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Summary.--The theory of the boundary layer on a fiat plate in a uniform stream with a velocity of suction 
proportional to x -11~ (x being the distance from the leading edge of the plate), has been developed by Thwaites a in a 
report which contains numerical solutions of the problem obtained on the differential analyser. The behaviour of the 
solution when the rate of suction is large is investigated here, and it is found that the velocity distribution in the 
boundary layer approximates to the Griffith-Meredith ~ or asymptotic suction profile. The solution is developed in the 
form of a series of descending powers of the suction velocity and the coefficients of tl~is series are obtained successively 
by the s01ation of linear differential equations. The first four coefficients are obtained explicitly and numerical values 
are given in Table 1. Series are also obtained for the displacement and momentum thicknesses and for the skin friction 
and form parameter H. Comparisons are made with Thwaites's solutions, and good agreement is found when the rate 
of suction is large. 

1. Introduction.--One of the  cases in which  the  b o u n d a r y  layer  equa t ions  can be reduced  to 
the  so lu t ion  of an  o rd ina ry  different ial  equa t ion  is Blasius '  p rob l em of un i fo rm flow over  a flat 
plate .  This  can be general ised to solve the  p rob lem of flow over  a porous  p la te  at which  there  is 
a ve loc i ty  n o r m a l  to the  surface p ropor t iona l  to  x -~/2, where  x denotes  t he  d is tance  f rom the  leading 
edge of the  plate .  This  represents  suc t ion  or expuls ion  of fluid accord ing  to the  sign of this  
veloci ty.  The  m e t h o d  is based  on the  following considerat ions.  

F o r  cons t an t  s t r eam veloc i ty  the  equa t ion  of m o t i o n  is 

0u 0u 02u (1) u~+v~=~ay~ .  . . . . . . . . . . . .  

The  equa t i on  of c o n t i n u i t y  

0~ Ov 
t% + ~ = o  Q Q . . . . . . . .  (2) 

enables a s t r eam func t ion  ~ to be defined such t h a t  

" 1 
u - -  Oy' 

• . ° , 

0~ 

bx J 

1 

(3) 



The subst i tut ion 
~ = l ( V )  1]2 y ,  } 

• * 
~, = (vUx)'/2f(~) , 

reduces (1) to the ordinary  differential equat ion 

f ' " - k  f f " = O  . . . . . . . .  

and the velocity components  are then given by 

u=½uf', 1 
• v = -~- , ~ ,  ( ~ f ' - - f )  J 

The boundary  condit ions for u then give 

f '  (o) = 0 ,  "[ 

f f '  (oo) = 2 

If we take 
f(0)---- K ,  . .  

the normal  velocity at  the boundary  is 

7) 0 

and is therefore proport ional  to x-  

(4) 

(s) 

(6) 

(7) 

(s) 

= _ s K ( U ~ ' ~  ~/2 
2 \ x / ,  . . . . . . . . . .  ( 9 )  

1/2 

The problem is thus equivalent  to the solution of the equation (5) wi th  boundary  conditions 
(7) and (8). Taking  K = 0 gives the ordinary  Blasius'  problem of flow over an impermeable plate. 

This argument  was given by  Schlichting and Bussmann  8, and also by  Preston 4 and Thwaites  1. 
Schlichting and Bussmann  considered both  suction and blowing, and gave numerical  solutions 
for K ----- 5, 3, :~, 1, ~,1 0, 2,1 4,3 1. Thwaites 's  report  contains solutions obtained on the 
differential analyser  for K ~- 1, 2, 5, 10 and 20. The graphs given by Thwaites  indicate tha t  when 
K is large 6" and 0 tend to 0 and H tends to 2. In fact the velocity profile becomes the asymptot ic  
suction profile, as will be seen below. 

2. Transformation of the Equation.--When ~ is small, and K is large but  fixed, 

f (7) ---- K -¢- 0 (n*) . . . . . . . . . . . . .  (10) 

and so equation (5) is approximated  b y  

f ' "  + K f " =  0 . . . . . . . . . . . . . . .  (11) 
whence 

(12) 
and 

where A and B are constants.  

f "  __~ A e - K ,  , 

A 
f '  = B -- g e-~'l ' 

Since f '  (0) ---- 0, B = A / K  and 

A 
f '  --_ ~7(1 -- e-Z~,) . . .  

(13) 

(14) 
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This argument is based on the assumption tha t  ~ is small, and so it cannot immediately be 
deduced from the boundary condition at v = m that  A/K-----2. I t  does, however, suggest 
forcibly that  the important  variable is not ~ but Kn. Hence the following transformation is made. 

Let 

Kr] = ¢ -- -- v j  ' (15) • * * ~ * • * • * • • • 

1 
f (~)  = K + ~ ¢ ( ~ ) .  (16) 

The actual form of this transformation is chosen to make the boundary conditions for ¢ 
independent of K. Since 

f l  (V) = ¢' (¢), 
f "  (7) = K¢" (¢), 

f ' "  (7) = K~¢ ''' (¢), 
) (17) 

the differential equation (5) becomes 

= o ,  
o r  

. 1 ¢,, 
¢'" + ¢" + ~-~¢ = 0 ,  

and the boundary conditions for ¢ are 

¢ (o) = '(0) = 0 , }  
¢¢,(m) = 2  • 

. .  (18) 

. .  (19) 

When K is large, the dominant terms of equation (18) are 

¢ " ' , +  ¢" = 0 ,  . .  
whence we have 

¢,, = Ae-¢,  
and therefore 

~' = B -- Ae -¢. 

(20) 

The boundary conditions (19) then give B = 2, A = 2 and so 

¢ ' = 2 ( 1 - - e  -¢) . .  

therefore u U - -  1 -- e-¢' "" 

which is the equation of the asymptotic suction profile. 

(21) 

(22) 

3. Asymptotic Expansion for ¢.- -The analysis is easily extended to obtain an asymptotic 
series for ¢. Equation (18) involves K only as K ~ and therefore the appropriate form for the 
series is 

..... 4 = ¢ o + ~ + ~ 4 +  . . . . . . . . . . . .  (23) 
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We m a y  also r ega rd  this  m e t h o d  as be ing  one of success ive  a p p r o x i m a t i o n  for ¢, a s suming  
K to be large. 

Subs t i t u t i on  in (18) gives  

¢'," ¢~" ¢7 ~' 
(~;"+ ~-~ + R-~ + . . . )  + ( ¢ 7 + ~  + R~ + . . . )  

1 ( ¢ o  + ¢1 ~2 ¢ 7  ¢~' +R2 ~ - + ~ + . . . ) ( ¢ ; ' + ~ + ~ + . . . )  = 0 . . . . .  (24) 

B y  cons ider ing  the  var ious  powers  of K in (24) we ob ta in  a set  of dif ferent ia l  equa t ions  for the  
func t ions  ~ .  These  equa t ions  are 

¢;" + ¢;' = o, 

¢'/' + ¢~' + ¢#',' + ¢1¢o' = O, 
and ,  genera l ly ,  

r - - 1  

¢;" + ¢" + 2; 4;,¢;%_, = O. 

The  b o u n d a r y  condi t ions  are  

a n d  

D m 

Q D 

4 • 

• • 

• • 

Q I 

J I 

Q I 

O Q 

0 I 

O m 

I • 

D I 

I I 

D O 

I Q 

J 

Q • 

I O 

U 

(25) 

(26) 

(27) 

. . . . . . . . . . . . . .  ( 2 s )  

~o (o) = , ;  (o) = o ,  "[ 

f 6; (oo) = 2 ,  
• . . . . . . . . .  (29) 

= = ' oo = 0)  . ¢;(o) ¢;(o) ¢,( ) 0 ( r >  (30)  

As in sec t ion  2 we f ind f rom (25) 
¢;' - -  2e-~' " l  

(31) 
¢ ; - - 2 ( 1 - - e  -~) ~ , '  "" "" 

and,  s ince ¢o (0) ----- 0 ,  
¢ o = 2 ( ¢ - -  1 + e  -t) . . . . . . . . . . .  (32) 

N o w  equa t ion  (26) becomes ,  on subs t i t u t i ng  for ¢o a n d  ¢o' the  va lues  a l r e ady  ob ta ined ,  

¢'1" -+- ¢'i' + 2 (¢ - -  1 + e -t) . 2e -~ = 0 .  

This  e q u a t i o n  in t eg ra t e s  on m u l t i p l y i n g  b y  e ~ to give 

e~¢ '~' + 4 (½U --  ¢ - -  e -~) = A1,  
so t h a t  

¢':' = - -  (2~ 2 -  4~ - - A : )  e -~ + 4e  - ~  
a n d  

6 ~ =  B 1 + ( 2 ¢  5 - A ~ ) e  - ~ - 2 e  -2~. 

The  b o u n d a r y  cond i t ions  give B1 = 0, A1 ----- - -  2 ,  

the re fore  ¢'  = 2 (¢" + 1) e -~ - -  2e - ~  , . . . . . . . . .  (33) 

6~ = C~ - -  2 (~2"+ 2¢ + 3) e -~ + e - ~  , 

and,  since ¢~ (0) -= 0, C1 = 5 there fore  

¢ ~ - - 5 - - 2 ( ¢ 9 + 2 ¢ + 3 )  e - ¢ + e  -2~ . . . . .  (34) 
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Using the known values of ¢o and ¢1 equat ion (27) is solved similar ly to (26), and it is found 
tha t  

¢~, = (~4 _ 4~3 + 6~2 _ 14~ + 20{) e -~ - -  8 (¢3 + ¢ + 4) e -2~ + 5e -3~ , ] 

¢~ _-- _ (¢4 + 6 C  - -  2¢ + 18{) e -~ + 4 (C + 2¢ + 5) e - n  - -  ~e-8¢' I (35) 

¢3 ---- - -  39~- + (¢' + 4~ 8 + 18~ 2 + 34¢ + 52{) e -~ - -  (2~ 2 + 6¢ + 13) e -2~ + ~-e -3~ . 

We can now calculate ¢3 and  find 

¢~, = _ [½~8 _ 2 ~  + 5¢4 _ 16§¢8 + 44½¢3 _ 1 3 0 ~  + 275Jv] e -~ 

+ [8¢ ~ + 16~ a + 96¢ 3 + 168( + 409½] e -2¢ --  [15( 2 + 30( + 78] e -8~ 

+ 5~ve -4: , 

¢; ---- [½¢" + 5¢ ~ + 3½¢ s + 54{¢ 3 - -  21g-¢ + 253½-~] e -c 

--  [4¢' + 16¢" + 72C + 156¢ + 282§] e -S: (36) 

+ [5¢ 3 + 13½¢ + 30~] e -8~ - -  l { v e  ~'~ , 

¢8 = 524{~ --  [½~8 + 2¢5 + 15~' + 63{¢ ~ + 244½~ 2 + 4668~ + 720{ o] e -* 

+ [2~' + 12¢ ~ + 54~ 2 + 132¢ + 207{] e -2~ 

. . . .  [~¢" + 5~-~" + 12] e -~  + ~ ~'~-'~ ~ • 

The functions. ¢0, ¢1, ¢3, ¢. and their  first derivat ives are t abu la ted  in Table 1 for various 
values of ~ (chosen to facil i tate comparison wi th  Thwai tes ' s  results) between ~ = 0 and ¢ ---- 4. 
Clearly ¢, and  its derivat ives are polynomials  in ~ and e -t, of degree 2r  in ¢ and (r + 1) in e -¢. 

4. The Characteristics of the Boundary Layer.---From the  expansion of 4(~) now obtained it is a 
simple m a t t e r  to deduce the corresponding expressions for ~*, 0, 30 and H,  

The skin friction is given by  

~0 (Ux') 1/' 
t,U~ " --~-/ = -~f" (0) 

= ¼K¢" (0) 

2 6§ 61~ ] 
= ~ K  2 + K  2 K'  + ~  + 0 ( K  -s) 

1 5 275 
: ½ K + 2 K  3K s + 1 ~  + 0 ( K  -7). 

The  displacement  thickness is 

_ _  ~ • • 

- ( [ 2  - f '  (,)] dn .  - 

5 

. . . . . .  ( 3 7 )  

. . . . . .  ( a s )  

(39) 

(40) 



Thus we have 

(U ~ 1/2 o0  

1 [ 2 -  4'(~)]d¢ 
.~7 o 

1 
K lim [2$ -- ¢ (¢)]. 

¢ - > ¢ o  

2 41(~) _ 42(00) _ 43(~) 
K K s K ~ K 7 B • (41) 

Substituting the numerical values from section 3, 

( U ~  '/2 2 5 398 524{~- 
; ~  ~*--K K ~ + K  ~ K ~ + ° ( K  -~). (42) 

Similarly we have for the momentum thickness O, 

~ , ,  0 = fo f '  (1 - ½ f ' ) d ~  

if° - - 2 K  o 4 ' ( 2 - - ¢ ' ) d ¢ .  

Q ~ 0 0 (43) 

(44) 

By substituting the series expression for ¢',  multiplying out and then integrating we get the 
expansion of 0 in descending powers of K. 

The result obtained is 

U') ~/2 1 3½ 30~- 433:}½ 
~ /  0 - - K  K 3 + K 5 K 7 + O ( K  -°) . . . . . . .  (45) 

From (42) and (45) by division we have 

H - -  0 - - 2 + K ~  
15§ q~o187 
K 4 + - ~ o  K 6 + 0 (K -8) . (46) 

The momentum equation for the flat plate is 

dO Vo 3o 
dx = 0 + p U  2 . . . . .  

which gives in the present circumstances 

0 ----(-- K + ½f" (0)) 

and in this form may readily be verified. 

. .  (47) 

. .  (48) 

5. Conclusion.--From the formulae given in section 3 for G(~) and ¢;(~) the tables of Table 1 
were constructed. These enable the velocity distribution for large values of K to be calculated 
readily. Such calculations were made for K ---- 5, l0 and 20 for comparison with Thwaites's 
results, the values of , employed in Table 1 being chosen for this purpose. This comparison is 
shown in Table 2. For K ----- 10 and K = 20 the asymptotic series is certainly superior to the 
differential analyser result, and for K ---- 5 the accuracy is about equal. The series is probably 
of no use for K < 3, and its accuracy becomes progressively better as K increases. 

The method has been extended and applied to many other boundary layer suction problems 
including the effect of suction in preventing separation. 
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p. 534. 

Exakte L6sungen fiir die l aminare  Grenzschicht mit Absaugung und 
Ausblasen. Schriften der Deutschen Akademie der Luftfahrtforschung. 
Band 7B. (1943). 25-69. 

The Boundary-layer Flow over a Permeable Surface, through which Suction 
is Applied. R. & lYl. 2244. February, 1946. 

TABLE 1 

The Coefficients Sr and $~' of the Asymptotic Series for $ and ~' 

0 
O. 125 
O. 250 
O. 375 
0.5 
0.75 
1 

1 . 2 5  

1.5 
2 
2.5 
3 
4 

4o 

0 
0.01499 
0.05760 
0.12458 
0.21306 
0.44473 
0.73576 
1.07301 
1.44626 
2.27067 
3.16417 
4.09957 
6.03663 

41 

0 
0.01499 
0.05758 
0.12440 
0.21237 
0.44042 
0.72078 
1.03520 
1.36814 
2-04094 
2-66731 
3.21014 
4.01129 

0 
- -  0.04998 
- -  0.19206 
- -  0.41562 
- -  0.71158 
- -  1.49098 
--  2.48179 
- -  3.64914 
- -  4.96666 
- -  7.96634 
--11.31714 
--14.85120 
--21.81012 

0 
0-458 
1.760 
3.808 
6.514 

13.614 
22.569 
33.010 
44.664 
70.851 

100.054 
131.618 
199.598 

4; 

0 
0.23501 
0'44240 
0"62542 
0"78694 
1.05527 
1.26424 
1.42699 
1-55374 
1-72933 
1.83583 
1.90043 
1.96337 

41' 

0 
0,23497 
0.44189 
0.62315 
0.78057 
1.02989 
1.20085 
1-30417 
1-35077 
1.31672 
1-17676 
0.99078 
0.62206 

42' 

0 
--  O. 78342 
--  1.47568 
- 2.08928 
-2 .6358O 
--  3.56744 
--4.33610 
- -4 .  98540 
- -5 .  54043 
--6.40494 
- -  6.94206 
- -7 .  13720 
- -6 .  59744 

43' 

0 
7.181 

13.521 
19. 123 
24.082 
32.391 
39.003 
44.347 
48.750 
55.654 
60 "951 
65-129 
69-951 
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0 

O" 125 
0"25 
0 "375 
0"5 
0"75 
1 
1 "25 
1"5 
2 
2"5 
3 
4 

0 

0.025 
0.05 
0-075 
0.1 
0.15 
0.2 
0.25 
0.3 
0.4 
0.5 
0.6 
0.8 

T A B L E  2 

Comparison of Results from the Asymptotic Formulae with Thwaites's Results 

K = 5 (a, ---- 2"5) 

I 
i / ' ( ~ )  
I (A) 

k o  
i 

0.244 
0.459 
0.648 
0.815 
1.093 
1.308 
1 . 4 ~  
1 . ~ 2  
1.775 
1-876 
1.933 
1-982 

f ' (~) 
(T) 

0"243 
O" 459 
0"650 
0"813 
1 "09 
1 "31 
1-47  
1-60 
1 "77 
1"87 
1"93 
1-98  

f(*~) 
(A) 

5 

5.003 
5.012 
5.026 
5.044 
5-092 
5-152 
5.222 
5-299 
5-469 
5-652 
5.843 
6.235 

/(~) 
( T )  

5 

5.003 
5.018 
5-026 
5.044 
5.092 
5.152 
5.222 
5-299 
5.468 
5-651 
5.842 
6-234 

K ---- 10 (O" 1 = 5 )  

i J 
0 

0-0125 
0-025 
0"0375 
0.05 
0-075 
0-1 
0" 125 
0-15 
0-2 
0-25 
0.3 
0.4 

f'(~) 
(A) 

0.23729 
0"44668 
0-63146 
0-79450 
1.06524 
1-27585 
1-43957 
1"56674 
1.74192 
1-84696 
1-90969 
1.96900 

f'(~) 
(T) 

0 

0"236 
0"447 
0"631 
0"795 
1"07 
1"28 

1 "57 
1"74 
1 "85 
1 "91 
1 "97 

f(~) 
(A) 

10 

10.00151 
10"00582 
10"01258 
10.02151 
10"04490 
10"07427 
10-10830 
10.14595 
10-22903 
10"31898 
10"41303 
10.60748 

f(n) 
(T)  

10 

10.001 
10.006 
10-013 
10-022 
10.045 
10-674 

10-146 
10.229 
10.320 
10.414 
10.608 

0- 00625 
0"0125 
0.01875 
0- 025 
0 "0375 
0"05 
0" 0625 
0"075 
0"1 
0" 125 
0-15 
0"2 

K = 2 0 ( a  1 =  10) 

i i 
i f ' (~)  .i if(0) 
j (A) li (T) 

i 0 ! 0 

0"23559 0-234 
0"44350 0"443 
0-62696 0"627 
0.78887 0-789 
1.05782 1"06 

[ 1-26722 1.27 
1.43022 1.43 
1.55708 1"56 

t1"73258 1-73 
!1"83873 1.84 
j 1"90286 1-90 

1.96488 : 1-96 

f(~) 
(A) 

20 

20"00075 
20"00289 
20"00624 
20"01068 
20"02229 
20"03688 
20"05378 
20"07248 
20"11379 
20"15854 
20"20537 
20"30233 

f('t) 
(T) 

20 

20.001 
20.003 
20-006 
20-011 , 
20.022 
20.037 
20.054 
20 .0721 
20.114 
20- 158 
20.205 
20- 302 

(U)1/2 (~ :g 

v x  ] 

6" 
0 

Asymptotic 

0.366 

0.178 

2-05 

Thwaites 

0.368 

0.180 

2.05 

S-B 

0.364 

0.174 

2- 086 

Asymptotic 

0-1954 

0-0969 

2.015 

Thwaites 

0-193 

0.095 

2" 023 

Asymptotic 

0.09939 

0- 04959 

2- 00407 

Thwaites 

0.100 

0.050 

2.008 

Note.--(A) and (T) del~ote respectively values obtained from the asymptotic series and values given by Thwaites. 

S-B denotes values given by Schlichting and Bussmann. 
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