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SUMMARY
This paper outlines the importance of tip leakage flows in axial fans as a

source of loss and relates the dimensionless loss analytically to a range of
dimensionless parameters by application of a jet loss theory due to Rains,
Improved vortex shedding models are also presented. From these models theor-
etical predictions of 1ift coefficient reduction are compared with published
experimental data for isolated rectangular plates, with experimental tests for

a single aerofoil adjacent to a wall with an on-coming boundary layer and

correlations due to Lakshminarayana.
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1.0 Introduction 3

In Section 2.0 relationships for tip leakage loss by the method of Rains1,
Vavra® and Hesselgreaves), are developed in a form which relates the losses to
tip section duty coefficients ¢,y and other important leading variables.
Calculations for a typical engine cooling fan are then presented, revealing the
dominating effect of tip leakage losses. Equations to calculate the increase
of energy and displacement thickness due to tip clearance, by assuming that all
the dissipative energy in the leakage jet is absorbed into the annulus boundary
layer, are derived in Section 3.0.

Vortex shedding models are presented in Section 4.0, with minimal reference
to the underlying mathematics, based upon (a) conventional lifting surface theory
and (b) an improved model for the tip vortex representation. Computed results
are compared with published experimental data for rectangular aerofoils of various
aspect ratios.

Section 5.0 deals with the case of a single aerofoil located normal to a
plane wall with on-coming boundary layers of two types and with tip clearances of
varying magnitudes. The Cp, distribution along the aerofoil and towards its
tip is of main significance and also the influence of the tip vortex upon blade
surface pressure distributions near to the blade end.

2.0 Tip leakage Losses in Axial Fans

Following the method of Ra:'Lns,I and Vavraa, Hesselgreaves3 has derived the
following expression for tip leakage energy loss in an axial fan with Z blades

AE = —%Tezpwmac"g (1)

The underlying assumptions are

(a) a linear pressure distribution loading at the blade tip, Fig.(1)a,
which results in a tip lift coefficient Cp, defined

L (2)

C = pe————

(b) generation of tip leakage "jet" velocity vy normal to the chord,
Fig.(1)b , and given by

(2)

2
Vt = ‘F')' (Pu - Pg)

(c) tip leakage loss equal to the integrated "jet" kinetic energy
%pvt2 over the whole blade chord.

Alternatively, pitch/chord ratio may be introduced, since

=22 (3)
Z
Hence
AE = .2%2. mp (Z)(PD2W, 3/ ()

A convenient dimensionless tip leakage loss coefficient then follows:-

= AE _ W2 oy 8y (TeoPp 8tz
% = pEe =5 "HEE) ‘e 2



Dimensionless loss according to this simple theory is thus seen to
depend, as one would expect, upon

- Dinmensionless tip clearance

o

- Pitch chord ratio at the tip

Cloo~ Lift coefficient at the tip
(Woo) — Velocity triangles at the tip

Now the actual and normalised velocity triangles for a fan rotor tip
section are shown in Fig.(2), from which,

Loo 2(";2»)(’can[:}1 - tanBs )cosg, - Cptanf
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where, in the second form, the Cp term has been neglected.

Also from Fig.(2) we can show that

% =-f;i¢2+(1—%)2i'12'
so that finally . L yors .
AE = "5“"7‘(%)(%)2 5 {02 + (1 - 5)24%" (6)a
= o€ ,5,,) &)

In this form we see the normalised tip leakage losses depend upon two
obviously important geometrical parameters, gap ratio and pitch/chord ratio
but also upon the duty coefficients to which the blade tip aerofoils are
subjected

CX 1 ApO
= e = =3 g
o] Ut ’ ¥ P U‘t

Whatever credibility is assigned to this theoretical model, which does
seem to yield reasonable results” in compariscn with experimeunts, this simple
analysis demonstrates that duty at the tip is of equal significance to other
geometrical or aerodynamic considerations. Thus choice of (¢,¥) at the tip
can have considerable influence upon AR,

However, one practical expectation is' that the design Cp at the tip
may not be achieved due to tip unloading, in which case equation (5) would
over estimate AE. One important aspect of this research is to establish the
magnitude of this effect in relation to assumptions (a) to (c) above.

A second point to raise is that AE as defined does not relate the
tip leakage loss to the total flow power input. It is therefore slightly
more convenient to define an alternative normalised loss as follows,
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L =

Flow power input

AE

pr'JE(I'tz - rha) tp,

assuming constant input head APO for all radii. After manipulation

(AYA" % *% 2 E 21844 a
TL = -5—(-?%1-2—)(5)(2) 3 {%+(1 - 5)2}°7 (7)
= £ .5 ,n, ¢, %) (7

Thus the additional geometrical variable, hub/tip ratio h is
introduced. It should be noted that this also implies the importance of
blade aspect ratio defined

H D (1-h (8)

2 2 £
which is a more significant parameter when seeking to investigate tip leakage

losses by cascade tests. 7/¢ is also then a more appropriate gap ratio
parameter. Equation (7) then transforms to

_1_%2 ‘1’334
mo= BED@@ @ L 70 - )

For the machine the dimensionless loss, equation (5), transforms to

AEF = AE/%PCX?DQ wﬁlz
= %vt(1-h)(%0(%)(%) i {p2+(1 - %)2}3/4 (10)

and for a cascade equation (1) transforms to a dimensionless loss for each
blade of the cascade given by

L\EC1 = AE/—;—pc;Hz (11)a
2 W 3

L ot o oo
X

If we apply this cascade loss to a fan with blades of height H and

with tip duty (¢,¥), then the final form of loss coefficient per blade
becomes

3/ 2
B, = BHE @7 o 97+ (1 - Drpers (12)

This form of a dimensionless loss coefficient for a single blade based
upon a common definition, equation (11)a, thus suits both fan and cascade
equivalent.

To achieve this common definition, however, it becomes clear that in
addition to the obvious relevant cascade parameters 1t /£, B/Z, and t/¢,

the duty coefficients (¢,y) of the fan, for which the cascade test is to be
performed are equally relevant.



Equations (11)b and (12) are however directly equivalent and (11)b is more
useful for extracting results from cascade considerations alone. Equation (12)
simply reinforces the important point that duty selection (@,¥) at the blade
tip plays a vital role in determining the value of tip leakage losses.

Although the theory chosen may be open to criticism, these particular
fundamental points remain basic and worthy of special note.

Based upon this formulation and a computer aided design method developed
in Ref.h, Fig.(3) illustrates the catastrophic effect of tip leakage loss upon

the performance of a typical engine cooling fan.

3.0 Influence of Tip Leakage Loss upon the Annulus Boundary Layer

Tip leakage losses result not only in reduced efficiency but also in
complex annulus boundary layer flows. The energy decrement caused by the
tip leakage loss can lead to rapid growth of the casing annulus boundary layer,
well in excess of that due to wall frictional effects, and to large local
disturbances at the blade tips which move circumferentially with the rotor.
The models outlined in the remaining sections were developed to handle this type
of flow regime with increasing accuracy. In the present section a simple
approach is adopted, based upon power law profiles, to provide a structure for
handling the design and performance analysis considerations in a practicable way.
At best, the following analysis is an expedient resulting in simplicity, but with

scope for more advanced analysis as the loss mechanism becomes more fully
understood.

For a 1/7th power law profile, all other boundary layer parameters may be
related to the thickness & directly through

5 = o4 -E)d = 58 N
= { c/Y = 38
6 ] CX l- ’
6 = [T (-Pay = 358 g (13)
X X
6 GX cx 2 l_
d* = - {1 - (x9)3ldy = 8
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where
e S (14)
Cx Y]

Thus the change in displacement thickness between inlet and outlet
at the fan tip can be expressed

® - 8% D(a%% . gE* 15
62 - 61 * 7(62 61 ) (15)
where  (&%* - 6ﬁf) is the change in energy thickness, which we will assume

is entirely due to tip leakage energy loss in this instance.

Thus the change in the energy decrement of the boundary layer can be
related directly to the tip leakage loss AE as follows
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A conceptual problem arises here since the tip leakage loss AE is not
simply absorbed into the energy decrement of the axial velocity component of the
annulus boundary layer, but into the relative boundary layer as seen by the
blade tips. The assumption implicit in equation (16) is that AE is deposited
as a decrement to the relative vector mean velocity Wy at the blade tip, which
results in the appearance of sec f_, as an approximation towards this hypothesis.

The introduction of equations (6)a and (13) then results finally in

B @@L -t (17)

For the convenience of manual calculations the following universal functions
have been plotted in Figs. (4) and (5).

-
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Thus for any given tip duty (¢,¥) one can quickly estimate the tip
leakage loss and consequent increase in energy or displacement thickness for
particular gap ratios or pitch/chord ratios. -

4.0 Discretization Method for Aerofoils with Tip Vortex Shedding

Most numerical methods for calculation of aerofoil loading are based on
the well known fluid dynamic modelling techniques for incompressible fluidsB,
whereby the aerofoil and its vortex wake are represented by vorticity
distributions bound to the azerofoil or trailing downstream. For thin aerofoils
the flow may be represented with good approximation by a bound vorticity sheet
on the camber surface combined with a vortex wake shed partly at the aerofoil
tip but also across the entire trailing edge, Fig.(6). The induced velocities
normal to the camber surface due to the entire vorticity structure must be zero
at all points, to satisfy the surface boundary condition of parallel flow.

For thin aerofoils this condition may be expressed analytically as follows:-



a
%%ff%%‘f‘%‘ = 3= (5(x,y)) (19)

where ulx,y), w(x,y) are vorticity induced velocities and U,W are main
stream velocities, in the x and 2z direction. 2 (x,y) is the camber surface
of the aerofoil. s

The downwash at (x,y) due to the whole vortex system is then given by
the integral equation

wix,y) = IISK{(x,y), (x',y9)iy(x'y")ax'dy" (20)

where Y(x",y') is the vorticity of an element at (x',y') and K{(x,y),(x',y")}
is the coupling coefficient connecting points (x,y) and (x',y').

Figure (6) illustrates three models of increasing complexity and accuracy,
which_were adopted for calculations presented in the following subsections.
Yeung” has provided full analytical details of the appropriate forms of the
governing equations (19) and (20), and selected final results only will be
presented here. Figures (6)a, (6)b and (6)c represent the Vortex Lattice
Method (VIM), the Tip Vortex Method (TVM) and the Concentrated Tip Vortex Method
(CTVM). These are dealt with in Sections (4.1), (4.2) and (L4.3) respectively.

L, Vortex Lattice Method (VIM)

This most common method of lifting surface analysis can be applied to thin
aerofoils of small camber and twist. The projection of the aerofoil on the
x-y plane is divided into small rectangular elements by grid lines parallel to
span and chord, Fig.(7). A horseshoe vortex is placed on each element,
comprising the bound vortex yijAXij located at the 1/4 chord position of

element (i,j) and two trailing vortices extending to infinity downstream.

The boundary conditions of parallel flow is satisfied at each control point P, .,
located at the 3/4 chord line of each element. At these locations the
downwash induced by the horseshoe vortex systems is given by

N M
Yi5 = nZ4 B Yij,mn
(21
N M
nZ1 w21 %5, m Yon
which is the numerical equivalent of equation (20). W is the induced

ij,mn
downwash at element (i.,j) due to the horseshoe vortex element at (m,n) and
ij,mn is the coupling coefficient.
9

For this system, equation (19) reduces to

N M a
w21 w21 Yoo Kij mn == (Z;5) - tenalu (22)

A set of linear equations can then be established which provide a solution
for ymn and hence the full flow field.

With the (VLM), no special consideration is given to the tip vortex
development. The tip horseshoe vortex provides for this process but with the
constraint that the tip vortex is assumed to lie along the x axis, Fig.(7).



4,2 Tip Vortex Method (TVM)

As will be seen later in Section (5.0) the (VLM) fails to predict with
sufficient accuracy the performance of low aspect ratio aerofoils. Errors
are largely due to neg%ect of the presence of the cumulatively developed
rolled up tip vortices®.

To model the rolling up process would seem excessively complex involving
the adoption of a time marching approach. An improved compromise model has
therefore been adopted similar to (VLM) in all respects except for the treatment
of the tip section. In addition to the trailing edge trailing vortex sheet,
two vortex sheets are assumed to be shed from the tips of the aerofoil,
Fig.(6)b, located in the (x,z) plane, and trailing downstream at an angle B

with the =x axis, Fig.(8). TFor all elements other than the tips, the bound
and shed vortices are assumed to lie on the x-y plane.

By = {tan‘1£% (Zsij) +a}/2for j = 1orN (23)

and each elementary vortex is assumed to flow to infinity without change of
direction or strength. A governing equation of similar form to equation (21)
is obtained with the addition of a special term to include the tip vortices.

L.,3 Concentrated Tip Vortex Method (CTVM)

A further advance towards the true fluid mechanism is under investigation
by the model illustrated in Fig.(6)c. The vortex sheet shed from the tip is
assumed to roll up fairly rapidly into a concentrated tip vortex, whose strength
develops cumulatively due tothe feeding process. As before the feeding vortices
leave the trailing edge with angle B, in the (x,z) plane but it is now possible
also to model the rolling up processlby allowing the tip vortex to be inclined
to the (x,z) plane by the angle & as seen in plane view, Fig.(6)c. Experimental
results indicate that such a model may be close to the truth for aerofoils or for
fan cascades with fairly large clearances.

L.4t  Comparison between Theories (VLM) (TVM) and Experiment for Aerofoils

Figures (9) and (10) show the calculated spanwise circulation distributions
for flat plate aerofoils of rectangular plan form with an angle of attack of 4°.
For computational speed, the grid was limited to six chordwise segments and
fifteen spanwise segments with the plane of symmetry at mid-span. Estimated
errors due to grid limitations are within 2%.

Computed results in Fig.(9) are normalised against the mid-span circulation
which helps to bring out the effects of aspect ratio upon the spanwise
distribution of loading. In both Figs. (9) and (10) half span results are
plotted side by side for (VLM) and (TVM) for the purposes of comparison.

An aerofoil of infinite span will obviously have constant circulation
equal to that of a two-dimensional aerofoil as indicated by the progressive
trend of these curves for aspect ratios increasing through 2, 6 to 20. The
two methods are in good agreement for these high aspect ratios.

At the other extreme of diminishing aspect ratios from 0.5, 0.25 to 0.06,
however, the theories disagree. The simple (VLM) approaches a limiting form of
elliptical loading. On the other hand the (TVM), which is more realistic to
the true fluid flow situation, suggests that in the limit of infinitely small
aspect ratio, the circulation would be constant across infinitesimal span.
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Figure (10), in which the blade circulation is normalised against the two-
dimensional circulation (s/& = ), further illustrates this point, but also
reveals the 1ift reduction experienced at reducing values of aspect ratio.

Figure (11) reveals that the spanwise distribution of 1ift coefficient,
normalised against the overall 1lift coefficient, is independent of angle of attack
according to (VLM). The (TVM) theory however, predicts considerable variation
in the normalised 1ift coefficient which is very similar in its trend to the
experimental results published by Holme7, Fig.(12). The main discrepancy between
(TVM) and experiment here occurs in the region very close to the aerofoil tip,

where strong suction peaks were observed experimentally. These are believed to be . .

due to the growth of the concentrated rolled up tip vortex adjacent to the suction
surface of the aerofoil tip, giving rise to a local reduction in static pressure.
It was on the evidence of these observations that the more advanced (CTVM) fluid
dynamic model was subsequently developed by the present authors. It is of
interest to observe that these disturbances are largely absent for small angles

of attack since, as one might expect, the mainstream convection velocities
predominate in comparison with vortex induced velocities. In these circumstances

rolling up of the vortex sheets would take place more slowly further downstream of
the aerofoil.

Actual 1ift coefficients versus angle of attack, predicted by (VLM) and
(TVM), are compared in Fig.(13) with experimental results reported by Kﬁchemanng.
For aerofoils with large aspect ratios, the two methods give nearly identical
predictions and agree fairly well with the experimental tests for angles below
stall. However, deviation between the two theories worsens as the aspect ratio
is reduced. For small aspect ratios (TVM) invariably gives a much better
prediction than (VIM) and is in good accord with experiment even for an aspect
ratio s/¢ = 0.5.

Thus these calculations establish the Tip Vortex Method (TVM) as
undoubtedly the superior model for aerofoils of widely varying aspect ratio and
as an accurate prediction method for overall 1ift coefficient, with good promise
for prediction of spanwise variations. The test to which the method has been
subjected would seem to the authors excessively more rigorous than that called
for when dealing with tip leakage problems and offers considerable encouragement
for further progress in this field.

Since the preceding research was confined to flat plate aerofoils, a further
computation was completed for Clark Y aerofoils at various angles of attack and
for a range of aspect of ratios, Fig.(14). The (TVM) theory gives extremely good
agreement with published experiments in all cases for unstalled flow. It is of
interest to observe the inhibition of stall at low aspect ratios, e.g. s/¢& = 0.5,
for incidence angles as high as 25° due to the reduction in Cp and the influence
of tip vortex induced velocities,

5.0 Rectangular Aerofoll in Wind Tunnel with Finite Tip Clearance

The aerodynamics of tip clearanceflows have already received much attention
by early research workers such as Grammelqo, Prandtl and Betz17. More recently
Lakshminarayana and Horlock 2 have attempted a lifting line approach which assumes
constant spanwise circulation, with a fraction only of the bound circulation shed
from the blade tip. For small gaps the assumption is then made that the highly
viscous processes in the tip region result in complex vorticity generation
mechanisms which mask the inviscid mechanisms assumed by the present authors.

For extremely small tip clearances the assumption of constant circulation may prove -

valid but the evidence of the preceding sections indicates otherwise for blade
rows with large tip clezrances.
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Sugiyama13 has adopted a more advanced lifting surface analysis in which
a chordwise vorticity distribution was prescribed but with constant strength in
the spanwise direction. Downwash boundary conditions were satisfied at the
mid-span position only,however,in his analysis.

Experiments were performed5 using two different wall boundary layers in
the approach flows, Fig.(15), both approaching the 1/7th power law. The wind
tunnel natural boundary layer was left unchanged in experiment A but a very much
thicker boundary layer was generated by means of an upstream graded grid to
perform experiment B.

Figure (16) summarises all the available experimental data including the
"K" values, retained 1ift at the tip, published by Lakshminarayana and Horlock12,
concerning the dependency of (endwall 1ift/tip section 1ift) upon the gap
ratio 7/4. The endwall 1ift is that which is assumed to be retained by the
fluid adjacent to the endwall surface as a result of the highly viscous flows in
the gap, to which reference was made earlier. In the present work, static
pressure tappings were located on the end wall around the contour which would be
marked out by the blade surface for the case of zero tip clearance. From endwall
pressure plots it was thus possible to calculate the 1lift coefficient upon the
sheet of fluid adjacent to the end wall and occupying the space of the aerofoil
contour. This work was undertaken originally in order to attempt to improve
upon Rain's theory! discussed in Section 2.0. However, it has subsequently
proved useful as a means for_correlating the present work with that of
Lakshminarayana and Horlock'?.

Figure (16) reveals fair correlation over a wide range of gap ratios, with
maximum scatter occurring for values of 7/& less than 0.05. At these very low
tip clearances there is evidently a predominating viscous influence. The ratio,
which represents, in effect, the fraction of blade tip 1lift retained by the
viscous fluid in the gap, can be expressed empirically by

K = o1& 1/8 (24)

Boundary layer thickness appears to have had minimal effect upon this
correlation.

This curve agrees especially well at low and high values of gap ratio and
could form a useful technique for improving upon the Rain's jet kinetic energy
analysis.

The discretization method described in Section (4.0) has been extended by
the present authors’ to tip clearance analysis. As illustrated by Fig.(17),
mirror image method was used to model end wall interference effects. For
reduction of computing time, however, single reflections of the half span only
were included since the predominating influence is in fact the vortex flow local
to the wall. This seems to be a reasonable simplification.

The present model is in fact a modified TVM. The only differences between
the two are the strength of the tip vortices and their direction. From
equation (24) the shed tip vorticity is:

(ytip)i = (1-K) yij j = 1o0rN (25)

The jet velocity, vy, averaged across the gap is approximately equal to
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2T KYis¥
W~ c,., & {U0-—) + 20Ky,
fi 6ti 2 i
(Vt) = (26)
1 1T+ ¢ 2T
f 6ti
where
Ce is friction factor
W,U are stream velocity components in =z and x directions
T is gap height
and 6t is thickness of the aerofoil
The direction of the tip vortex is approximated to
[ (e,
-, 4
B. = jtant=— (2 ,.) +  e———t 02 (27)
i dx “Tsij Ky. .
\ e

Figure (18) shows a comparison of the percentage reduction in total 1ift
versus gap chord ratio derived experimentally by Lakshminarayana and Horlock
with three theories. (VIM) and (TVM) agree adequately for large gap ratios of
0.2 as one might expect but show complete inadequacy to deal with smaller gap
chord ratios even in the modest range 0.05 to 0.15. The modified TVM outlined
above, however, reveals close agreement over the whole range of gap ratios.

Experiments performed by Yeung5 with a 29° circular camber aerofoil,
NACA 65-008 base profile, at 14.6° angle of attack showed fairly similar
characteristics, Figs. (19) and (20), the main differences occurring at low gap
ratios. In these experiments an optimum gap ratio was found in the region of
0.03%, For T/Z < 0,06 a slight increase of total 1lift coefficient occurred
compared with the value for zero clearance. The influence of the thicker
boundary layer, Case B, was found to be marginally worse at high gap/chord ratios
in relation to the percentage reduction in 1lift coefficient compared with the
Zero gap case.

Since the aerofoil was at fairly high angle of attack and believed to be
separating even with zero clearance, no comparison is being made between the
theory and the experiment. The discretization technique is an inviscid analysis
and cannot predict the performance accurately when the aerofoil separates.

Further experimental work in this area needs to be undertaken to determine
the strength and location of the tip vortex and the nature of the roll up process.
A more appropriate model similar to (CTVM), Fig.(6)c, is required to cope with
the presence of the vortex core located adjacent to the suction surface.
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CONCLUSIONS

A simple equation to determine the tip leakage loss in terms of duty
coefficient and geometrical parameters at the tip has been derived based on the
jet theory. By assuming that all the energy in the tip leakage jet is absorbed
into the annular wall boundary layer, equations for calculating the energy and
displacement thickness growth were also derived. Calculations for a typical
fan reveal the dominating effect of tip leakage.

A three-dimensional calculation method is developed which can be applied
to a single aerofoil in a uniform free stream or in a wind tunnel with a clearance
gap. The analysis for an aerofoil in a uniform free stream demonstrates the
importance of the pair of tip vortices. Experimental evidence from tip clearance
tests show that there is a variation of pressure across the gap and a reduction
in 1ift coefficient at the tip, compared with the value of 1lift coefficient with
no gap, depending on the aspect ratio and the size of the gap. The energy in
the tip leakage jet is hence likely to be smaller than given by the jet theory.
The indirect effect of tip clearance, the shedding of circulation along the blade
span, contributes the other portion of the loss. At small gap, the total loss is
likely to be approximately equal to that given by the jet theory. For large
gaps one can no longer afford to ignore the complex effects of the vortex
development and its associated induced velocities.
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TL

U,V,W

Zs(x,y)

NOTATION

1ift coefficient

drag coefficient

axial velocity in main str
axial velocity

friction factor

diameter or drag

tip leakage loss

hub tip ratio

blade height

coupling coefficient, or r
1ift on blade tip

chord length
lifting force

normalized tip leakage los

velocity

velocity component in x,y,
no of blades

camber surface

static pressure

total pressure

static pressure change
total pressure change
radius

span

pitch

blade speed

induced velocity component
flow angles

stagger angle or vorticity

eamnm

atio of 1ift on end wall/ratio of

AE
Flow power input

s

z directions

s in x,y,z directions
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H¥*E

subscript
1,2
i,j,m,n
h

t

boundary layer thickness
displacement thickness
K.E. thickness

blade thickness
momentum thickness

tip clearance

Ap
head coefficient ETfé

CX
flow coefficient TT

inlet, outlet

grid number in x,y direction

hub
tip
upper surface
lower surface

mean value

15
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