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Summary.--(a) Purpose of Note.--To draw a t t en t ion  to cer ta in  res t r ic t ions  on the use of the  ' Southwell  p lot  ' to 
es t imate  cri t ical  loads in cases differing in condit ions from those which the me thod  was first proposed.  

(b) Range of Note.--The effects on t i le  ' Southwell  p lot  ' of va r ia t ion  of stress dis t r ibut ion,  of elastic failure of the  
mate r ia l  and  of o ther  var ia t ion  of cr i t ical  stress, however i t  m a y  be occasioned, is examined.  

(c) Conclusions. The ' Southwell  p lo t  ' is s t r ic t ly  appl icable  only to deflections which go to inf ini ty  at  a definite 
cri t ical  load. In  o ther  cases the  plot  usual ly  over-es t imates  the  buckl ing load ; bu t  the  error  should seldom be impor tan t .  

1. Introduction.--In tests on structures liable to fail by instability it is often convenient to 
record tile gradual development of the lateral deflection ~ in the buckling mode against values 
of the applied load P. If then.values of 8 are plotted against values of ~/P, the relation is often 
nearly linear and the slope of this line sometimes affords an accurate estimate of the critical 
load Po. 

The theory on which the plot is based was founded specifically on an assumed hyperbolic 
relation between ~ and P (Southwell, 1932), namely (8 + 80) (P 0-- P) = P 08 0, or P 08 -- P80 -- P8 ----- 0. 
Dividing by P we have P0(8/P) -- 8 = 8 0. Thus the relation between 8 and (8/P) is linear, the 
slope of the line, when ~ is plotted against (8/P) as abscissa, is P0 and the intercept on the axis 
of 8 is -- ~0. If the value of P is in fact less than the value indicated by the hyperbolic relation 
P = PJ/(8 + $0), the values of ($/P) are increased and the slope of the 8 -- (8/P) line is 
.correspondingly reduced, and vice versa. Accordingly the method Should strictly be used only 
m cases to which tile hyperbolic relation applies, but this restriction is frequently overlooked, 
and the plot is used in cases for which it was not intended. In such cases a moderately good 
linear relation between 8 and 8/P may still be obtained but the slope of the line may not corres- 
pond closely to tile critical value P0 of the applied load. 

The application of the Southwell method to the whole range of buckling problems has previously 
been considered by DonnelP. He showed that  the method was strictly valid only if the differential 
equation governing the deformation were linear, so that  the buckling of plates, in which ' part at 
least of the extensional strains are proportional to the square of the normal disolacement ' should 
be properly excluded. Donnell showed, however, that  the error introduced by non-linear behaviour 
as also by elastic failure of material could sometimes be negligible, and he concluded that  
application of the ' Southwell plot ' need not be too rigorously restricted. 

Publ i shed  by  permiss ion  of the  Director ,  Na t iona l  Physical  Labora to ry .  
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In comparison with Donnell's work, ,the present .analysis represents an at tempt to generalize 
his conclusions and to restate then in forms more rea~ii[y applicable to practical cases ; in  respect 
of the buckling of plates, by reference to the ' slope after buckling,'# (see below), and by com- 
parison with the load deformation curve in which-buckling is evidenced by this change of slope ; 
in respect of elastic failure, by reference to specific forms of stress-strain curves and by examina- 
tion of the general effect of variation of the critical load, however that  variation may be 
Occasioned. Finally an at tempt  is made to postulate specific rules by which the validity of the 
' Southwell plot ' may be judged. 

No reference is made in the present note to the effect of exaggeration of initial irregularities 
other than that  corresponding to the final buckled form. This effect is treated by Donnell, and 
nothing of value could be added to his analysis except by reference to specific experiments. 
I t  may, however, be remarked that  the results of a f e w  tests made on pin ended struts having 
large initial deformations in three half-waves suggested that  this effect of initial irregularities 
in distorting the Southwell plot should usually be unimportant.  

2. Buckling of Plates . - - In  the buckling of plates of which the edges are supported (Cox, 1945), 
the strain energy function ma y  b e  expressed in the  form . . . .  

L 2 + / 0 w  -/0w + (1/4(1 
where (w/,v/E) is the relative (non-dimensional) amplitude of the buckle in some definite form, 
so that  w 2 has the  dimensions of E, the Young's modulus, that  is, the dimensions of a stress. 
In this formula 

is a constant less t hanun i t y ,  
f,  is the applied edge stress (proportional to the average strain), 
f~ is the critical value of f~ at which buckling begins. 

In order to cater for the Southwell plot, account must be taken of the initial amplitude w0 in 
the buckled form 1 when the modified form of the strain energy function becomes 

fo~ + f~ (w -- w o) ~ --  f~(w ~ --  Wo ~) + (1/4(1 -- n)} (w ~ -- w0~) ~. .. (2) 

Differentiation of the expression (2) with respect to f0 and w leads to the relations 
f ~  = f~  ½ ( w  2 - -  w 0 3) . . . . . . . . . . . . . .  ( 3 )  

and f ~ ( W - - W o ) - - f ~ w + { 1 / 2 ( 1 - - ~ ) } w ( w ~ - - W o ~ ) = O  . . . .  . .  (4) 
where f~ is the average stress in the plate .  

Dividing relation (3) byf~ and (4) byf~w0 and writing (w " w0)/w0 = x and wo~/f, = A leads ~ 
to the formulae 

f~ x A~x (x  + 2) 
f -x+l + . . . . . . . . . . . .  (5) 

and f~ x A x ( x  + 2) 
f c - - x +  1 + 2 ( 1 - - ~ )  . . . . . . . . . . . . . .  (6) 

so that  x/( f~/ f , )= 1 / (  1 Arj(x + 2) } 
x @ 1 + 2U- - -n )  . . . . . . . .  (7) 

in  Fig. la, values off~/f~ are plotted against vaiues off,/f~ for the cases ~ = ½ with A = 0.01,. 
0"001 and 0.0001, and in Fig. lb, values of (w --  Wo)/~/fc (=  x'v / A),  corresponding to ~ in section 
1, are plotted against values of ( w -  Wo)~/f~/f~) [=  x,v/A/(f~/f~)l, corresponding to ~/P of 
section 1. 

In order to facilitate comparison of Figs. la  and b lines representing f~ / fc= 1 and fJfo = I 
are shown dotted on Fig. lb. 



If curves similar to those shown in Figs. la  and b have been derived from experimental results, 
the value  of fc might be estimated either by drawing a straight line through the upper part of 
the curve in Fig. la  and recording the intersection of this line with the line f~ = f~ (the ' change 
of slope ' method) or by measuring the slope of the line in Fig. lb (the Southwell method). Both 
methods must be  to some extent subjective, and in estimating the values of fc thus recorded 
only probable ranges in which the estimates may be expected to lie may be stated. In dealing 
with Fig. la, allowances have to be made for uncertainty as to the initial slope of the line which 
should represent f~ = f, and for the effect of modification of the buckled wave form as fe is 
increased above fc ; the latter effect causes the upper part of the f~ -- f, curve to become curved 
downwards, so that  the estimate of the slope after buckling has to be based on a fairly short length 
of the line. In dealing with Fig. lb, allowance has to be made for ,the inevitable uncertainty of 
the lower part of the curve when w -- zo 0 is very small and care must be taken to base the estimate 
on the deflections before f~ exceeds f~ or at least before f~ exceeds ft. The irregularity of the 
Southwell plot at low values of w -- w 0 is due primarily (that is apart from actual observational 
errors) to the effect of initial irregularities other than those which represent the final buckled 
form. These irregularities also affect the f~ -- f~ diagram but to a less extent and only in respect 
of the initial slope which should represent f~ = f,. 

From the table of estimates given in Fig. 1 it will be seen that the Southwell plot tends to 
over-estimate the value of f~ whereas the change of slope method tends to under-estimate it. 
Actually the errors by the two methods are likely to be of the same order, so that the mean 
of t h e  two estimates should seldom be more than  5 per cent in error. In fact if A < 1/1000 
this mean value may usually be within 2 to 3 per cent of the true value. 

It is not easy to describe the relation of the value of A to the actual amplitude of the initial 
irregularities, but if the maximum amplitude of the initial Wave is W0 and its wavelength is 
22, W o  2 = E(aWo/2;~)  2. Then A = K ( W o / t )  2 where t is the thickness of the plate and K is 
numerical Constant of order unity. Thus, even for A = 1/100, W0 is of order 1/10 and A = 10 -~ 
corresponding to Wo of order t/100 represents a high standard of finish of the test panel. In 

practice values of A < 1/1000 may be expected to be realised by good workmanship. 
If ~ = 0 the second term of equation (5) disappears and formula (7) reduces to x/(f~/f~) = x -+- 1, 

which represents a true linear plot whatever the value of A. In general the accuracy of the 
Southwell plot increases as ~ is reduced. In application to cases of flexure or to other cases for 
which ~ is zero or small, the outstanding merit of the Southwell method is that  it thus provides 
a close estimate of the value of f~ particularly when the presence of large initial irregularities 
prevents a close approachto this stress in the actual test. This is the case for which the method 
was first proposed 1. 

The most important conclusion to be drawn from the present examination of cases for which 
=/= 0 is that  the Southwell method fails to retain this merit. When the initial irregularities are 

small, the method is accurate ; but then it is difficult to use and the change of slope method is 
relatively easier. When the initial irregularities are large the Southwell method may seriously 
over-estimate the value of the critical load. In such cases the mean of the two estimates by the 
Southwell method and the change of slope method may afford a reasonably accurate value of 
the critical load. 

3. E f f ec t  o f  E las t i c  F a i l u r e . - - T h e  effect of elastic failure in a buckled plate (or other structure 
in which the stress is not uniform) is so complicated that  to discuss this effect attention will be 
restricted to the case of a simple strut buckling under uniform compression. Moreover, it will 
be assumed that  the initial deflection of the  strut is small, so that  the variation of stress across 
its section remains slight nearly up to the true critical stress. On this basis, if the initial deflection 
is y0, the added (i.e., the measured) deflection y under s t ressf  i s f y o / { ( a  2E 'k2 /P)  - -  f } ,  where E'  
is the tangent modulus  of the material at the stress f and k is the radius of gyration of the strut 
section. This relation may be written in the form 

(y/Yo) = ( f / f o ) / . ( ( E ' / E )  - -  ( f i fo ) }  . . . .  . . . . . .  (8) 
where f o  = ~ 2 E!~ 2/12 is tiae Euler stress. 
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From the form (8) it is clear that  the initial portion of the Southwell plot, for values of f so 
'low that  E '  ---= E; must be a straight line of slope f0.. On the other hand the true critical stress 
f~ is defined by (Ec /E)  - -  (fo/fo) -= O, when E~ is the tangent modulus at the stress f~ and the 
final stage in tile approach to this critical condition may be effected more indirectly by  reduction 
of E c / E  than directly by the increase of f towards f ,  Thus the upper part of the Southwell plot 
will always tend to t h e  slope f~. 

These considerations are illustrated in Figs. 2a and b ;  Fig. 2a describes the behaviour of a 
material having a slow yield and Fig. 2b that  of a material having an abrupt yield. From these 
diagrams it wilt be seen that  the reliability of the Southwell plot depends entirely on how far it 
is extended beyond the proportional limit of the material. When this limit is fairly low the plot 
up to 90 per cent of the true critical stress affords an estimate of tha t  stress which is only 1 or 2 
per cent above the true value ; but  when the prop6rtional limit of the material is high a plot 
even up to 97 per cent of the true critical stress may still over-estimate its value by nearly 10 
per cent. From Figs. 2a and b it m a y  also be concluded that  the Southwell method of deter- 
mining the value of f,  is feasible for material having a slow yield, for which it may be expected ' 
to be moderately accurate ; but tha~ for a material having an abrupt yield tile method is likely 

t o  fail completely.• 

Fortunately the whole-question of material properties may be evaded by referring instead to 
the values of (Y/Yo) / ( f / fo) .  Taking the intersection of the Southwell line ( in th i s  case ' curve  ') 
with the axis of abscissae as unity, it suffices to postulate that  the plot shall extend up to about 
5 on this axis. Provided tha t  this condition be fulfilled the estimate of f~ afforded by the upper 
part  of this curve (say from 3 to 5 on the axis of abscissae) is unlikely to be more than 5 per cent 
In excess of the true value. When this condition is not fulfilled the actual maximum value of f 
reached at collapse is probably not more than 5 per cent below the true value of f~, unless the 
initial deflection of the strut were so large tha t  tile stresses induced by the moment f~:)0 were 
comparable with fc, that  is unless y 0 were comparable with k ~/h where h is the half-depth of the 
(symmetrical) section. Or, if f~ is the highest value of f at which a deflection reading is obtained 
and if f, is the slope of the Southwell plot up to that  point, the geometric mean (f,~f,) 1/2 appears 
usually to exceed fc by about 3 to 5 per cent ; but a more detailed investigation would be necessary 
to establish the reliability of this method of estimation. 

4. General  E f f ec t  o f  V a r i a t i o n  o f  the Cr i t i ca l  L o a d . - - T h e  case of elastic failure represents a 
condi t ion  under which the critical load decreases as the stress is increased ; but the critical load 
may vary  with the stress for other reasons. For instances in the case of torsional instabili ty of 
a stringer at tached to thin sheet the critical load may increase with the stress because the support 
afforded by the sheet may increase as membrane stresses are developed in it. This effect has been 
examined by Farrar and others of the Bristol Aeroplane Co. 3 and this specific case will not be 
considered here. Instead the general effect of variation of the critical load will be examined. 

If the critical stress varies linearly with tt~e applied stress f, the formula (8) may be written 
in the form 

(Y/Yo) =. f / ( f o  + a f  - - f ) ,  . . . . . . . . . . . . . . .  
stress increases from f0 to f0/(1 --  a) f l  as f increases from zero up to (9! bSO that  the critical 

Then formula (9) may be written 
(1 - -  a) (Y/Yo) = f / ( f  l - -  f )  . .  . .  . .  (9a) 

:and (1--- a) (Y/Yo) ( f l / f )  -= f l / ( f l  - - f )  ---- 1 +'('1 -- a) ' (y /yoi ."  . . . .  (9b) 
Thus the Southwell plot is a straight line of slope f l  through the point ( Y / Y o ) ( f l / f )  = 1/(1 -- a), 
and this plot indicates the correct value f l  of tile critical stress. 

This conclusion can be applied to any mode of continuous variation of the critical stress 
• by  drawing the variation of f~ with f (Fig. 3a) and noting tha t  the slope of the Southwell plot 
(Fig. 3b) is equal to the stress at which the tangent to the fo -- f curve meets the line fc = f. 
Thus, if thef~ -- f curve is concave downwards (Fig. 3a), the Southwell plot tends to over-estimate 
the value of the critical stress; whereas if it is concave upward, the Southwell plot tends to 
under-estimate. I t  will be seen that  Figs. 2a and b are special cases of Figs. 3a and b. 
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In general, unless the variation of fc with f is very irregular, as f approaches fi the Southwell 
plot should afford a moderately accurate estimate of the true value f l  of f~ at failure. 

5. Conclusions.--From this survey of the effects of three types of disturbing influences on the 
Southwell method of determining critical loads, it appears that  the method should afford 
moderately close estimates of the true critical loads in most ordinary cases. Its error will usually 
be in excess of the true value and where this error is due to elastic failure of the material the 
geometric mean between the highest stress at which a deflection is recorded and the value indi- 
cated by tile Southwell plot up to that  final deflection may often be very close to the true value. 
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