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Summary.—Methods are given in this paper of dealing with singularities of functions satisfying certain two-
dimensional partial differential equations. For a numerical solution the differential equations are replaced by
difference equations on a square mesh. Log (1/g) where ¢ is the velocity, becomes infinite at stagnation points, sharp
corners, sinks, efc., while the conjugate function 6 (flow direction) becomes multi-valued. The method consists in
finding a series expansion for the function (log 1/q or 6) in the neighbourhood of the singularity. This expansion is
then used to find relationships between the function values at points of the mesh ‘adjacent to the singularity. A
method of working directly in the transformed flow plane (in which the aerofoil is a slit), and thus avoiding irregular
squares on the boundary, is also given. The method is developed for incompressible flow, but an approximation
suitable for compressible flow is given.

Introduction —Differential equations for incompressible and compressible flow can be
replaced by difference equations on a square mesh. Thom!, Southwell* and Emmons® have
used this principle to determine the flow in channels and about aerofoils, but the finite difference
method breaks down in the neighbourhood of a stagnation point or sharp corner. At a stagnation
point the second space derivatives of the velocity potential become infinite, while ata sharp corner
where the velocity itself becomes infinite, the first derivatives of the potential function are infinite.
Both Southwell and Fmmons, who used equations involving the stream function, appear to have
neglected the singularity at the stagnation point. The stagnation points and their exact location,
represent boundary conditions too important to be neglected (for example, by using a grid in
the physical (¥, y)-plane, so arranged that these points are avoided). The author has found,
for instance, that the movement of the front stagnation point 1/ 1000 of the chord distance for
a small nose radius aerofoil at a given angle of incidence, can alter the magnitude of the velocity
peak by more than ten per cent. The difficulties at these singular points become more serious
when equations involving log (1/g), where ¢ is the velocity, are used instead of the stream
function, since log (1/g) becomes infinite both at the stagnation points and the sharp corners.
Methods* have been given for problems in which the derivatives of the function in question
become infinite at one or more points in' the field, and this paper will deal with the case for
which the function itself becomes infinite or multivalued at points in the field. Log (1/¢) becomes
infinite at sharp corners, stagnation points, sinks, sources and vortices. All these can be
included in the same general method. This involves finding a series expansion for log (1/g)
in the neighbourhood of the singularity, which allows relations to be established between the
values of Tog (1/g) at the points of the grid neighbouring the infinity.

The flow direction & becomes multi-valued at these singularities, but the method enables the
exact character of 8 near the singularity to be determined, and the difficulty overcome.
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In addition to the results mentioned above for log (1/g) and 6, the following related results

~ are given:—

1. Calculation of s = [dé/g, (where  is the potential function, and s the distancé along a
streamline) near the singularity. This integration is an essential part of the method of
working in the (4, y) plane (see Section 2 below).

~ 2. Calculation of the trailing edge angle from a given velocity distribution curve. This

1s a useful step in the case when the aerofoil profile has to be calculated from the given
velocity curve. _

Symbols
(%, v) the physical flow plane. ‘ ,
(@, ») the transformed flow plane, such that the aerofoil boundary is on y = 0 (y is the
stream function). ~ :
(¥, &) polar co-ordinates in the (¢, y) plane.
q velocity vector magnitude.
L= log (1/g).
g angle between x-axis and the velocity vector.
f = L 418,
¢ change in direction of boundary at a point.
R radius of curvature of the boundary.
h = tx.
n interval of the square mesh.
s distance along a streamline or boundary.
X residual of the Relaxation Process.
T trailing-edge angle.

L. The Velocity Field in the Neighbourhood of & Singularily.—Referring to Fig. 1, the

Schwarz-Christoffel Transformation from the z-plane to the w-plane is ;TZ = I% e* =Y, where
K and 1 are real constants, and the origin is taken at the corner A.
but 4z _ e’lg = e*|K x w" . .. : . - - (1)

where 4 = /.
. 1 : : K ..
Therefore f = log <§> +wW=L 410 =hlog - + iA.

Thus, since w == re*, L =14 logfg, 0 = (2 — he).

When » = K then L = 0, and since ¢ — 0 on AC, 2 is the anglé between the x-axis and AC.

These results imply that in the neighbourhood of a sharp corner or stagnation point on an
aerofoil we can write,

J=—hlogw+ a4+ bw + cw* + ... .. . . . .. (2)
0 :




or L+ =—hlogyr+a +by+cy*+...— (he —2+4by+cy®+...) - (3)
where ay, b, . . ., by, ¢5 . . . are real, and functions of ¢ only.

“a + bw + cw® + ...’ represents the contribution to f due to the remainder of the aerofoil,
and so sufficiently close to the singularity — /% log w will be the dominating term in the series.

1—h .
Integrating (1) we find z = Il{ lw——]z -+ C, and since the origin in the z-plane transforms into
the origin in the w-plan€, C = 0. Using this in (2) we find for the z-plane that f can be expanded

in the series

f:—lkjllogz—}—as—{—bgz—f—cgzz—{— .. .. .. .. .. (4)

This equation could be made the basis of a method of dealing with singularities in the (x, )
or z-plane. It would be similar to that described below for the (¢, )-plane. The (¢, y)-plane
however has two advantages over the (¥, y)-plane:—

1. Irregular stars?, which involve the use of interpolation formulae in the Relaxation
Process, are avoided on the boundary.

2. By confining the circulation to one of a series of discrete values, it is possible to arrange
that each of the leading and trailing edge stagnation points coincide with a mesh point
in the square grid in the (¢, y)-plane (see Ref. 5). In the (x, y)-plane this is usually
only possible with a symmetrical aerofoil at zero incidence.

The one disadvantage is that the boundary conditions in the (¢, y)-plane depend upon the
solution, but this can be easily overcome as described in section 2 below.

We conclude this section by briefly noting that sources, sinks and vortices can also be
represented by equations of the type (2). Dealing with a sink as typical of these, we have
V = B[r, where V is the velocity due to the sink, B is a known constant proportional to sink
strength, and # is radius from the sink centre. Thus near the sink:—

L=logr+4+a+brt+c*+....
This would find some application on boundary-layer suction aerofoils.

2. Boundary Conditions.—Now, since f is an analytic function (except at the stagnation
points and sharp corners), it satisfies V'*f = 0, z.e., V°L = I’*¢ = 0, in both the z- and w-planes.
The Cauchy-Riemann Equations also hold, i.e., in the w-plane,

aL . ﬂi aL - a0 5
% 3 .. .. .. .. .. .. (5)
On the aerofoil boundary ¢ is specified, or can be calculated from the aerofoil co-ordinates.
aL of os 1
since 3¢/ds = ¢, and 3s/30 = — R (radius of curvature of boundary). The other boundary

conditions are the locations of the stagnation points and sharp corners if any. The rear
stagnation point will be fixed at the trailing edge (Joukowski Condition), whereas the location
of the front stagnation point will depend upon the circulation or incidence required. The
non-linear boundary conditions (6) can be dealt with as follows:—

Assuming initially a distribution of ¢ against ¢ in the w-plane, and that ¢ = 0 at the trailing
edge, we find the distance § from the trailing edge to any particular potential § by integrating
thus:— '

§=ff”;i . . (7)
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since ¢ = 3¢/3s. The front stagnation point is maintained at a constant potential of such a
value that it falls on a mesh point of the square grid. In an actual calculation, the integral in
(7) is replaced by a summation, and the potentials ¢ are the potentials of the lines of the grid
cutting the boundary. Integrating right round the aerofoil enables ¢ (chord distance) to be
found from the known relationship between the perimeter and the chord of the aerofoil; thus
s/c for each grid point on the boundary can be found. If the non-dimensional graph ¢/R against
sfc has been plotted, then 1/R is quickly obtained for each grid point. Using the assumed
values of ¢ and the derived values of 1/R an approximate boundary condition dL/dy = - 1/Rq
1s found for each point. -

This method may seem crude, and it would seem that the resulting values of 8L/3y would be
quite wide of the true values. However, as an overestimate in the value of ¢ reduces the values
of ¢ subsequently determined, the product .gc remains reasonably close to the true value.
Furthermore, along the greater part of the aerofoil chord, R varies slowly.

Using these approximate boundary conditions, the usual relaxation treatment of V2L =
is now applied.. This will result in new values of ¢ along the aerofoil, which are then used in
exactly the same manner as described above, to determine a new boundary condition 9L/ 3y.
This leads to a new ¢ distribution on the aerofoil surface, and so on. ... The process converges

rapidly, and even assuming ¢ = 1 initially, only two or three integrations along the surface are
required.

Fig. 2(b) shows a typical square 0546 in the field. The values of L are progressively changed
so as to reduce the residuals X, defined by X, = L, + Ly, + L, + L; — 4L, to a minimum. On
the boundary at a typical point 0 we can write:— = -

2L 2n* (3*L
— 2 _~ ™ —_
L]—}—L3—2Lo-_n<a¢2>o+4! <a¢4>0—|—....

. aL . <82L> n® <33L)
2L2~2L0——2%<EI7>0—}—% 8_1;)20+—§ -51P—30+...

ie., L+ Ly 4 2L, — 4L, — 2n (g—;:>o L =X, =0, .. .. .. (8)

Using (6) we have

2nelo

L+ L+ 2L, — 4L, — Tp- = X, .. ce e, (9)

which can be written, with less accuracy, (sirice L, < < 1)

2n\ 2n
L.+ L 2L——<4 —-—)L——:X. L 10
1+ L + 2 _I—Ro 0 R, 0 (10)

3. The 0 Fueld near a Stagnation Point or Sharp Corner.—From (3),0 = — he + 1 + by + .. ..
Referring to Fig..3, we see that 4 is the value of 8 for the tangent TT’ to the stagnation streamline.
TT’ bisects the trailing edge angle z. The value of 6, depends upon &, s.c., upon the direction
in the w-plane from which point 4 is approached. For the square marked 1234, the appropriate
direction is 2-0-4, for which ¢ = #/2. Therefore 0, = — & (z/2) + 1 = — /2 -+ 4, = —v/4 + 1,
since in this case { = 37, and so for the residual at 0

’C——
4

For other more involved formulae, such aé Bickley’s 20 * formula?®, the value to be taken for 6,
depends only upon e. For instance if the square in question were centred at point 3, ¢ = (3=)/4,
and 8, = — (37)/8 + 1, etc.

Xo= 0y 4 0y 4 05+ 0, — 40, — 6, + 6, 4- 0, + 4 — - — 48, . (11)
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Thom has used an approximation for 6 near a re-entrant corner. This is 6, 4+ 6, - 6; = 36,.
. Consideration of Fig. 3 shows that approximately,

6, + 0 == 20, == 20, == 2 ( — /4 + 1), therefore 0, + 0, + 8, == 30,.

For a sharp corner projecting into the fluid the only change required is in the sign of 7.

4. The L Field near a Stagnation Point or Shmp Corner—From equation (8), with origin
at the stagnation point,

L— — hlog (¢ + 99 + by (4° + v + o0 (42 + 92) + ...
Thuson  y=0,L=—hlogé+p+sd+od+..c. . .. . (12

where p,, s, .. are now constants, since ¢ is constant (= 0).

Similarly on¢ = 0,

L= —hlogy + p. + sav + (4/2) »* + .. e .. .. - (18)
0 h L h
From (12) é;:g—l—sl—i—t@—l—‘----,a?:&—f—tl-i-----,
L 21h "L — 1A
—[—- ..... 3 ee e aesas y Arn :(—)HQZTI)— + ........

T

Using these results, and referring to Fig. (3), we now determine:—

a. L; in terms of L.

L, =Ls+ n( ¢> + 2| (a;L> 4o (% is the mesh interval).
o Lo (sy + hd) + (1220 ¢ —h[()——%(—) +é(§>3— ...... ]
— Lo+ (ns, + net, + (n%2!) ) — hlog (1 + g) if— 1< g <1
But ¢ = — 2#, since ¢ refers to point 6.
Therefore Ly Lo+ hloge 2 — 5o — § % . .. .. .. . . (14
b. L; in terms of L,. | |
Ls_L5+n<aL) +2,(32L) TR Now(;f) ‘}g,
and from ILaplace’s equation we have SZTI; = — 8%; <—g—§>
a2 fet 1 o . . . e )
== (E) =" R 3 (e¥), assuming R constant near the stagnation point.
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Therefore g;{f S l:eL<azL> + et <8L>2:| ~_ & (@ + ﬁ) __ & h(t]) _

R 24° ED R\¢ "¢t R &
.. *L el nih+1
Similarly, 538 = + T —(—7;—*——){}& (h+ 1) + 2 x 3}, etc.
Ao FL_ L b ¥L_#L_ 3k
T 3 T gV T gt g
‘ o net  wh (b + 1) eLI:I <n>2 3! (n)‘ 5! <n>“ :I
ThUSLa—L5+7€"————'—R—— 3—75 —§$ —}-,ﬁg T e e e

TR0 RETC R

omitting powers of 2 > 2, as /i, = 1.

Thérefore L= L; } n_}e; — MR_]_—I) e’ {%log <1 -} <§>2> + <Z7SL> tan—? (g) — 1}

n

— glog <1 4 ;)

When ¢ = n,asat point 5:—

L= L+ <}%)5—%;_—1)<%10g2+2— 1)—glog2.

— L+ (%)5 (L= 0181 (b4 1)} —0-346h .. .. .. .. (15

c. Ly in terms of L, and L,

L\ ., 2nt (3L
— 12 _ | —
L+ Ly— 2Ly =n (a¢2>0+ A (a¢4 o

a2 2n (*L
2 it B —
= — 9 <31P2> + i <3¢4>0 ........

n\2 n\*
_ _ th—(--) 7 l(—) i . from (13).
7 " + 2 v rom (13)

2
Therefore L, + Ly, — 2L, = — #n*, — hlog [1 -+ (g) :l When v = #, as at point 0, then:—
2Ly = L, + L, 4+ 0-693% -+ n%,. .. .. .. .. (16)

Equation (15) can be used to calculate Ly from L, during the relaxation of the field, and
equation (14) is a useful check. The constants s, £, ¢,, are normally very small and can usually

be neglected. If necessary they could be eliminated by wusing similar equations for other
neighbouring points.
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In Ref. 5 Thom suggests an alternative method of dealing with the infinity at the stagnation
point. He uses the function F = log (g./g.) + ¢ (8. — 6.), where subscript a refers to the aerofoil
and ¢ to the cylinder from which it is transformed. However (8) shows that F is finite only if
h, = h.. While this is true at a rounded nose it is not true at the trailing edge. The method
would be useful to transform the known flow around one aerofoil to that around another with
the same trailing edge angle.

5. Integration near a Singularity.—In determining the location of the feet of the equipotential
lines upon the aerofoil surface it is necessary to integrate the expression ds = d¢ /g, which becomes
infinite at a stagnation point. We proceed as follows:—

On the surface near the singularity,

L= —hlog¢ +a-+bp+ ...... ' .. ee .. .. (17)
Put e’ = A, and we find approximately ¢ = f%—_@ .
Therefore ffc%ﬁ = A I‘F__hh <1 + b ;—:Z J;) Now 4 = 2_7(1—%1—%) , where 7 is the value of ¢
at é. 7
Thereforeﬂ%=ﬁ(l—zzﬁgk>=g(lih)(l—z—i7&) . .. - (18)

where, from (17), é is the first difference of the function L + % log ¢ on the mesh at ¢ (found by
extrapolation). Generally é can be ignored.

6. Calculation of Trailing-Edge Angle from a Given Velocity Distribution along the Choyd.—
When it is required to calculate the aerofoil profile corresponding to a given velocity distribution
at a specified free stream Mach number, it is necessary to calculate the trailing-edge angle so
that the methods given above can be employed. We start from equation (4) and find that

h

7 ~ (i)m where 4 = —
x 2

(g, x) -curve selected as near to the trailing edge as the data permits. (x in this case is measured
from the trailing edge.)

, and (¢’, %), (¢", ") are points on the given

_ logq'ly _ s
If ’ g = fog #J then o = & Therefore the trailing edge can be
calculated from 7 — -8 (19)
=Ttg- .. .. .. .. .. .. .. ..

A few results are shown in Fig. 4, which verify equation (19). The numbers attached to each
point are the A.R.C. references from which pressure distributions were taken. The ‘ true angle’
was obtained from the aerofoil co-ordinates and is actually the angle between the tangents to
the profile drawn at the smaller of x”, x’, say x’. Of course the smaller x’ the nearer will this
angle be to the actual trailing-edge angle. )

Another useful formula is 8¢, == (1 — %) g dx, .. .. .. .. . .. (20)

where 8¢, and dx, are small increments measured from the stagnation point.
' 7




' ' ‘ ' "Xy 3y LN
This follows since 8¢, == f g dx = f ¢ (%)1"‘ dx
- ‘ 0 0 - \OXy

= (1 — }) g, 6x,.

7. The Appropriate Value to take for * n ’.—1It is clear, that unless the mesh size # is small,
certainly less than the radius of curvature near the nose, the above formulae will have little
accuracy. Normally, near a rounded nose the value of ho— ©[(2n) = =n/(2r) = % should be
taken, but on a coarse mesh, this value of » would be too large, and so would exaggerate the
influence of the stagnation point. The field on the coarse mesh due to the stagnation point is
like that due to a nose angle much less than .  This is not usually the case in the neighbourhood
of the trailing edge since R is quite large and varies slowly, except at the edge itself when R = 0.

Now if 74 and 7y are the leading and trailing-edge angles respectively, then
' o+ a+ o= 0,

is simply one of the conditions that the profile is closed. With a finite number of mesh pomts
say # of them, the condition becomes .

ﬁﬂ;—i—ﬁ%—fﬁ#&
aL

or since 66 = — —— 8¢ = —

3 (see (6))

0
Rg’
T4 = 2nh = -— 5”3

j%)_ww e <m§

Equation (21) must be satisfied regardless of the real values of 74, and 74, otherwise the profile
will not be closed.

Use of (21) is based on the assumption that 75 can be taken equal to the trailiflg—edge angle.
On a coarse mesh near the trailing edge this may not be quite accurate, and it is better to treat

: \
vy and 74 in exactly the same way as follows. 7y is made equal to the sum of the <%).(= 2.66;)

between the points of contact of parallel tangents on the aerofoil and the trailing edge. 7t41is

selected to satisfy (21), and then it will obviously be equal to the sum of the (?{:ﬁ) between the
points of contact of the tangents and the leading edge. 9/

.

8. Compressible Flow.—It can be shown that’

30 o 0L
(= M) 5o =0,
a6 oL ‘
7T =0

where L is now the log of the compressible velocity, and M the local Mach number. If « is the
angle between the compressible and incompressible flow vectors at a point, then transforming
to the incompressible flow grid

8 a0 ap , 0 oy

(¢, 1/’) we have = % 9n + 5
— ,<COS 0 ae) t

=-q; % 3y o 34 ec.,
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where g; is the incompressible velocity. Retaining only the first powers. of «, since for most
cases it is quite small, we find after some calculation:—

ey 9 (. 0Ly | 3 ’zaL) i<zaL> '
” ar O , 0L
Initially we solve VL= £<M £> . .. . . .. . .. (23)

and by an integration through the field « is found, enabling the full equation to be solved. The
method has been described in full in another paper®. Making the usual approximation of small
pertubation theory, 4.e., that M* is equal to M,* (the undisturbed stream Mach number) we
write (23) with less accuracy '

, L

,3W_F%ézo,whereﬂ:(l—sz)l/z. e @

The affine transformation ¢; = i¢, v; = ABy, L; = »L, where A and » are constants transforms
(24) into:— :
*L; | 3L, 0

ag® oy

Thus if L; = f (;, $,) is a solution of (25), then L = ;— f (14, Apy) is a solution of (24). Now
from equation (3), for a corner 86 on an aerofoil in incompressible flow, we can write:—

. 89 (80
L4 = —Q;tlog(s“—l—wz)+a1+bl(¢2+w2)”2—l---—i(; tan‘lg—l—l- )

Thus a solution of (25) is

(25)

36, .
j =5~ log (¢ + v/ + ...

But é6; = %] d; = %( %TLP 6¢> = % 89, and so the solution of (24) in the neighbourhood of a
A ¢

corner 60 1is
o _(?_9_ 2 2, 2
L = 3 log (¢* + %% + .... . .. .. . . (26}
From this equation we can conclude that most of the formulae for incompressible flow, given
above, may be modified to give approximate results for compressible flow by replacing h by hip.
This does not of course apply to section 3 which remains unchanged.

For aerofoils at an angle of incidence, in addition to the modification given above, the stagnation
point moves as the Mach number of the stream is increased. This movement must be calculated
by finding « at the stagnation point (integrating along the stagnation stream line). The
stagnation point will thus move off a grid point and interpolation formulae are required.

9. Conclusions.—The formulae given in this paper have all been employed and have been
found (in those cases where exact solutions, or solutions by other methods, were available)
to be sufficiently accurate. The case of an asymmetrical aerofoil at a given angle of incidence
~ and at free stream Mach numbers of 0, 0-4, 0-65, and 0-75 was one of the problems selected,
and the results are reasonably close to experimental curves provided by the National Physical
Laboratory. (R. & M. 2727.) '
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TECHNICAL REPORTS, AND SEPARATELY—

April, 1950 R. & M. No. 2600. 2s. 6d. (2s. 74d.)

INDEXES TO THE TECHNICAL REPORTS OF THE AERONAUTICAL RESEARCH
COUNCIL— '

December 1, 1936 — June 30, 1939. R. & M. No. 1850. 1s. 34. (1s. 44d.)
July 1, 1939 — June 30, 1945, R. & M. No. 1950. 1s. (1s. 1}4.)
July 1, 1945 — June 30, 19846. R. & M. No. 2050. 1s. (1s. 13d.)
July 1, 1946 — December 31, 1948, R. & M. No. 2150. 1s. 3d. (ls. 434.)
January 1, 1947 — June 30, 1947. R. & M. No. 2250, 1s. 3d. (1s. 44d.)

Prices in brackets include postage.

Obtainable from
HER MAJESTY’S STATIONERY OFFICE

York House, Kingsway, LONDON, w.c.2 423 Oxford Street, LONDON, W.1
P.O. Box 569, LONDON, s.E.1
13a Castle Street, EDINBURGH, 2 1 St. Andrew’s Crescent, CARDIFF
39 King Street, MANCHESTER, 2 Tower Lane, BRISTOL, 1
2 Edmund Stieet, BIRMINGHAM, 3 80 Chichester Street, BELFAST

or through any bookseller.
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