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1.0 Swmary.- It has been seen in a previous paper (Ref. 1) that
analytical solutions of compressor stage performance based on actuator
diso theory are extremely daifficult, and reliable only when the ocutlet
angle digtributions from the blade rows are the same at all flow rates.
No analytical method 18 able to desoribs the flow when the stall is
reachad.

In order to overcaone these difficulties a graphical method is
developed for predicting stage off-design performance even when the stall
ocours. The method is first used to predict the performance of a stage
of "constant a," design, and experiments confirm the prediction. Next
the method 15 used as a basis for comparison of different designs of a
free—vortex stage.

2,0 Introduction.—- In a compressor stage of three rows - gulde
vanes, rotor and stator, the flow through the guide vanes may be solved
by assuning that the distribution of tangential vorticity with radius at
exit from the row is unchanged by the presence of the nearby rotor
(Ref. 1). The graphical method detailed here involves a determination
of the static pressures at different radia whioh would satisfy the
radial equilibrium condition far downstream of the follrwing rotor row.
Thos operation is repeated for different flow cceffiociants and the
complete characteristics of the static pressure rise at different radii
are ottained. The same method may be applied to determine the flew
through the stator, and then to the next stages.

Thas method may be used in the "stalled" region as long as re-
circulation does not appear at any section of the blades, and cascade
data of sufficient accuracy are availahle,

The actuator disc theory of Ref. 2 is used in this paper.

2.1 Flow Through the Inlet Guide Vanes.- It has been found from
experience of previous calculations that the interference effect between
the guide vanes and the rvtor may be neglected in detemining oy, the
velocity that would exist far down-stream of the guide vane row.

Using the nomenolature of Ref. 1 the equation describing the
flow through the row is:

doy 20y, tan a d
-a———a- = - ae 3¢ - (mx tm Gse) "’(1)
ar r (0xs + Ox4) 4r

Gererslly this equation may be solved analytically, and always
numsrically, without any special difficulty, by assuming that cx, e & Oxa
or ox, = yoxa and (1 -y) ey, where y 1is a oconstant,

i.e., by neglecting the interference effect of the following rotor on the
on of oOxgz. The sclutions for oxy; vary lattle with the
different approximations,
2.2/
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2¢2 Flow Through the Rotor.~ Using actuator disc theory, the flew
is described by the eguatinn:

d-cxs u d Oxa 4
——— 5 e c—— — (rox_  tan a,,) + === tan f,,.—— [r(U -~ ox__ tan fyq )]
ar re ar ae re ae
Xo3 Xo3 (2)

This equation 1s not linear, and can be linearized only for very simple
variations with the radius »f tan a,, and tan f,,, &8 has been seen
previously (Ref. 1). No analytical sclutiom is possible when the stall
13 reached. This form of the equation for the rotor is thus of no use
in this pase, where the complete off design performance is to be
determined.

However, if the axial velocity far downstream cf the roter
Oxs 18 known, the flow is ocompletely determined, and in particular at
the leading and trailing edges of the blades, by the relations

cxae Yox, + Boxa + Hoy,

ere(3)

Oxae = VOxa + (1 - V) Oxa

where y, &, u, v are oonstants.

The tangential velocities may then be calculated, and the
gtatio pressiure distribution in the machine can also be determined. Far
downstream nf the rotor, the radial pressure distribution should balanoce
the centrifugal acceleration,

o
Thus the ratio e (which is to be determined) will be

o]
ommsidered as a parameher f}cg;' caloulation the static pressure rise and
the solution for oy, d1s obtained when there is radial equilibrium far
downstream of the rotor, This caleculatinn is made for the mean radii
of three dafferent annuli of equal arsa, into which the working area is
divided, and may be repeated for various flow coeffiocients.

3,0 The Graphical Method (Pig. 1)

5.1 Steps in the Preparatory Calculation of the Pressure Rise
Through Blade Seotions (Fig, 1{a)).~ A point on the pressure rise
sharacteristic for a given radius may be determined for a selected flow
coefficient. In thas analysis the position of the centre of pressure
(and ths actuator diso) is assumed to be at midchord when the cascade
is not stalled and at the leading edge when it is stalled. The steps
in the calculation of the pressure rise characteristiocs (root, mean
and tip) of Fig. 1a are: the determination of

(a) the distribution of o with radius using equatimm (1)
X3

(b) a value of ox,, using equation (3} and an assuned value
of cxg4

(o) +the inlet angle to the rotar fram the relation

U
tan fy, = == = tan a,,

e (a)/
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(4) the incidenoe on to the rotor at this flow coeffioient.

(e) tl(ze outl)et engle fram the rotor row using Howell's data
Ref, 3

(£) the loss coefficient fram Howell!s data and hence the
actunl losses in the rotor

(g) the presawre drop through the inlet guide vanes, applying
Bernoullits equation

(h) the presaure rise threugh the rotor applying Bernoulli's
equation relative to the rotor and using the loasses
obtained fram (£)

(1) the pressure variation from the trelling edge to far
downastream, as the axial velocity changea from = 2 to

Oy, the tangential velocity remaining oconatant

(3) algebraio addition of the pressure changes through guide
vanes and rotor loases, giving the atatio pressure far
downstream of the rotor.

Repeating this operation for different flow coefficients, ocmplete
oharacteristios of presasure rise against flow coefficient are determined

for different radii and matios of o-f-‘- , and the set of ourves (Fig. 1a)
Oxa
can be drewn. Another graph relating tan Se to the flow ocoefficient

Oxa Oxs
=~ oan be drawn also (Fig. 1b) with «== as a parameter,

Un Ox4

342 Graph Gi the Diff in Statio Pressure Between Two
Radii Far Downstream of otor . 1d).~ Fgure (10 gives the
relative tangential ve ty at the trailing edge of the rotor. The

absolute tangential velrcity is determined by the relation

U
e Mmoo s o8 tan e ore(l)
Un Un Up Un

The differentisl squation of the mdial equilibrium candition

dp 2
i': - = P ;.E- ..-(5)
ar T .-

~

4p Oy
Using finite differences we my write (5): == = p == and assuming
- ax r
AT . YL EE T -
that the variation of === with the radius 14 linear, (5) beoomes
r

o R, e meBa

- B i- &*E)(%Qra) .i.(6)
P Ta, ™

if r, and rp are the two radii considered. Generally, three annuli

will be oonaidered and the mdial equilibrium auves satiafying equatian (5)
oan be dramn (Fig. 1d). The/
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%5 ¢ Cxs
The graph (le) relates =——= tn === (n31ng equation (4));
Cx1 Cx1
the Iine U mst be considered when the r~w is unstalled and line 8
when it is stalled.,

L.0 An Example of the Graphical Methnd.~ The problem to be snlved
is to predict the off-design performence of a freec-vortex stage of which
the design print is

Y

—c—— = 0,22
i T2y
[
p
—es =2 0465
Um
3y
0.15L
tan q, = =———-
r
0410 r
tan £ = - +
[}
® r 0e4930:

ot

and the figures 1 arc related to this case. At the design point, the

Oxq Oxa
working points are given on Fig. 1a ag === = (0.65 and =--—— = 1,0
T c
X1
at the three dafferent mean radii. The next working points to be
Dxi
determined are frr a flow coefficient =--- = 0,6, It 28 farst assumed
Um
Oxa
that --- = 1 at the different radii. Fig. 1b gives tan By for

a
X1
the dufferent radii. The absolute tangential velooities are:

Cua c

at the roct === = 0,725 - Zae tan B, = 0,725 - 0,211 = 0,514
Un Un
‘ Cus nxae
at tne mnear, - = 1.0 - =22 tan ﬁae = 1|O - 00593 = Oll{-O?
S Cx
at the tip =—w = 1,21 B2 4an B = 1,21 - 0941 = 0.39
U Uny

These values enzble the detenmnation of the peints A, B, C on the graph

( ‘4d); AB gives the difference of pressure between oot and mean and AC

gives the dit'ference of mressive between mean and tipe. As it is kmown
that/
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that the ratio at the mean 1g almost equal to 1.0 the distance AB
1s plotted from E (Fag. 1a) so that EF = AB, and in the same way
EG = AC,

The prsaticns of E, F, G give by interpolation the ratios:

Cxs
at the root ==—

Oxi

0.374

It

Cxa
at the mean e-= = 1.0

Cxa

Cxs
at the tip =~-

Cxsq

1.025

il

In general these ratins may not satisfy the contimuty relatim. In
nrder to check lhis relation they may be crrrected for a next
approxamation as follmws:

(from graph 1c¢)

Cx Cu
rrot -2 = 0,975 -3¢ = 0,981  --28 = 0.516
Cxq, Cxz Uy
} 1
1] fl
Ox i e Oy
mean —e = 1.000 | -=28 = 1,000 | 22 = 0.402
Cxy , Cxa { Un
: i
. i
Cxg e} 1 Oy
tip —== = 1,025 i L 1.020 U288 o 0.354
Cxa ‘ Oxa i Un

Thia seoond approximation uantroduces very slight changes in
the statio pressure distribution and the velocity profile used in the
second approximation,.

o
pe}
Repeating these graphical operaticns for decreasing ==
U
the operating points are detemmined usually after twn or three
aprroximations. Final characteristics are drawn in Fig. ‘a and
correspondang axial velocity profiles are plotted in Pig. 2. Operating
points on Howell's curve nf deflection against incidence are shown in
Fag. 3.

An analysis of these final characteristics ias dinteresting

because tho mechaniam of the stage stall is shown and allows the
followang conclusicnas:

¢
x
(a) +the root will stall for a flow cocofficicnt NS Qu4 35

Um
(v)/
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(b) the mean and the tip will not stall, but the statioc
pressure rise across these sections wall drop due to the

. Oxs
local increase in == ,

Sxa

(o) When the stage is unstalled, the statie pressure characteristio

“xs
at the mean for --=- = 1.0 gives a general picture of the

Cx1
flow,

(d) “When the stall is reached at a certain section, there is a
pressure drop at this madius wvhich induces a corresponding
drop at the other sections in order to satisfy the radial
equilibrium and continuty relations.

{e) From consideration of Fig. 2 recirculation at the root may
o

X1
be expected for Q.4 5> == > 0.375.
U
5.0 Flow Through the Stator.- A4As the flow downstream the rotor
Oxa
has beon solved, for each ratio ——= +the axial velcoity can be aaloulated
Ox1

at the leadaing edges of the stator, ag

®X,4q ooy, + Box, +yox

o Sc,., + €o
X4e X4 X3

where a, 3, v, 6, € are constant,

As the pressure dustribution far downstream of the rotor and
the axial wvclocaity at the leadang edge of the stator are known, the
rressure distrabution can be determained at the stator inlet. Similar
steps in calculating the pressure rise through the blade section as in
3.1 are follrwed and the method 1s repeated in order to fand the flow
through the statcr.

nce the flow through the whele stage is known, a second
agproxucation may be carried out taking in account the interference
cffect botween all the rows.

6.0 Comparison Betweon Predictod and Experimental Pressure
Characteristics for the First Stege of the Compressor
Test Rigz at the University of Cambridge.- Thas graphical
rethod was farst awplaed to predict the off-design performance ~f the
first stage (inlet guide vanes and rotor) of a compressor rig at the
University of Cambridge (a "constant as" design). An carlier paper
Ly Horlnek (Ref. L) has described the rig and the theoretical and
experimental investigations carried out.

For this application the pressure characteristics were
determined at the radii 0.5, 0.7 and 0.9 and are given in Fig. L. Here
again this analysis gives srme insight into the mechanism by which the
rotor row stalls:

(a)/
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(a) The tip only will stall (with reference to Howell's data) for
Ox1 Ox1
a flow-coefficient =--~ = 0,48, and when ~-- is loss
U U
than 0.45 there is a steep drop in statio pressure at the
tip section.

(b) The preesure oharacteristics for ths mean and root radii do
not oross the stall line. At those sections the row will
nnt stall; this is the consequence of the drop of pressure
and ecceleration of the flow induced by the tip stall.

The experimentel ocurves are plotted en the samc Fig. 4 in
Ox1
dotted lines; at the design point ( — S 0.67) » the prodioted
Up
static presmire coefficients are confirmed by experiment but with
deoreasing flews there is an increasing diserepancy between experimental
sarveys and the theery, principally at rcet and tip sectiona.

This 1s wnderstandable, for in the prediction of the vortox
flow two dlmonsional casoado data only were used and boundary layer
effects, tip leakego and secondary flow effects were neglected.

6
X1
At a flow coefficient e=-- = 0,48, the pressure drcp

m
prodicted for = (.45 ocours. In a previous experimental investigatiem
on this first stage (Ref. 5) it was reported that stall propagatiom

o

appears at the roter tip section for -o= = O0.48 and that cnly this
vln
Cxa
area was stalled fbr decreasing flows, For == = 0Q.415 the slopes

U
of the experimontal pressure chayaotoristios become smoeth, and this
can probably be explained by a rxecirculatien at the blade tipe.

The differeonce between stall propagation in tho ocmpressor
end stell in two dimensional cascedes on which the prediction was based
mey explain the discrepancy in the presamre drop at the astall peint.

The graphicel method thus gives a oclear indication of the
mechanigm of the stalling of a blade row.

7.0 Comparison of Free Vortex Stages.~ Next the method was spplied
to study the eff-design performences ~f different free-vortex stages

AT Oxa1
designed for the same design comditions )f_p__ ® 0,22 -== = 0.65
g2 Un
and the same dilstribution of solidity along the radiua,

These stages differ Wy the amount of whirl given Ly the inlet
guide vanes. The desoription of the air anglesis:

0.257 r
for stage Ag tan Geo = 0 tan p.a = +
r C493
0.154 0.4141 r
for astage A tan o = wemmee  ton 8 Ea—- +
: "o r s r  0.493

for/



5.3083 0.565 r
for stage A.a tan 0‘28 e i tan ﬁae R o= e + 5—;;;
xr r i

In the figures 1, 5 and 8 the grapns of the pressure rise coeffacient
ére presented. It is predicted thit the stages 4, and A, will stall
at the root and A, first at the mean.

Cn Howell's curves of dcflectinn against incidence (Fags. 3, 7
snd 10) are plotted the operating points at the different sections for
decreasang flow coefficients. It can be seen that the rotor root reaches
the stall first, principally because =t the dosign prant

Gxi 1 =~ i*
= = (0,65 , me———- is smallest =t the root swuction. Thas as because
Um e*

the 1ift coefficient, or the loading factor (defined ty Carter) (Rof. 6)
ils maxamum at the reot mection.,

un F.gs. 2, 6 and 9 the estuamted velocity proiiles are
rletted. As the axial velocuty .s the saallest ot the root (A, and Ao),

the incidenca vall e increased and this will help to stall thas soctzon
earlier.

de
For the stage A , tan B, < O at the roct, 2% .0 and
o ae ar
thas will delay the root stall, For ihc stage Ay, the rethod has been
arplied to & complste stage (rotor and stater), As the flw at the
outlet fr-m the stater is axasl, the pressure charsoteristics are super-
amposed. The arnslysts shows thot the stator root and mean sections stall
c
x
tegether for a fluw cosfficient g 0475, The stator stalls before
Un
t'.e rotcr, The pressure risa cherscter.stics for the complete stoge may
te compared en Fig. 11 wuth the same characteristics ot dafferent radai
downstresm ef the rotor, Fug. 12 shous the very steep velocity profiles
predicted dovmnstream of the stator, at off design condaitrons,.

To conclude, this grapriczl method of analysas of the off'-
design performance moy enchle a choice of the best staye desagn to be
made .
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PREDICTED OFF DESIGN PERFORMANCES FOR THE STAGE A,
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FIG. 2. PREDICTED VELOCITY PROFILES FOR DIFFERENT
FLOW COEFFICIENTS IN THE FREE VORTEX STAGE A,
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FIG.3. OPERATING POINTS AT THE DIFFERENT RADII
PLOTTED ON HOWELLS CURVES.
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(THE 5 AXIS HAS BEEN SHIFTED FOR THE CURVES
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FIG. 4 PREDICTED AND EXPERIMENTAL PRESSURE
CHARACTERISTICS AT DIFFERENT RADII MEASURED ON
THE COMPRESSOR TEST RIG.

~—&— PREDICTED
T EXPERIMENTAL

CHARACTERISTICS AT




FIG. 5. PREDICTED PRESSURE CHARACTERISTICS AT
DIFFERENT RADI FOR THE FREE VORTEX STAGE A,
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FIG. 7. OPERATING POINTS AT THE DIFFERENT RADI|
PLOTTED ON HOWELLS CURVES

I a'(ta- 2) mean

t-6r

|- 4r

12

-
root (lao-ss)\
Nt

FREE VORTEX STAGE A,




FIG 8. PREDICTED PRESSURE CHARACTERISTICS AT DIFFERENT
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FIG. 9. PREDICTED VELOCITY PROFILES FOR DIFFERENT
FLOW COEFFICIENTS IN THE FREE VORTEX STAGE A3z




FIG. 10. OPERATING POINTS AT THE DIFFERENT RADI!
PLOTTED ON HOWELLS CURVES
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FIG.1]. PREDICTED PRESSURE CHARACTERISTICS AT
DIFFERENT RADII FOR THE COMPLETE FREE VORTEX

STAGE A, ROTOR AND STATOR
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