out. For example, it could be beneficial to lengthen the cable while the speed is low
enough to maintain stable conditions, and then increase speed so as to reach the upper stable region
after crossing a relatively narrow unstable band. Another possibility is to raise or lower the towed object
while the speed is high, as this also corresponds to a narrow band of instability. In a given case the maxi-
mum degree of instability and the period of oscillation should be calculated in terms of ordinary time
units in order to asses the nature of the modes of motion likely to be encountered while the unstable
region is traversed.

#1f Cp, > v, the critical value of n,//(i1,) is (Cp, v )} —1.
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LIST OF SYMBOLS

20 (coefficient of — s in quadratic stability factor)

Maximum value of A for specified f

Peak maximum value of 4

An/J 3 (normalised value of 4,)

Horizontal separation between towed object and towing aircraft in steady flight
1+a,

Constant coefficient in quadratic stability factor

Value of Bwhen 4 = A4,,

Value of Bwhen 4 = 0

Vertical separation between towed object and towing aircraft in steady flight
1-B,

bV u*lyg

Drag coefficient of towed object in steady flight

Normalised weight, Wip,V,2S

Differential operator with respect to time

Cpel Vs

1—d

Cn?

1f

Coefficients of quadratic in F,, (i = 0, 1, 2)

n/w

Coefficients of cubic in f(i = 0, 1, 2)

Acceleration due to gravity

Coefficients of sextic in 4,,(i = 0,1,2,3,4, 5, 6)

Coefficient of stability quartic (i = 0,1, 2, 3)

Cn, = Cw* = P}/P? '

1/K

Moment of inertia of towed object about z-axis

Yawing inertia parameter (normalised value of 1), i, = I./ml*
Length of towing cable (constant)

Representative length

Mass of towed object

Acro-normalised derivatives of yawing moment
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Tn

u(F)
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LIST OF SYMBOLS——continued

Concise dynamic-normalised counterbarts of N.,N,In. = —uN ji,n = -NJi)
—n, = w?

Yawing component of angular velocity

Representative area

Axis transformation matrix

Root of stability equation, s = A/w

2n(b,/g)*, period of free pendulum mode

2nul/wV,, approximate period of free directional mode
Tension in towing cable

Time in ordinary units

Time in special units, wt/t

Function used for determining a,, (see Section 5)
Resultant speed of towed object (associated with vector V)

Value of Vin steady datum flight condition

Component of Valong y-axis

Weight of towed object

1/x
Components of cable tension Talong body axes
Components of cable tension Talong normal earth axes
Coefficients of quadratic in x,, (i = 0, 1,2)

Vol e

Components {along normal carth axes) of displacement of body-axes origin relative
to position in steady flight

Aero-normalised derivative of transverse force

Concise dynamic-normalised counterpart of Y, (y, = —Y,)

Coefficients of quadraticin z (i = 0,1, 2)

Ay/(1—d) '

Pitch-deviation angle

Root of stability polynomial for dynamic-normalised equations, 1 = ws
Relative density parameter, m/3p,SI

Ambient air density for steady datum flight condition

Persistence index of oscillatory mode of motion

Dynamic-normalised unit of time, m/3p,SV,



LIST OF SYMBOLS—continued

0] Roll-deviation angle
W Yaw-deviation angle
J(#,) (approximate angular frequency of free directional mode in dynamic-normalised
units)
Suffixes
e Datum values
m Values corresponding to maximum persistence index
M Values corresponding to peak maximum persistence index
0 Components along normal earth axes 0, x, v, z,
Superfix
T’ denotes increment in T(T = T,+ T’), and so on
Qverscript
x denotes dx/dt, and so on
f, denotes —n,
0 Identifies derivatives in ordinary units
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APPENDIX 1

Corresponding Quantities in Three Notations.

This Report Etkin & Mackworth® Glauert?
YVL‘ CY/) Y;J
N, Coy = N,
N, C, = 2N,
! b = [/mR/pV]
S S I*(= GS say)
pe p p
w = m/zp,Sl it = mjzpSh u = mjpl
i k2/b* =i,
V., u, vV
T = mfip, V.S t* = b/2u, [m/R]* = 1/2G
At At Mm/R]
CDe CDo kD = % CDe/G
VL__YU yv=_%x)/G
i, = :qu/iz U, = —L_IL ﬁv/GZ
n, = —N,/i, n, = +N,/i,G
b, h b
a, a
X = y,/n, 2k2C,,/b*C,, Yo/,
d = Cp,/y, —CDO/C,/, kp/ye
f=n}/A, b*C; jakiuC,, —n}/pn,
— 2,212 2
C = b,V /ulg Fhibu secd 4GC
Y
APPENDIX 2

Contours of Constant Persistence and Loci of the Maximum Persistence.

The following conditions must be satisfied in order that (s* — As+ B) should be a stability factor.
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Jo—(J,+J3A+A%)B+B?* =0,
(J 4T, A+J3A* + A} —(J3+24)B = 0.

The second of these equations is linear in k and B:

B[(f+A)+(fx+A)] = k(f+ A)+(fdx + A)+ A(f+ A) (fx+ A).

(A2.1)

(A.2.2)

We can therefore derive a quadratic in either k or B, with coefficients that are functions of f,x,d, A.
In the case A = 0 we have shown that the quadratic in B is simpler than the k quadratic, and this is

also what happens when A is not zero.
We find that

(fx+A)BZ—I:(fx+A)+(fdx+A)—f(fx+A)(f+A):|B+|:(fdx+A)+A(fx+A) (f+A)] =0,(A23)

and this equation reduces, as it should, to (12) when 4 = 0.

The two values of B correspond to pairs of points such as 1, 1 and 2, 2 in Fig. 10, and 4,,, the maximum
value of A, therefore corresponds to two equal values of B. The condition for equal values reduces to

P21 —d? +2TAx(1—d)+ (P-4 T* =0,

where T = (f+ A4, (fx+ 4,,), and hence to

[fx(l-—d)—l—(f—Z) T} [fx(l—d)+(f+2) T-| =0.

There are two possibilities:
1= +(f£2)T=0,

with associated values for B and k:

For positive f, x, A,, we must have T> 0, and hence the possibilities reduce to the following.

Ford < 1: x(1—dy+(f-2)T=0,
B, = 1—f—A,,
k, = B, (1+fx+A4,).

Ford > 1: S(l-d)+(f+2)T=0,
By = L4+ 4,

19
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(A.2.6)

(A2.7)



To examine the case d = 1 we must return to equation (20), which then becomes

(B—1)|:B—1——f(f+A)—] =0,

so that it is impossible to have equal roots except when f = 0.

Only the case d < 1 is considered here in more detail, as this applies to a large variety of towed objects
and furthermore the analysis for d > 1 may be produced quickly by analogy. For objects designed to
have little drag a typical value of d is less than 0-1, and quite draggy shapes have values less than unity.

The first of equations (A.2.6) can be expressed in a slightly different form to enable the drawing of
generalised curves. Written in full the equation is

A2 4 A ST+t Pt xﬁl__zf‘g =0, (A2.8)

and if we write 4,, = a,,J; = a,f{1 +x), we obtain the equivalent equation

2 Voo o (F=D?=Fd
[am + a,,,jl [x + ; + 2J = SF—1 = u(F) (A.2.9)

where F stands for 1/f. For given values of a,, and d, we can therefore draw a curve relating F and x. A
curve of more general applicability is, however, obtained by plotting the function u(F) and F. This is
done in Fig. 1. for d = 0 and d = 0-04, and it is seen that there are two asymptotes: one given by F = }
and another by

u(F) = LF(1—d)—1(3 +d).

The alternative of drawing families of curves relating F and x is illustrated by Figs. 12 and 13. The
abscissa is {x+ 1/x) but an equivalent scale for x is also given. Since the minimum value of (x+1/x) is
2, and f'is known to be less than (1—./d) in the unstable region, we need look only at one branch of the
curve. This corresponds to the upper branch in Fig. 11.

Curves have been drawn for a, = 0, 0-1, 0-2, 0-4 for both d = 0 and d = 0:04. A value of 04 for a,,
represents a large degree of instability, in that one oscillatory mode has procured 140 per cent of the
total system damping (J) leaving the other mode unstable with —40 per cent. For the range of values
considered the asymptotes provide good approximations, but the exact expressions are not unwicldy.

One interesting conclusion is that (x+ 1/x) appecars as a significant quantity, and that x, the ratio of
v. and n,, can vary over the typical range 0-5 to 1-0 without altering (x+ 1/x) very much. Variation of
f1s much more important.

In order to work backwards and predict what values of x and f would produce a specified a,, and
B,, for a given d, we may use the relation

b F, =ax,+a,, (A.2.10)
where
a, = 1+a,
(A2.11)
bl = 1 — Bm N
together with a quadratic equation for either x,, or F,, namely
Xox2+ X x,+X,=0, (A.2.12)
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F,F2+F,F,+F, =0, (A.2.13)

where X;=2a;b,~1+d, F,=X,,
Xy =2ab,+a,(X,—b})a, Ry =2d’—ab;—a.Fy/b,,
Xo = b(2a,-b,), Fo=1+2a.

Determination of the peak value of A.

The typical diagram Fig. 10 shows two values of / corresponding to a maximum and a minimum on
each locus of positive constant 4, so long as A is less than the value at the peak P. At the peak the maxi-
mum and minimum have coalesced, and the condition for this is that equation (A.2.8) must be satisfied
by two equal values of f. Writing the equation as a cubic

f?=Gyf? =G f~Go =0, (A.2.14)
we express the condition for two equal roots as

—4G} +4G3G, +27G3 +18G,G,G,— G2G2 = 0. (A.2.15)

The G coefficients are given by

G2 = 2_"yAmv
G, = 24, —d,— X A2,
GO = ZXA,%,,

where X = 1/x,y = 1+X,d, = 1—d.
The result of substituting in the condition (A.2.15) is a sextic

HeAS+HsAS+ ... .. .. +H A, +H;=0, (A.2.16)
and the peak value A, is a root of this equation. The H coefficients are given by

Hg = X}4X —y?),

Hs = 4Xy(4X —y?),

H, = X*32+12d )+ y*8X —4y*—2d, X)

Hj = 16y(4X — y*)+4d, W(y* — X),

H, = 16(4X — y*)—d, X (80— 12d,)+dy*(32—d ),
H, = d,y(16—20d,),

Hy = —4d3d.

It

For problems where A4,, is small some of the terms in equation (A.2.16) could be ignored in order to
furnish an approximation. One such approximation is a root of the quadratic

ZZZZ+le+ZO=O, (A.2.17)
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where

A,=(1-d)z, (A.2.18)
and
Z, = 15y* —4X +d(56X —30y%),
Z, = —4y(1-5d),
Zo _ —4d.

As an example consider x = 0-4,d = 0:04. The coefficients of the sextic become

H, = —140625,  Hs= —1875, H, = —142:05, Hy = —504
H, = 1646784, H, = —10752,  H,= —0147456,

I

and there is a root +0-07713 as indicated in Fig. 10. The approximate quadratic is

1646784 22 —112z—016 = 0,

164-6784 (z+0-012124) (z —0-080135) = 0.
The root 0-080135 corresponds to A4,, = 0:080135x 096 = 0-07693, and this differs from the true 4,
by just 0-0002.
I is interesting to note that as d approaches zero, the approximate quadratic approaches
(15y2 —4X)z>—4yz = 0,
and the root we are seeking approaches the value 4y/(1 5y2 —4X). At the same time z— A ;. For the example

considered above the limiting value is 14/173-75, i.c. 0-0806, so it scems likely that the limit would provide
quite a good approximation when d is small.
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