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Summary. This report contains some fairly simple and economic methods for calculating the load distribution on 
wings of any plan form based on the conceptions of lifting-surface theory. The computer work required is only a small 
fraction of that of existing methods with comparable accuracy. This is achieved by a very careful choice of the positions 
'of pivotal points, by plotting once for all those parts of the downwash integral which occur frequently and by a 
consequent application of approximate integration methods similar to those devised by the author for lifting-line 
problems. 

The basis of the method is to calculate the local lift and pitching moment at a number of chordwise sections from 
a set of linear equations satisfying the downwash conditions at two pivotal points in each section. Interpolation 
functions of trigonometrical form are used for spanwise integration both in setting up the downwash equations and in 
getting the resultant forces on the wing from the local forces. The preliminary chordwise integrations for the downwash 
are predigested in a series of charts (Figs. 1 to 6) ; it is these which make the method a practical computing proposition. 

The theory is outlined in sections 2 to 5 ; section 6 deals with the solution of the linear equation and section 7 with 
the resultant forces on the wing. Some examples are worked out in section 8 to compare with other methods; one 
solution is given in full detail in Tables 8 to 30 as a guide for computers. Appendices I to VI discuss more carefully 
some salient points of the mathematical theory, and AppendLx VII is intended to instruct the computer how to carry 
out the steps of the calculation. 

1. Introduction.--The basic  p r o b l e m  of aerofoi l  t h e o r y  is t h e  ana lys is  a n d  p red ic t ion  of t h e  
a e r o d y n a m i c  forces  a n d  the i r  d i s t r ibu t ion  on wings  a n d  wingl ike  bodies  such  as ta i lp lanes ,  
fins, etc.  I t  s eems  h a r d l y  neces sa ry  to  emphas i ze  t h e  i m p o r t a n c e  of s imple  m e t h o d s  for  solving 
th i s  p r o b l e m ;  so m a n y  ques t ions  of a i r c ra f t  design d e p e n d  on i ts  solut ion.  

F r o m  t h e  m a t h e m a t i c a l  po in t  of v iew t h e  p r o b l e m  appears  b y  no m e a n s  simple.  E v e n  a f t e r  
some  r igorous  r e s t r i c t i o n s - - w e  neglec t  t h e  effects  of t h e  v i scos i ty  of t h e  fluid a n d  a s s u m e  all 
veloci t ies  p r o d u c e d  b y  t h e  ac t ion  of t h e  wing  as smal l  c o m p a r e d  w i t h  t h e  speed  of t h e  a i r c r a f t - -  
t h e r e  r ema ins  a p o t e n t i a l  p r o b l e m  in t h r ee - space  d imens ions  w i t h  v e r y  a r b i t r a r y  b o u n d a r y  
condi t ions .  I n  t h e  first  pe r iod  of a i rc raK d e v e l o p m e n t  wh ich  is n o w  fad ing  ou t  t h e  wors t  
difficulties could  be  avo ided  b y  us ing P rand t l ' s .  concep t i on  of t h e  ' l i f t i ng  l ine '. T h u s  t h e  in te r -  
f e rence  b e t w e e n  d i f fe ren t  pa r t s  of a w ing  was  a p p r o x i m a t e l y  r e d u c e d  to  two  such  p rob l ems  in 
t w o  d imens ions :  t h e  flow in a n y  p lane  paral le l  to  t h e  p lane  of s y m m e t r y  was  cons ide red  as 
essen t ia l ly  t h e  s a m e  as t h a t  a b o u t  t h e  inf ini te  cy l indr ica l  wing  w i t h  t h e  s a m e  cross -sec t ion ;  

* R.A.E. Report Aero. 2353, received 13th October, 1950. 
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the interference between different wing sections w a s  approximately represented by a local 
modification of the direction of flow, the ' induced angle of incidence' to be estimated for straight 
large aspect ratio wings as half the downwash angle far enough downstream at the same spanwise 
station. The calculation of-this downwash was again a mat ter  of two dimensions only. One 
definite advantage of this scheme is the possibility of introducing measured aerofoil section 
characteristics instead of the theoretical values, thus including at least to some extent the effects 
of the originally neglected friction. But  even this simplification led to an integral equation with 
a nuc.lear function so complicated as to forbid the application of all methods for integral equations 
to be found in mathematical  textbooks. 

Among the many methods devised for the solution of this particular problem of lifting-line 
aerofoil theory one suggested by the author became the routine method at least in Germany and 
the U.S.A. thanks to its practical simplicity 1. The appreciable reduction of computer work was 
mainly achieved by a consequent application of approximate integration methods, i.e., the down- 
wash integral was replaced by sums containing the circulation values at certain stations multiplied 
by constant once-for-all-calculable coefficients. This led to a linear system of equations with 
the circulations at those stations as unknowns which could be solved easily by  an iteration process. 
No sacrifices in accuracy or limitations in the range of wing shapes to which it should be applied 
were necessary because the number of control stations could be so high as to meet all requirements. 

I t  was not the mathematical  desire for absolute correctness but the fundamental  failure of the 
lifting-line conception in dealing with modern trends in wing design which aroused a new wave 
of interest in the lifting-surface theory. An early a t tempt  at a lifting-surface calculation by 
Blenk" was mainly to show that  the results of the lifting-line theory were quite good--at  least 
for wings of rectangular plan form and some aspect ratios. In its physical conception the lifting 
surface is more simple and direct than the lifting line which by its very nature is restricted to 
nearly straight wings of a fairly large aspect ra t io-- jus t  the type of wing which was suitable in 
the past as long as one had n'~t to bother about compressibility and wing-elasticity problems and 
the resulting limitations. With the progress of aircraft development into the sonic zone we have 
hardly any choice but to abandon both the straight wing and the large aspect ratio, the first in 
order to avoid unnecessary wave drags and the second for structural reasons because of the very 
thin wing sections to which we are restricted. 

This is, of course, not the first a t tempt  to find a convenient way of dealing with lifting-surface 
problems. One group of investigations concentrated on wing plan forms for which some 
mathematical  advantages existed. Thus, Kinneff and Krienes ~ calculated the special cases of 
wings with circular or elliptical plan forms by developing suitable classes of Mathieu's functions. 
Similarly, Fuchs 5 applied yon K~rm~n's suggestion 6 to use Fourier integrals for the representation 
of the general solution to the specfal case of the rectangular wing. But it seems not very promising 
to extend any of these methods to wings of arbitrary plan forms. Therefore, many attempts 
have been made to use simplifying physical models for the approach to the general problem, e.g., 
a lifting line in the quarter-chord line for calculating the downwash on the three-quarter-chord line 
(Weissingeff, Mutterperl 8, Schlichting and Kahlerff, Thwaites l°, etc.). Indeed, these methods 
are modifications and extensions of the lifting-line conception rather than real lifting-surface 
solutions. Although the reduction of computer work by such simplifications should be consider- 
able it always raises the doubt whether the particular physical model is really a suitable substitute 
for the given wing. The distribution of the lift on more than one lifting line as in Schlichting 
and Kahlerff is, of course, another step towards the lifting-surface conception, but it implies 
still more arbitrary assumptions requiring justification. 

A further important  step towards a generally suitable lifting-surface method was Falkner's 
proposal n which stands half-way between a really continuous lifting surface and the vortex 
models mentioned above. His vortex lattice is not meant as a simplifying model of the actual 
wing but should be regarded as a rather crude method of approximate integration. The 
differences between the results of this method, which is so far the only workable lifting-surface 
approximation, and those of the second-order lifting-line methods do justify a further progress 
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in tha t  direction although the calculus is rather cumbersome. As a first notable contribution 
of this kind we have to consider Garner's calculations ~2,~3 which are, apart from the present 
paper, the only genuine a t tempt  to operate with a continuous lifting surface, i.e., without physical 
or mathematical  assumptions and models whose application needs to be justified. The results 
are a valuable basis for comparison although the length of time required for the calculation forbids 
its use as a routine method for which it was indeed not intended. 

The present report aims at filling the still-existing gap: a method based on lifting-surface 
conceptions to calculate the lift distributions on arbi trary wings which is convenient enough 
for all practical needs without using auxiliary assumptions and artificial vortex configurations 
which seem not strictly necessary. For this purpose the approximate integration developed by  
the author for lifting-line calculations should again be the most powerful tool. 

2. The I~tegral Equatiora of the Liftir~g Surface.--The problem of finding the wing shape for 
a given load distribution is relatively easy and can be solved directly by  integration. But  for 
the more interesting inverse problem--to find the aerodynamic load distribution for a given 
aerofoil geometry, no direct solution seems possible except for very special plan forms. This is 
the case with almost all such coupled problems of the potential theory:  if it is easy the one way 
round then it leads to an integral equation for the inverse question. I t  is not always the more 
interesting problem which is more difficult; e.g., the pressure distribution about a wing due to 
its thickness distribution may be found by integrating over sinks and sources proportional to 
the slope of the local thickness only, whereas the solution of an integral equation is required in 
order to determine the thickness distribution for a given pressure pattern. 

As  an introduction to the mathematical  problem a concise derivation of the basic equations of 
lifting-surface theory does not seem out of place here, although it is not intended to indulge too 
much in conceptional details for which the reader is referred to Prandt114 and BurgerslL 

Let x, y, z be an  orthogonal system of axes so tha t  the x-axis coincides with the direction of 
undisturbed flow relative to the wing in its plane of symmetry (if it has one, otherwise the origin 
must  be arbitrarily chosen in the wing surface) ; the z-axis points upwards almost perpendicular 
to the wing area which is supposed to have zero thickness and small camber and twist. The 
local velocity vector is split up into the undisturbed velocity U and the three small additional 
components u, v, w in the direction of the respective axes. The assumption tha t  u, v, w are small 
compared with U is a necessary condition for a linearisation of the whole problem ; as we ah-eady 
know from two-dimensional aerofoil theory this is not a serious restriction except near the speed 
of sound. 

To the pressure field around the wing belongs a velocity field which can be found by integrating 
the linearised Euler's equations of the motion of a fluid relative to a body : 

au 1 ap _ 0 U ~  + p a x  

av 1 ap 
U~x + p a y - - O  

~w 1 ~p _ 0 
U ~  +paz  

( 1 )  

These equations are derived from 
which contain products of the u, v, w and their derivatives. 
continuity equation" 

U 8p 8u 8v 8w 
p = ° "  . .  

the complete Euler's equations by  neglecting the terms 
In the same way we obtain the 

. . . . . . . .  (2) 
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Since no heat transfer within the fluid is assumed, and frictional effects are .neglected we can 
consider p = p(~b) or/~ = ~b(p) the connecting relation being 

dP a2 . .  
~p - . . . . . . . .  (3) 

where a is the speed of sound, which again comes out as constant for u < < U. The differential 
dp/p of the Euler's equations can also be considered as the differential of the enthalpy I of the 
flow element so tha t  the Euler's equations are transformed into 

3u 31 
U ~ x + ~ = O  

av ~/  
U ~ + ~-~ = 0 . . . . . . . . . .  (4) 

U 3w 3I ~ + ~ = o  

while the continuity equation gives" 

U 8I 3u 3v ~w 
a 2 3x + ~  + 7  + b 7  = 0  . . . . . . . . . . .  (s) 

These four equations can be combined by differentiating the first three with respect to x, y and z 
and the last again to x so as to give 

( U  2 ) ~ I  32/ 
~ /  1 - -  + - -  + - - = 0  (6) 3 x---~ -~- ay2 3z 2 . . . . . . . . . .  

which for U/a = constant, can be transformed into the usual Laplace equation in three dimensions 
by reducing e.g., y and z proportional to ~/(1 -- U=/a 2) (Prandtl-Glauert rule). We can concen- 
trate, therefore, in the following entirely on the incompressible case U/a < < 1. 

Within the limits of the linearised theory I is given by 

I _  / = P - - 1  boo 
. . . . . . . . . .  (7) p~ 

/co, ~b ®, p o~ representing the undisturbed flow far enough away from the wing. Thus for all practical 
purposes the enthalpy field is equivalent to the pressure field. A sufficiently thin wing, the 
aerodynamic load of which is different from zero, may, therefore, be described as a discontinuity 
surface in the enthalpy potential field which satisfies the Laplace equation. A discontinuity 
surface in a potential field is usually built up by  a sheet of doublets with their axes normal to 
i t ;  the intensity per unit area of these doublets is proportional t o  the enthalpy difference on 
either side and, thus, to the local load density. We may call 

a p  
l =  ~ p v  2 . . . . . . . . . .  (s) 

the non-dimensional load per unit area; the /-field is, then, determined by the condition tha t  
the discontinuity of I through the wing surface is 

U 2 
d / = - ~  1. . .  , . . . . . . . .  (9) 

Since I is a solution of the Laplace equation in three dimensions we may write down the equation 
of the /(x,y,z)-field by integrating over the elementary fields of doublets; for a doublet at 
x = x0, y = Yo, z ----- 0 with its axis in the z-direction, this elementary field is known as 

- - 1  z 
4~ [(x - x012 , +  (y  - yo)2 + z~]~/,- 
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Thus we have 
- -  z U  ~ l(xo,Yo) dXo dyo 

- - + (y  - yo) '  + . . . . . .  (lO) 

Xo, Yo being the co-ordinates in the wing plane. In  using (10) for the enthalpy we are in effect 
replacing the curved sheet of the wing by its projection on the plane z = O, see sketch. To this 
approximation the flow given by (10) at the point Q must be the same as the actual flow at the 
point P of the wing. In particular if the local incidence -- az/3x of the surface at P is c¢ we 
must have 

. = - -  w / U .  . . . . . . . . . . . . . .  (11) 

Z 

) ,  
O~ U+u 

, , Z  

f ( ~  t '~l - - -  

o 
Q "×.v, o~ 

Sec t i on  t h r o u g h  y ---- cons t .  

The downwash velocity w is now obtained by integrating the third of the Euler's equations (4) : 

w(x,y,z) u :  f_o: ~I  --  ~ (x',y,z) dx'  . . . . . . . . . . . . .  (12) 

This implies the obvious assumption tha t  w = 0 at x = -- oo, i.e., undisturbed flow far enough 
upstream of the wing. In  the wing plane, i.e., for z = 0 we find : 

~ I  - -  1 l(Xo,yo) dxo dyo 
g / ( x ' , y , O )  - 4 ~  .v  s [ ( x '  - x0) '~ + ( y  - y0)2~3/~ . . . . . . . . .  ( 1 3 )  

The essential part  in the integral (12) is then 

-~ E(x' - Xo) ~ + ( y  - y o ) " ? / "  - ( y  - yo)  ~ 1 + V E ( 2  - Xo) 2 + ( y  - yo)~3 • " ( 1 4 )  

Thus we find the downwash integral from equations (12) and (13) as 

- l r r  l(Xo,yo) {1 + X -  Xo } 
(z(x,y) _ 8~ JJs (y - yo) ~ .v/E(x - xofl + (y - yo)~l dxo dyo. . .  (18) 

This integral contains a strong singularity at y --+Yo which makes i t  intractable in this form. 
By  a more careful approach than it was thought  necessary to give in detail here, it can be shown 
that  a ' principal value ' for these integrals can be defined ; thus, we are going to understand tha t  

f l  f (Yo)dyo lira {f'-" f(Y,)dyo ~b f(Yo)dyo 2 f ( ~ ) l  
( y -  yo ) '  . + o _  o ( y - y o ) '  + . + . ( y -  y o ? -  . . . . .  

wherever integrals of this type occur in this report. Dr. Mangier was kind enough to contribute 
a less objec{ionable derivation of these relations which is added in Appendix I. 

5 



Thus, equation (15) gives us the local incidence distribution of the wing for a given load distri- 
bution l. If, as usual, not the load distribution but  the local incidence distribution is given we 
may consider equation (15) as the integral equation for determining the load distribution l(x,y). 
But this is not enough. We must bear in mind tha t  there may be many functions l(x,y) which 
satisfy equation (15). As in two-dimensional theory we have to add a trailing-edge (Kutta- 
J0ukowsky) condition stating the simple physical fact tha t  at sufficiently high Reynolds numbers 
and moderate angles of at tack we do not observe any flow around the trailing edge, i.e., the 
downwash behind the wing is a continuation of the angle of incidence at the trailing edge. The 
easiest way to respect this condition is to admit only such load functions which disappear towards 
the trailing edge. 

3. The Distributio~¢ of Pivotal Poi~ts.--There is little hope of finding direct and complete 
solutions of our integral equation (15). The best thing we can do is to choose a limited number 
of independent load distributions out of which we construct linear combinations so as to satisfy 
the integral at a certain number of so called ' pivotal points '. The more of these points we take 
into account the more independent load distributions are available, i.e., the more accurate will 
be the resulting load distribution. On the other hand the computing effort is roughly proportional 
to the square of the number of pivotal stations ; therefore, we have to find a reasonable 
compromise. 

The pivotal points should not be arbitrarily chosen because the calculation methods depend 
largely on this choice. I t  is fairly obvious tha t  a concentration of most or all of these pivotal 
points in one part  of the wing will hardly give a reliable solution in other parts of the wing. 
An absolutely equi-distant distribution of them might also not produce the best results; the 
kernel function of our integral equation is hardly of a type to suggest that.  

As to the spanwise distribution of pivotal stations it is very unlikely tha t  we can find abet ter  
distribution than tha t  which we used in the lifting-line theory, because the dominating part  of 
the kernel function of our integral equation is the term 1 / ( y -  yo) ~ which occurs also in the 
lifting-line theory. There we found the best distribution of pivotal points by equally dividing 
the semi-circle over the wing span, Ref. 1. 

This choice had some important  advantages over any other distribution of the same number of 
stations, namely:  

(a) haK the coefficients of the sum representing the downwash integral in our approximate 
integration method were zero 

(b) the system of equations tha t  replaced the integral equation could always be solved by 
an iteration process instead of by  elimination. 

If we succeed in securing these advantages also for our lifting-surface downwash integrals 
this would mean a reduction of the computer work required to a small fraction of what was 
needed otherwise. 

Because the aspect ratio of most of the wings under discussion is, although small, nevertheless 
greater than one, the number of chordwise stations must be even more restricted than the number 
of spanwise stations, for what counts most towards the computing effort is the total  number of 
pivotal points, which is the product of the number of spanwise and chordwise stations. This 
means tha t  it matters very much where the chordwise position of these pivotal stations will be. 
We know already from two-dimensional aerofoil theory tha t  with regard to forces and moments 
the rear parts of the wing skeleton count much more than the front parts and this tendency is 
even more pronounced with wings of small aspect ratio. Since we have a fully developed theory 
only for the infinite aspect ratio we take these results to decide about the chordwise posi t ion 
of our pivotal stations, the number of which is supposed to be very small. 
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For  reference we begin by  repeat ing some wel l -known results of the  two-dimensional  aerofoil 
theory.  The skeleton line being given by  z(x) be tween 0 < x < c we obtain  the  local downwash  
w / U  = dz/dx from the  integral  

w - 1 f° l(x ')  dx '  
F ( x ) - -  4~ . x - - x  . . . . . . . . . . . . . .  (17) 

I t  has been useful to in t roduce the  angular  co-ordinate  

( = c o s - :  1 - - 2  c . . . . . . . . . . . . .  (18) 

Assessing the  lift d is t r ibut ion as 

I = a0 cot ~ ~ . . . . . . .  (19) ~. + E a , , s i n n ~  , .  . .  
1 

we obtain  for the  local downwash  by  working out equat ion  (17) 

( : )  w ao : (20) --  U --  4 ~ E a,~ cos n~p . . . . . . . . . . .  
1 

Lift  and  pi tching momen t s  about  the  quar ter -chord  point  are given as follows 

. . . . . . . . . . . . . . .  

C~ - -  1-6 (a: - -  a2) . . . . . . . . . . . . .  (22)  

These results are fairly well known from the  classical analysis of the  th in  aerofoil in two- 
dimensional  flow by  Bi rnbaum,  Munk and Glauert.  If we express a0, a: and a2 by  Fourier  analysis 
f rom equat ion (20) we obtain  the  wel l-known Munk's  integrals for lift and pi tching moment .  
Bu t  the  problem tha t  interests  us is somewhat  different" supposing we have  only a l imited number  
of points  along the  chord where  e can be given, how are these to be placed so as to obtain lift and 
perhaps  also the  pi tching m o m e n t  as 'accurately as possible ? 

Let  us first consider the  case of only one chordwise station. Since it is the  cu rva tu re  of the  
skeleton line which determines  the  m o m e n t  we cannot  expect to obtain  tha t  f rom the  incidence 
at  one s ta t ion only. Bu t  we can d e m a n d  t h a t  

CL = K ,  ~ (_~1)  . . . . . . . . . . . . . .  (23) 

should be fulfilled as best possible; compar ing equat ions (23) and  (21) we see t ha t  for 

K = 2~ 

N1 
and c --  0 .75 (cos ~0 = --  0 .5  or ~0 = §~) . . . . . .  (24) 

equa t ion  (23) holds if ~(f) is given by  the  first two terms of equat ion  (20). 

This is the  whole s tory  of the  th ree -qua r t e r - chord  point,  which means  t ha t  if we have  only 
one chordwise s ta t ion for measur ing  the  incidence this should  be done at th ree -quar te r  chord in 
order  to have  the  most  reliable value  for the  lift coefficient. We can in te rpre t  it also in a somewhat  
different way" if we measure  the  downwash  at th ree-quar te r  chord  it does not  ma t t e r  how we 
assess the  lift distr ibution" whe the r  we t ake  only the  cot ~/2- term or only the  sin ~o-term or any  
l inear  combina t ion  of both  to represent  a certain to ta l  lift, in every case the  downwash  at three-  
quar te r  chord is exact ly  the  same. Thus,  if we represent  the  chordwise lift d is t r ibut ion by  the  
first t e rm o n l y  the  second is implic i t ly  t aken  into account .  
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I t  is a lucky accident and should be appreciated as such that  even the concentration of the 
chordwise lift distribution into a single vortex a tquar ter -chord induces the same downwash at 
three-quarter chord. This is the main justification of some second-order lifting-line theories, 
e.g., those of Weissinger and Mutterperl for swept wings and the low aspect-ratio theories by tile 
author and Helmbold. 

If we can choose two chordwise pivotal stations we may admit three terms of the series 
development (19) and (20) and demand both the lift and the moment  to be fully valid within 
this restriction to the first three terms; i.e., we write 

and 

(x,) 
C L = K ~ . ~  + K 2 . c ~  c . . . . . . . . . .  (25) 

C~,~ = K 3 °  0 ~ ( ~  -1) + K 4 . g ( ~ )  . . . . . . . . . . .  (26) 

The condition that  these two equations are compatible with equations (21) and (22) for any 
a0, a~, and as values gives six equations for the unknown K ~ . . .  K4 and (x~/c), (x.,/c). The solution 
i s :  

K1 = -}-a(1 + ~ 5 ) - - :  +4"5466  

( ' )  K~----- + ~  1 %/5 =: +1"7366  

-- -- O" 7025 
K 3  = - -  K ~  - -  2%/5 

and 

. . . .  (27) 

xl 5 + %/5 ] 
c = 8 - = 0-9045 (~ol -- }a) [ 

• (28) j . . o o . . 
x~ _ 5 -- %/5 
c 8 -- 0-3455 (~o~ = ~ )  

With this choice of the pivotal stations we have the advantage that  we can assess the lift distribu- 
tion with the first two terms a0 cot ~/2 + al sin 9 and the omitted third term cannot affect the 
lift coefficient nor the moment  coefficient, i.e., this particular choice of two chordwise stations 
is roughly as good as any arbitrary choice of three such stations. 

As a rule we can regard the representation of the skeleton line by a parabola of the second or 
third order as quite satisfactory. The main practical case requiring some more care are wings 
with flaps or aileron. This case will be dealt with in Appendix II. 

If we want to take more than two chordwise pivotal points into account in order to find out 
some more details about the pressure distribution along the chord it can be shown that for p 
pivotal points their best distribution is given by 

2~n 
% ~ = 2 p +  1 n---- 1 , 2 , 3 . . . p .  

4. The Chordwise Integration of the Downwash.*--To do the chordwise integration first and the 
spanwise part afterwards seems the most obvious way in dealing with equation (15). The main 
advantage of this sequence is the fact that  the spanwise integral is thus brought very close to the 
downwash integral of the lifting line for which excellent numerical methods are already existing. 

* These influence functions have been recalculated by the Mathematics Division, N.P.L., and are now available in 
the form of tables. For accurate work the use of these tables is recommended, and copies can be obtained on application 
to the Aerodynamics Division, N.P.L. 
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I t  may  be worth mentioning tha t  in supersonic aerofoil theory another possible way- - to  begin 
with conical fields which are integrated mainly in spanwise direction--yields the better results, 
owing to the fact tha t  the downwash in any  pivotal station is only affected by singularities in its 
forecone. 

The first thing we have to do is to choose some appropriate function for the chordwise load 
distribution which may be put  into the downwash integral equation (15). The most natural  
choice is the load functions which occur in two-dimensional aerofoil theory, equation (19). For 
the greatest part of the wing a couple of these functions should describe the chordwise pressure 
distribution at least as well as any other arbitrarily chosen family of functions. The only practica ! 
exception is the very central section of a swept-back wing where the pressure at the leading edge 
does not run up into the usual suction peak ; but  it seems to be better to stick to some uniformity 
in the assumptions of our calculations and make some readjustments later if necessary rather 
than to over-emphasise what  is only a very local effect. 

The integrals we have to deal with are of the type 

• ol l ( x o , y o )  1 + ~ / [ ( x  - -  x0) ~ + (y - -  y0) ~] dxo . .  

(x0~ = leading edge, x0~ = trailing edge of inducing wing section, Yo = const/. 
convenience we can introduce some auxiliary non-dimensional co-ordinates X, Y 

x - - X - - X ° 1  y y - - Y 0  and X0 Xo--X0l 
 lyo) ' - c ( y o )  ' = C ( y o )  

. . . .  (29) 

For our further 

. . . .  / 3 0 )  

The first chordwise load distribution which we are going to consider is 

lo = a0 cot ~/2 . . . . . . . . . .  

with 

which gives the lift 

= cos -1 (1 -- 2X0) . . . .  

. . . . . .  ( 3 1 )  

. . . . . . . . . .  ( i s )  

(32) 

We are relating the chordwise part  of 

CL = ao.  ~ /2  . . . . . . . . . . . . . . . .  

but  no pitching moment about the quarter-chord point. 
the downwash integral with the load distribution l0 equation (31), to the (CLc)-value at Yo; this 
integral may be called the influence function i :  

i (x ,y ,yo)  - -  C L .  c -,ol lo(xo.yo) 1 + ;v/E(x _ Xo)~ + ( y  _ yo)~] dxo . .  (33) 

which may be transferred into the above-defined non-dimensional co-ordinates as follows: 

1 -- cos ~o 
X 

~ 2 
1~ cot ~ sin 1 + d~ d[( 

1 ~ (1 + cos ~)(2X -- 1 + cos ~) d~ . . . .  (34) 
= 1-4-~ o ~ / [ ( 2 X - -  1 + c o s ~ l  ~-4-4 y"] "" 

This is an elliptic integral the reduction of which to tabulated standard integrals is so complicated 
and lengthy tha t  direct computation by graphical and numerical methods was indicated except 
for a few special cases. 
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A second load distribution may be given by the second term of equation (19) or any com- 
bination of the first two terms. A fairly convenient distribution is the one which gives a pitching 
moment but  no lift, namely 

11 = a l [ co t  ~ - - 2 s i n g ]  . . . . . . . . . . . .  (35) 
with 

CL~ = 0 C,,,, = a~. ~/8 . . . . . . . . . . .  (36) 
For this second load distribution we define another influence function j : 

1 f~0~ { X--Xo } 
j(x,y,yo) - -  C,,I .c (Yo) J*o,l~(x°'Y°) 1 + %/[(x -- Xo) ~ + (y -- yo) ~] dxo . .  (37) 

which may be transformed into 

4f~(2cos  2~ + c o s ~ - -  1)(2X--  1 +cos~o) d~0 
j ( N , Y )  = ~ 0 %/[(2X -- 1 + cos ~)~ + 4Y~] . . . .  (38) 

which again, as the previous one, had to be calculated numerically and graphically. 

For large Y-values we have calculated the i- and j-functions by series expansions for Y = oo. 
~31"~ already obvious that  for large Y the induction of a wing section loaded according to equation 

may approximately be represented by placing a concentrated load in the quarter-chord 
point ;  this gives the asymptotic value for i 

X 1 
i~ = 1 + ~/[(X -- ~-)?+ Y~J . . . . . . . . . . .  (39) 

If we introduce for simplicity 

X 1 
A - -  g Y . . . . . . . . . . . . . . . .  (40) 

equation (37) may be written in the form 

i ( X , Y )  = 1  + ~  %/[1 + ( A  _] 2cosqg--4y 1)51 . . . .  (41) 

This suggests a power series development 

f , (A )  f2(A) 4_f3(A) i----i~ ~ y - ]  y ~ _  y~ + . . . . . . . . . . .  (42) 
with 

[ Oi ] 1 i f (1  + cos g) (2 cos ~0 -- 1) d~ 
A(A) = O(17Y) Y=~-  47~ o (1 + A~) ~/~ 

1 F _ - 3 A  
f~(A) = ~ L~(1-7-y2)jr= -- 32u( 1 + A )5/ fo (1 +cos ~o)(2 cos 9 -- 1)~d~ 

- -  3A 

- -  32(1 +A~)5 /2  

1 1 - -  4A ~ 
fa(A) -- 128 (1 --}- A~) TM 

15A 3 -- 4A'- 
/~(A) ---- 2048 (1 + A2) 0/2 

--9 1 - -  12A 2 + 8 A  ~ 
f s (A)  - -  4096 (1 + A~) 11/2 etc. 

10 

= 0  

• (43) 



A similar series deve lopment  for large Y-values can be made  with j(X,Y) and gives" 

= ~ g~(A) j ( A ,  1 )  g~(A) +g ) +  y--r- + 
y o • , . . . . . .  o *  

with 
1 15A 3 - -  4A ~ 

g ~ -  (1 + A 2 )  ~/2 g~ = -  256 (1 -+-A~) 9/~ 

3A 90 1 - -  12A" + 8 A  ~ 
g2 - -  8(1 + A~) 5/~ g5 - -  4096 (1 + A~) n/2 

- -  3 1 - -  4A ~ 
g 3 -  32 (1 + A ~ )  7/2 etc. 

(44) 

(45) 

The results of these calculations are p lo t ted  in a series of diagrams, Figs. 1 to 6, in which i and 
j are shown as functions of Y wi th  X as parameter .  The scales are so chosen as to suit the  accuracy 
requirements  of the  final calculation where these diagrams are widely used. 

I t  is diffficult to obtain a series development  for small Y-values. The values of i and j at  
Y = 0 are easy:  in equat ion  (38) and (37) the  factor in brackets  is either 2 or zero : 

l i m I l +  X--Xo ] = {2 x 0 < x  . .  (46) 
, + , 0  ~/[(x - Xo) ~ + ( y  - yo?~ 0 Xo < x .  " "  

Thus, wi th  

we obtain 
~0~ = cos -z (1 '2X) 

i ( x , o )  = - 2 (1 + c o s  = 2_ + s i n  

and 

2{ } 
cos -~ (1 --  2X) + 2V[X(1  --  X)] 

8 f : l  (2 cos~ ~ o -  + cos ~ 0 -  1) d~ _= 8 (sin2~o~_ -- + sin ~ )  j(x,o) = 

(47) 

32 
- -  ~ XI/~(1 X )  ~/~ . . . . . . . . . . . . .  (48) 

The derivatives of i and j wi th  respect to X are also a mat te r  of course: 

~X CL ~ . . . . . . . . . . . .  

(X,0) = 2  11 _ 16 (1 --  4 X ) ~ / ( 1 - -  X )  
~X C,, ~ X . . . . . . . .  

and :  
~ i  2 1 
gX ~ (X,O) = --  ~ X3/%/(1 __ X) . . . . . . . . . . . .  

~J (X,0) 8 1 -}- 4X --  8X ~ 
~ x  ~ = - 7~ x 3 / % / ( 1  - x )  . . . . . . . . . . . . .  

But  the  derivatives with respect to Y are more difficult. 
t ha t  i and j are symmetr ical  in Y because they  contain only Y~ in the  integral;  therefore, we 
have  3i/OY-= 0 and Oj/OY = 0 for Y----0. The difficulty begins with the  next  derivat ive 
O~i/OY ~ which does not  exist for Y =- 0. Thus, we cannot  develop a Taylor series for i(Y) from 
Y '  0 ; this is a usual feature of some elliptical integrals with the  modulus  k near  1, to which our 

(49) 

(so) 

(51) 

(52) 

F r o m  their  def init ions it is obv ious  
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integrals i and j are much akin. But  it is still possible to develop some other series containing 
also logarithmic terms; the series development of i (X ,Y )  begins thus with 

i (X , Y )  = i(X,0) -k Y~ [Ki ln  [YI +K~]  + . . . . . . . . . . .  (53) 
and it will be shown in Appendix I I I  that  

' - -  1 dlo 1 

K,  = CL d X  --~Xa/"V'(1  -- X) . . . . . . . . . .  (84) 

and accordingly in the analogous series development for 2": 

- -  1 d l l  4 1  + 4 X  - -  8 X  °" 
K1 --  C,~ d X  = ~  xa /~ / (1  -- X) . . . . . . . . . . .  (55) 

Although not very apparent in any plotting o f i  or j over  Y,  see Figs. 2 and 4, this logarithmic 
term does affect the eventual downwash integral to some extent. The spanwise integration 
includes a factor proportional 1/Y  2 in the integrand which thus contains a logarithmic singularity 
for y = Y0 not covered by the ' principal value ' of equation (16). 

Any further terms of the chordwise load distribution can, of course, be dealt with in quite 
the same manner, but there seems to be no direct need for their calculation especially with 
regard to our particular choice of chordwise control stations. 

5. The Spanwise Integration of the Downwash.--5.1.  The Regular Part of the Downwash 
In tegraL--Af ter  having concentrated the chordwise part  of our downwash integral (15) into the 
influence functions i and 2" we are now on fairly well-known ground with the rest of the integration 
because something very similar has already been worked out in the lifting-line theory. With 
the influence functions i and j the downwash integral is reduced to 

--  1 [~/~ (CLc)(y') . i(x,y,y') dy' 1 [b/~ (C~,c)(y') --, f i x , y ,~)  dy' (56) 
- J_ /2 ( y  - y,)2 (y _ . .  

plus further expressions of a similar pattern if we consider more than two independent chordwise 
load distributions. With the restriction to only one of them we have to deal with only the first 
integral. For convenience we may introduce the non-dimensional co-ordinates 

y x 
--  b/2 and ~ -- b/2 . . . . . . . . . . . . . . . .  (57) 

and a non-dimensional lift per unit span (circulation) 
I" _ CLc 

7 -- bU 2b . . . . . . . . . . . . . . . . . .  (58) 

to which a corresponding expression for the pitching moment per unit span may be added 
C,,~c 

- 2b . . . . . . . . . . . . . . . . . . . .  (sg) 

Written in these non-dimensional units the downwash integral (15) is now 

- 1 f l  & '  1 (60) 
~(~'V)-- 2 £  -1 (V--V')~ --2-~ -i (V--V')~ . . . .  

Since both integrals have very much the same shape we treat them in quite the same manner. 
The following discussion of the first integral applies to the second with the substitution of ~ and j 
for ~, and i respectively. 

The problem of finding a convenient method of working out integral (60) may have, and has 
indeed, many  possible solutions. As usual in such problems there exists no absolute criterion to 
decide which is the best possible method. The only thing we can do is to compare the time 
required for computing with the accuracy, reached. The method presented here is the result of 
such comparisons; m the author's opmmn it gives the most favourable correlation between 
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accuracy and computing effort for a given number of stations at which the integral equation is 
to hold exactly. An alternative method is described in Appendix V; it  needs much more work 
but  might be slightly more accurate. 

The main part  of our spanwise integration is based on the approximate integration method 
for the ' induced angle of at tack ' of the lifting-line aerofoil theory as developed by the author 
some time ago ~. This induced angle of at tack is given by 

O J t g q Q 
. . . . . . . . . .  (61) 

This integral is usually written as 
I 

n - 

One  can easily prove the identi ty of both expressions by partial  integration keeping in mind 
the definition of the second-order principal value, equation (16). The downwash integral equation 
(15) and this induced angle of at tack differ only in the factor i(n,~') which is a fairly continuous 
quant i ty  varying only within the limits 0 < i < 2. I t  is, therefore, only natural  to apply the 
integration methods developed for cc~ also to our downwash integral by  considering the 
(7 •/)-distribution as roughly equivalent to another 7-distribution. Due to the continuity and 
finiteness of i this (7 •/)-distribution has all the typical features of a y-distribution, especially 
its proportionality to the square root of the distance from the wing tips near these tips. 

Thus, if we introduce the usual angular co-ordinate 
0 = cos -1 ~ . . . . . . . . . . . . . . . . . .  (62) 

we may well assume tha t  not only y but  also (y.  i) may be represented by a sum 
(y .  i) = E a~ s in ~0 . . . . . . . . . . . . . . . . . .  (63) 

to a fair degree of accuracy without too many  terms of this development being needed. The a~ 
are, of course, functions of the pivotal station. 

Although fairly simple for general discussions such series developments are usually not so 
convenient when it comes to the actual calculation. If we consider the values of (y. i) to be 
given at a limited number of stations we can find values between these stations either by  working 
out a series development with as many  terms as stations are given or by  using different 
interpolation functions. The latter is the way which is successfully done in the lifting-line 
theory 1. Since the original report might not be available it was thought  advisable to repeat the 
essential theory in Appendix IV ; the principle results are quoted in the following discussion. 

" n = O  
- I  I 

- 2 

n 

I?m-I ?'?=0 Zjn r ]=[  
~= ~ 0 = ~  ~n 0--0 

2 

The stations at which the y or (y. i) values are supposed to be known result from an equidistant 
subdivision of the angular co-ordinate range 0 < 0 < ~. We always work with an odd number 
m of stations, so as to include the span centre 0 = ~/2 as one of them. The stations are numbered 
positive to the right and negative to tile left of tile zero central station, as shown in the sketch. 
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Thus n takes the  m values 0, ~ 1, -[- 2 . . . .  ~: (m --  1)/2. 

The angular in terval  is ~/(m -~ 1) and so 

7C Tt7~ 

0 '~- -2  m - t - 1  
and  

~,~ --  cos 0,~ = sin m -t------1 . . . . . . . . . . . . . . .  (64) 

This number ing  of the  stat ions is more convenient  than  the  system used in the  lifting-line theory,  
since it works from the  essential symmet ry  of the  system, ~ = -- ~_,~. 

We can now write 
~ -- I 

2 

i )  = ( 7 .  . . . . . . . . . . . . . . . .  (6s) 
n t - -1  

2 

(~,. i).  being the  value  of ( r .  i) at  the  n- th  interpolat ion stat ion and g~(O) the  interpolat ion 
funct ion belonging to this n- th  station. Its essential feature is the  fact t ha t  its value is un i ty  
at the  n- th  s ta t ion and zero at all the  others. A function which goes t h a t  way and has the  
required t endency  towards the  wing tips is given by 

sin 0~  sin (m @ 1)0 
g,~(O) = - -  (m ~ 1) cos (m -t- 1)0,~ cos 0 - -  cos 0~" . . . . . . . .  (66) 

This function,  being proport ional  to sin (m -t- 1)0, vanishes at all stations except 0,, and it can 
easily be proved tha t  

lim sin (m + 1)0 (m ~- 1) cos (m -t- 1)0,, 
0÷0,~ cos 0 --  cos 0 ,~-  - -  sin 0, • . . . . . . .  (67) 

Hence g,~(O) = 1 at  0 = 0,,. See Appendix  IV. 

By  developing g~(O) into a Fourier  series we can also show tha t  

2 ~ l s in  ,10~ sin 20 . . . . . . .  (68) g ~ - - m + l  . . . . . . . .  

In  this form these interpolat ion functions are f requent ly  used in the  harmonic  analysis of periodic 
funct ions;  they  are usually derived by  a least-square method.  

Our downwash integral  (60) gives now with  ~ = cos 0 

~(0) --  1 f f  (~, . i)(o') . sin 0' dO' 
--  2-~- o (cos O --  cos O ') ~ . . . . . . . . . . . .  (69) 

which with equat ion (65) comes to 

2 ~ t 
- -  1 E (~,. i),~ . I g,,(O ) sin O' dO' 

~(0) --  2~ ,,-1 o (cos 0 --  cos 0')~ . . . . . . . . . . .  (70) 
2 

Since the  integrals in  the  sum do not  contain the (y. i) function any  longer but  in its s tead the  
interpolat ion functions g~(O) we  can work out these integrals numerical ly for any value of 0 
which seems interesting. The most  practical proposal is to calculate the  downwash at the  
interpolat ion stat ions which are thus chosen as pivotal  points ;  if we do so we see tha t  only 
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the integral over the interpolation term belonging to the pivotal station itself gives a positive 
contribution to ~, all the others give either negative contributions or zero. In agreement with 
the previous paper on lifting-line theory we write for the downwash at the vth spanwise station" 

m--I 

2 

~ = b..(~, . i ) .  - -  Z '  b.~(~, . i),, . . . . . . . . . . . . . .  (71) 
m - - t  

2 

where 
m + 1  m + 1  

b ~ =  4 sin 0r = w 
4 cos - -  m + l  

sin0n " I n - -  ~1= 1 3, 5 , . . . .  
b~,, = ( ~  + 1 ) (cos  0 .  - -  co s  0~? ' 

----0 i n - -  v [ = 2 , 4 , 6  . . . .  

. . . . . . . . . . . . . .  (72) 

as shown in Appendix IV. The stroke at the sum symbol is to remind us that  the value for 
--- n is to be left out. Bearing in mind that  the  influence function i in the product (y. i) is 

in fact also a function of v we may write 

(~,. i),~ -- ~'n. iv, . . . . . . . . . . . . . . . . . .  (73) 

and obtain thus: 
m - -  I 

c~ ------ b~ i . ~  - -  Z'  b.,  i~. ~'n . . . . . . . . . . . . . . .  (74) 

9. 

The only serious objection we can raise against this approximate method of integration concerns 
the behaviour of the function i (~ ' ,~)  near the pivotal point, i .e. ,  for ~ ' - + ~ .  Apart from the 
logarithmic singularity of i / (~ '  - -  ~)~ which is not covered by the interpolation polynomials we 
must consider how far the representation by interpolation polynomials may be relied on. It 
is quite obvious that  we can not expect the interpolation functions still to work if the function 
represented shows an irregular behaviour between two interpolation stations, i.e., the interpolation 
stations must be placed so closely together as to miss no essential feature of the function. In 
this respect we have to expect more trouble from the influence functions i(~') than from the 
circulation ~; as a rule i(~') has a maximum in or near the pivotal point and two inflection 
points on either side of it;  for the usual chordwise positions of pivotal stations these inflection 
points are to be found at about 

Y = 0.2 to 0.25 
measured from the inducing section, see Fig. 2. To avoid an appreciable distortion of the 
interpolated function the distance between two spanwise stations should not be wider than the 
distance between the points of inflection. This rule means in practice that  the distance between 
two spanwise stations should be less than about 0" 4 or 0" 5 wing chords. Accordingly the number 
of spanwise stations should be about three times the aspect ratio or more, since we apply the 
lifting-surface calculations mainly to wings with a moderate aspect ratio this is not too heavy a 
condition. 

5.2. Correc t ion  f o r  a L o g a r i t h m i c  S i n g u l a r i t y * . - - : S o  far we have entirely neglected the influence 
of the logarithmic singularity in the second derivative of i(~,~') for ~' = ~. As shown above, 
equation (53), near the inducing section i ( X , Y )  can only be developed into a serie s beginning 
with 

i ( X , Y )  = i (X ,O)  + K I ( X ) Y 2  In [Y[ + . . . . . .  ~. . . . . . . . . .  (53) 

* The method of calculating the correction to i~ and j~  given here is a rather crude approximation, and may lead to 
appreciable error in special cases. To avoid trouble from this source the alternative method of Mangler and Spencer 

"(1952) is recommended (Ref. 18). 
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After  a change to ~ or ~'  co-ordinates there  remains  still this  logari thmic term in a series 
development  of i(v,~ ') for cons tan t  ~ near  the  pivotal  s ta t ion 

i(~,~') = ~(~,~) 4-~(~).  ( ~ ' -  ~) + . . .  

(b)2 
+ K ,  ~ ( ~ - = ~ ' ) = l n l ~ - - ~ ' l +  . . . .  (78) 

This  first of the  logari thmic terms is not  affected by  the  angle between the line of p ivota l  points  
and  the  direction of undis turbed  flow because in a two-dimensional  development  of i(X,Y) 
from a point  on the wing section Y = 0 all lower derivat ives (e.g., Oi/OX, a'i/OX ~, O=i/OX OY) 
are finite except  a=i/a YL 

The downwash integral  is effected by  this  first logari thmic term because the factor (~ --  ~')~ 
jus t  cancels the  denominator  so t ha t  an integral  over in I~ --  n '  ] is left. Fo r tuna te ly  this  integral  
is finite even wi thout  the principal  value a l though the logar i thm becomes infinite a t  ~' --  ~. 

Since the  logar i thmic inf ini ty  of a second derivat ive is not  very  noticeable in any  plot t ing 
of i(~'), (see the  i(Y)-curves in our diagrams Figs. 1 and 2) we m a y  reasonably  assume our 
in terpola t ion  functions to represent  (y .  i) fair ly well wi th  enough interpolat ion s tat ions except  
for the  immedia te  neighbourhood of the  pivotal  s ta t ion  ~ .  Here  we add to t h e  interpolat ion 
funct ions for y .  i a correction A (~,. i) containing main ly  the  logari thmic singulari ty,  e.g., for 
the  i n t e r v a l  ~ ~< ~' < V,,+l: 

A(y . i )  : y ~ K ,  27~ ( ~ - -  ~')~ln ~ --  ~ 

and similar ly for the  other  side of the  pivotal  station. 

I1 ( r / ' - - r / , ,  "~I ~ . . . .  (76) 
,,~,+, - -  % / J  

The last  factor and the  denomina tor  in 
the  logar i thm are included in order to enforce an efficient fading but of A (y. i) at  the  next  
spanwise s ta t ion ~,+~ or ~_~ ; thus,  at  these s tat ions we have  

d ( r .  i) = 0 ,  O~' A (~. i) = 0 ,  ~ ,~  ~ ( r .  i) = 0 

wi thout  affecting the  logari thmic t e rm near  V~ very  much. 

The correction for the  downwash is now fair ly simple" 

- -  1 ~ r/~q-1 L-~ ( ~ .  ~) d ~ '  
A ~ =  2~-.~_, i ~ - ~  . . . .  

wi th  

we obta in  • 

. .  ( 7 7 )  

! t 
- -  o r  u -  . . . . . . . . . . . .  ( 7 8 )  q/t 

A~.-- ~d " ' \ 2 Z )  ('~+~-'~"-dfo ( a - u ~ ) ' l n ~ a u  . . . . .  

184 
The  numerical  value of the  last  integral  can be easily worked out as --  225 -- -- 

A ~  is " 

AeV= 0"1302 y~K1 ~ (~+~ --  ~_~) . . . . . . . . .  

Adding this  to the  in tegra t ion  formula equat ion (74) we have 

[ (b). t 
2 

. .  (79) 

0 .818;  thus  

. .  ( 8 0 )  

. .  ( 8 1 )  
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For simplicity we write 
2 

~ , = b ~ , 7 ~ i . - -  ~' b.~i~.7. . .  . .  
m--1  

2 

or, with two terms for the chordwise lift distribution: 
m - - 1  

2 

2 

the i .  being 
-- ( b )  ~ 4 s i n g  
i , - - i ,  + 0 . 1 3 0 2 K ~  27~ " m + l  (~ '+~-  

"7--- 
with a similar equation for j . .  

. . . . .  ( s 2 )  

(83) 

~._1) . . . . . . . .  (84) 

The last part  in this expression 

sin O~ 2 
~ -qT] (~+~ -- ~-~) -- m + 1 

depends only on m and the station number v. 
position of our pivotal points only according to equations (47, 48) and (84, 55). 
important  positions we have the following numerical values: 

(a) 0.75c" 

i .  = 1" 8847 + 0"510a 

(b) 0.9045c • 

i , '  = 1.97G q- O. 623, 

m + l  

b ')= sin 0, 

c°S=m +---1 sin m +----1 . . . . . .  

i ,  or j ,  and K~ are functions of the' chordwise 
For the most 

- -  (~+i -- ~,-~) 

- -  (~+i -- ~.-i) 

Y. = 0"2958--  4 " 8 0 5 k ~ G /  m7~71 (~,+,-- ~.-,) 

(c) 0" 3455c : 

z.  = 1.408~ + 1.008~ (~.+~ -- ~._~) m + l  

. . . .  ( s 6 )  

j , "  ---- 3. 1703 + 5.758 \ ~ 7 )  (~'+1 + w-l) m + l  

The correction terms usually account for about 5 or 10 per cent of the total downwash ; this is 
an effect well worth considering but small enough to be still a correction only. 

The neglect of this correction usually affects more the absolute value of all results than their 
spanwise distribution. But the additional work required for this correction is such a small 
fraction of the total calculation that it hardly ever pays to leave it out. 

5.3. The Central Section of  Swept  W i n g s . - - W e  have not yet  mentioned any peculiar features of 
the central section of swept wings although in some other methods of calculating the lift 
distribution this point is dealt with rather carefully. Indeed the treatment of this region of the 
wing depends on the basic physical meaning of the model used to represent the wing. If for 
example, the lifting system is built up of kinked vortices we shall certainly have to reckon with 
singularities in the downwash along the section in which these kinks occur; thus sowle com- 
pensating functions are necessary to eliminate what is, in fact, the result of an unsuitable physical 
model. 

17 
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What is really unusual or difficult to assess in the local distribution in the middle part of a 
swept wing ? If the local incidence is continuous across the middle section equi-potential lines 
or lines of constant pressure cannot have a kink on this section as one can easily see from the 
potential equations. In fact, all available pressure measurements on swept wings show, clearly 
this tendency. Curves of constant pressure are curved and have no kink; if the wing is sym- 
metrical they cross the middle section at right-angles. The only irregularities occur near the 
leading and trailing-edge corners but these are of a very local nature. 

With our method of approach to the lifting-surface problem we are luckier th.an perhaps we 
ought to expect. Because we use our interpolation polynomials, equation (65), throughout for 
the representation of the (~. i) and (!-* • j)-functions no discontinuity across the middle line can 
occur. Thus, for the greater part of the median section we can meet the physical reality better 
than with an artificial vortex system. Because we satisfy the integral equation of the lifting 
surface only at a limited number of pivotal stations and because by our interpolation polynomials 
only the geometrical wing characteristics at these sections enter into our calculations, we calculate 
in fact the downwash of an ' interpolated wing '  which coincides with the real one only in these 
pivotal sections. All the characteristics of this interpolated wing are accordingly continuous 
functions of the spanwise co-ordinate, "i.e., are rounded off in the middle of the swept wing. 

The only question worth considering is whether this rounding off through our interpolation 
methods i~ done in the right way. If we represent a thoroughly continuous function, i .e. ,  a 
function which is continuous even in its derivatives, by series development or interpolation 
polynomials the approximation can be very good indeed from a c_ertain number of matching 
stations upwards. With discontinuous functions or functions with a discontinuity in the first 
derivative we observe some typical defects in the representation by interpolation polynomials 
near the discontinuity. If the station of a kink is one of the points at which the given and the 
interpolated function coincide the agreement between the two will be poor in the two neighbouring 
intervals until the next matching stations however high the number of stations and accordingly 
the number of polynomials used might be. If the value of the given function has a maximum 
at the kink the interpolated function will exceed it in these two neighbouring sections. The 
situation is illustrated in Fig. 7, where the function to be interpolated is 1 -- [~1, having a kink 
at K. The broken curve is the interpolation function when it is arranged to pass through K, 
and it is clear that  we shall get a better approximation to the function between the kink K 
and the next matching station P if we make the interpolation function pass through some point 
K'  below K, thus rounding off the kink. We want to know how to choose K'. 

To decide this question we are free to introduce an additional condition about the interpolation 
functions. Because the interpolated function mostly differs from the given one with the kink 
in one direction only it appears reasonable to demand that  the area under the interpolated curve 
is equal to that  under the given one. With our interpolation polynomials this is the case if KK '  
is roughly 1/6 of the vertical distance between K and P. This is proved in Appendix VI. 

So this seems to be the best we can do about the middle of swept wings: we round them 
slightly off according to this rule. Instead of calculating with the actual geometrical data of the 
middle section we substitute a central section the chordwise co-ordinates of which are to be 
found by : 

~o - -  ~ ~o goom + ~. ~1 . . . . . . . . . . . .  (87) 

where suffix 0 refers to the centre-section and suffix 1 to the next interpolation station. This 
applies to leading and trailing edge as well as to the chordwise pivotal stations. 

The thus calculated loads of the middle section must, of course, be transferred again to the 
actual geometrical section ; the natural condition is that  the centre of pressure must not be shifted 
and that the total lift per unit span remains unaffected. 

The same 1/6-rule can be applied to other than central kinks in the wing contour if these happen 
to fall upon any of our spanwise control stations. 
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6. The Calculation of the Lift Distribution.--Instead of considering the equations (82) or (83) 
as formulae for finding the downwash values ~ we may just as well t ake  them as a system of 
equations to determine the ~ 's ,  ~,'s with the downwash c~, being equal to the given local incidence. 
Thus, the original integral equation (15) is approximately replaced by a system of linear equations 
the solution of which is obviously much simpler. 

Regarding the different terms of equations (82) or (83) we see tha t  from the wing geometry 
the i , ,  j,~, i,,, j,~ and c~ are fixed once the system of pivotal points is chosen, thus leaving as 
unknowns only the ~. and with two chordwise pivotal stations also the ~,,. The choice of the 
pivotal points is again mainly a question of the wing geometry. Tile number of spanwise stations 
m should be about three times the aspect ration or more as stated before. For low aspect ratios 
and for wing plan forms differing widely from the conventional straight wing two chordwise 
stations are always advisable. With respect to the computing effort one will usually reduce the 
number of pivotal points to the needed minimum ; for this we can give at the moment only these 
rather rough rules for want of enough experience. FaMy detailed comparative calculations 
for a series of typical wings with varying numbers of stations will bring some more reliable rules. 
I t  is clear without a mathematical  proof tha t  an increase in the mlmber of pivotal points gives 
a more accurate result. If one is in doubt whether the number of stations chosen is sufficient a 
repetition of the calculation with a different number of points should show where we are. If 
tile difference in the results is considerable the number of pivotal points was not enough. 

The first preparatory step in the actual calculation consists in the tabulation of the geometrical 
wing data we need for the calculation of the i~ and j ,  according to equation (86) and the 
determination of the i,~ and j,, from charts, Figs. 1 to 6. As entries into these diagrams we 
compute firstly for each i,, or j , .  required 

2c, /b . . . . . . . . . . . . . .  (88) 

X v  n ~ *¢~v (pivotal point) - -  X n  (leading edge) 

C n 

With two chordwise stations we have two X-values  for one Y-value. 
Since the course of solving the system of equations differs according to whether one or two 

chordwise pivotal points are used we will discuss the two solutions separately. 

6.1. One Chordwise Pivotal Point at 0.75c.--We can rearrange the system of equations (82) 
by  dividing each equation by  b,  i,~ and obtain thus • 

m--i 

0~, ~.at bvn iv, ~ 
r , - b . i .  Z + _  .... . . . .  

2 

I t  is convenient to introduce other coefficients by writing" 
m--  1 
T 

• a, ,  c~, E '  i .... 
7, i,~ + a , ~ _  7. • . . . . .  

with 

and 

1 4 4 va 
a , -  b, m -+ 1sin O, m -b 1 cos m -¢- 1 

.<',~ 

4 sin O, sin On 

- (m -[- 1) 2 sin2~[n -- ~) 
2(m + 1) 

a~.  ---- 0 

+ , )  
sin2 2(m + 1) 
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. . . . . . . . . .  (89) 

. . . . . . . .  (90) 

. . . . . . . .  (91) 

I n - ~ ' l  - -  1 , 3 , 5 . . .  

t n - -~ , [  - - 2 , 4 , 6  . . . .  

( 9 2 )  
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I t  is easily to be seen t h a t  

av, = a . .  - -  a _ . ,  _ .  --: a _ . ,  _, .  . . . . . . . . . . . . . .  (93) 
These coefficients and the  factors [sin Ov/(m + 1)] [~v+~- 2/,-~] from equat ions (85) and  (86) 
are collected in Tables 1 to 7 for m - - 3 ,  5, 7, 11, 15, 23, 31 to suit all pract ical  requirements .  

The  solution of our  sys tem of equat ions  is very  similar to t ha t  a l ready established for the 
lifting-line problemL If the  wing is symmetr ica l ,  i.e., if 

G =  c_v . .  : . . . . . . . .  . . . . . . . . .  ( 9 4 )  
and  

i . , ,  = i . , _ , ;  . . . . . . . . . . . . . . . . . . . .  ( 9 5 )  

as this  is usual,  we m a y  split up the  lift dis t r ibut ion and  the  ~-distr ibution into a symmet r ica l  
and  an an t i - symmetr ica l  component  thus  in ei ther  case reducing the  n u m b e r  of unknowns  to 
about  one-half. In  the  symmet r ica l  case we obtain  from 

the  sys tem of equat ions  

wi th  

and  

. . . . . . . . . .  (96) 

2 m - - 1  
g '  A.~y.,, , v = 0, 1, 2 - - -  (97) 

0 " " " 2 " " 

A v avv i~ " . . . . . . . . . . . . . . . . . . .  (98) 

n #  0 

avO i,,o 
X4vO - -  . _ _  

iv,, 

. . . . . . . . . .  (99) 

For  the  an t i symmet r ica l  cases we find similarly from 

Yv = - -  Y - ,  

the  system of equat ions:  

wi th  

m - - 1  

2 

7 ,  = Av~ ,  + E ' A . ~ y . ,  
1 

A v .  = 
Svv 

Ant i symmet r ica l  load cases are 
yawing ,  etc.) or aileron action. 

. . . . . . . . . .  ( oo) 

m - - 1  
= 1, 2, 3 . . .  2 . . . . . .  ( l O 1 )  

. . . . . . . . . . . . . . . .  (202) 

usual ly  due to unsymmet r i ca l  aircraft  movemen t s  (rolling, 

If the  resul t ing sys tem of equat ions (97) or (101) contains only a few unknowns  (up to five) 
we solve it best  b y  el imination.  Here  the  fact  t ha t  half  of the G,, are zero is an essential help. 
The  equat ions for the  y~ wi th  an even suffix contain only y,-values wi th  odd suffixes on the  
r igh t -hand  side and vice versa. Thus by  insert ing the  ~,~ expressions for odd v s into the  equat ions 
for yv wi th  even v's we have  only one or two equat ions for the  ),'s wi th  even suffixes left, the  
solution of which is a m a t t e r  of rout ine  and needs no fur ther  explanat ion.  
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W i t h  a h igher  n u m b e r  of u n k n o w n s  a so lu t ion  by  i t e ra t ion  is t he  m o s t  conven ien t  course.  
We begin,  for example ,  w i th  a rough  guess of t he  r -va lues  wi th  an even  suffix; these  first 
e s t ima ted  values  m a y  be called 70 [01,7.o E0], 7~ ~01 . . . .  P u t t i n g  these  values  in to  t he  equa t ions  for 
t he  7~ wi th  odd  suffixes v we ob ta in  a first a p p r o x i m a t i o n  of these  7~, 73, 75 . . . .  which  we call 

n - :  0, 2, 4, 6 
7~ m = A~o~, + E '  A,,,~,~ [°1, " ' "  (103) 

0 v = 1 , 3 , 5  . . .  "" "" 

I n  the  same wa y  we ob t a in  the  first a p p r o x i m a t i o n  of the  y0, 72, 7~ . . . . .  wi th"  
m -- i 

2 n =  1 , 3 , 5  
y ,  ElI = A,c~, + E '  A , n y n  rll ,  " ' "  1 ~ = 0 , 2 , 4 . . .  . .  . .  (104) 

This  process m u s t  be r epea ted  un t i l  the  difference be tween  successive a p p r o x i m a t i o n s  becomes  
negligible" 

etc. 

2 n = 0 , 2 , 4  
7~ c~ = A~c~ + E '  A~7~ m, " " " 

o o v = 1 , 3 , 5 . . .  
m - - 1  

-~- n :  1 , 3 , 5  
7~ t~1 = A ~  + E '  A j ~  E~1, "" " 1 v = 2 , 4 , 6 . . .  

m - -  i 

2 n : 0 , 2 , 4 . . .  
7~[3] _ A # ~  + X ' A . ~ 7 , ~ m ,  v = 1, 3,  5 

0 • • • 

(1o5) 

This  process is a lways converg ing  to t he  r igh t  solut ion.  Slide-rule accuracy  should  sui t  m o s t  
prac t ica l  r e q u i r e m e n t s ;  even  m o r e  helpful  wou ld  be an  a u t o m a t i c  ca lcula t ing  mach ine  which  
allows t he  s tore of coefficients A,, .  

We can reduce  the  c o m p u t a t i o n a l  effort a grea t  deal  by  using only  the  differences of t he  first 
successive steps,  equa t ions  (103) and  (104), for fu r the r  calculat ions" af ter  c o m p u t i n g  

A [1] 7,, : ~n [1] __ 7n [0], ~ : 0, 2, 4, 6 . . . . . . .  (106) 

a t  the  end  of the  first to-and-f ro  ca lcula t ion  we con t inue  wi th  
m - - I  

A E~Jy~ = E '  A~,,A Et] 7 . ,  v = 
0 

m -- I 

--ff- 
A [2]y~ = ~ ,  A .~A E21 7 ~ ,  n = 

0 ~' = =  

m - - 2  

2 f / , ~  

A raly~ _ ~ ,  A ~.A E21 y,~, 
0 V = :  

etc. The  7,~ are even tua l ly  

7,~ = Y. m _}_ A [~l 7~ + A E31 7 .  A t41 y,~ -I- . . . . .  

0 , 2 , 4 . . .  
1 , 3 , 5 . . .  

1 , 3 , 5  . .  . .  
0 , 2 , 4 . . .  

0 , 2 , 4 . . .  
1 , 3 , 5 . . .  

. .  (107) 

The  m a i n  a d v a n t a g e  of this  modi f i ca t ion  is t he  fact  t h a t  t he  A r ,  are smal l  and  need  to be c o m p u t e d  
only  to  a few val id  decimals  ; t he  p r o d u c t s  A~,~ A7, can  be read  off a t  a glance on  the  slide rule 
even  w h e n  the  u p p e r  pa i r  of scales (scales of squares) are used  in order  to  avoid  m o v i n g  tile 
slide for all p roduc t s  wi th  t he  same  Ay,,. A d i s advan t age  of this  modi f ica t ion  is t he  necess i ty  
of a check  for reliable ca lcu la t ions ;  in t he  first scheme ally errors expire  au tomat ica l ly ,  whereas  
w i th  t he  differences scheme we have  to check the  final resul ts  b y  inser t ing  t h e m  into the  Original 
sys tems  of equat ions .  
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If the convergence of the iteration process seems too slow we m a y  cut it short by  extrapolating 
the rest of the A~,,~ along the  geometrical series 

1 
- -  1 + x + x~ + x ~ + . . .  

1 - - x  

x being the ratio of two consecutive d~,,~ ; if A t~ ~,  be the last difference computed we write 
approximately 

(AEa~ 7")~ . .  (109) y,, - -  y~[~ @ A [2j r~ q_ A Lal y,  + . . .  q_. A [a~ y,  _1_ A Ea-ily, _ d Eajy,~ • 

6.2. Two Chordwise P ivo ta l  Stat ions  at 0.9045c and 0 . 3 4 5 5 c . - - W i t h  two chordwise pivotal  
points we have for every spanwise station two equations (83); one for the 0 .9045c  point in the 
following marked by a single stroke', and one for the  0. 3455c point marked by  a double stroke " at 
all the quantities which are different. Each part of equations (83) 

m - -  1 

~ = b ~  =-' ' ' Z' " i ' " ' 
m - -  1 

- - ~ -  ~ 

m - - I  

c~, - b , ,  =-"  = - "  X ' ' -  ' i " " " 

2 

is b e t t e r  f i rs t ly  transformed into two equations for ~ a n d / ~  only. 
every v" 

I v ' - -  2 .... 
i , /  . j j '  - ~ , , /  . L /  

j T ; V  t 
~v It - -  

i , , ' . j , / '  - -  i . " . j , '  
"7--it 
ZVP 

i v v  ! 

• It " ! 
i . ' . j . / '  --% . 2 .  

T o  do so we calculate for 

. . . . . .  (11o)  

With these figures and the coefficients a .  and a .... e q u a t i o n s  (91) a n d  (92) each pair of equations 
(83) is transformed into • 

m - -  1 

2 
r . - - a . ( Z , a ~  - Z . ~ )  + X'  '" ' -  "" " 

m - -  1 _ - g - -  

m - -  1 

2 + E '  " l ' "  ' ""  " 

m - 1  - - g -  
. . . . . .  (111) 

m - - 1  
- 2 

~ a . ( ~ C ~ / '  ~ ' ~ ' )  + -  E '  a " "i " '" ' 
m -- i 

m--I -V- 

m - - 1  
o 

The so lu t i on  of th i s  s y s t e m  of e q u a t i o n s  is carried through in the same way as for one chordwise 
pivotal  station. W e  spl i t  i t  u p  i n to  a symmetrical  and an antisymmetrical  part if the wing 
plan f o r m  is s y m m e t r i c a l .  
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For  symmet r ica l  load distributions" 

0~ = o~_v 7~ ~--- ~ - v  

we wri te  abbreviat ing" 

wi th  

Zv ~-" / ' ~ - v  

m -- 1 ~ n -- 1 

r~ = ,~,,(u< - z~"~,") + { ,  B,,,~,,, + ~, <°~,,, 
0 0 

m--1 m--1 

0 0 

for n : 0 we put  a,, _, 

B . , ,  - a . , , ( Z / < /  - -  Z / ' < / ' )  + a .  _ . ( < ' < _ , /  - U i . ,  _, / ' )  

c . , ,  = ,~, , ( l~?, , , '  - -  z/'j.,") + a ~ , _ . ( < J , , _ , , '  - z ~ 5 . , _ , ; )  

O , ,  = a , ~ ( # z , / ' i , /  - -  m , '%, , ' )  + a,, _ , , t m / ' % , _ , "  - -  m~' i , ,  _,, ') 

E . ,  = .a~,,(~."j~,," - -  ~ / L , , ' )  + a~_ . ( r~ . " j~  _,," - -  ~r~.'j~,_,,') 

---- 0 and re ta in  a .... =a~,0. 

( 1 1 2 )  

(113) 

For  an t i symmet r ica l  load cases 

~ v  

we wri te  correspondingly 
m--1 m--1 

0 0 

m - - 1  m--I 

1 1 

The bold italics B .... C .... D,,,, and E,, being 

B~. a v , , ( l . ' % , /  l " i  'q  "" ' i  ' 

% L , , )  a~ c . ,  < j z . '  " " " " - _ . ( z  ' " ' = L,~ - , L , - ~  

D~ a~ , , (~  , . ,  - ' "  ' )  " "  " - - -  ~ v  ~ n  - - -  , -  , -  

E.,, a , , . ( m / J . / '  m ' " '" a " ';" " __ _ . j . , ~ )  - -  ~ . _ ~ v n . j . , _ .  

- %%,_ , / ' )  

- z / ' L , _ ; )  

- -  m~'% _ , / )  

(114) 

(115) 

The  i terat ion process for the  systems of equat ions (112) or (114) is the  same as for (97). We 
subs t i tu te  only the B .... etc., for the  A~,, in equat ion  (103) . . .  (107). 

The main  par t  of the  ac tual  computa t ion  of a lift d is t r ibut ion is not  the  solution of the  sys tem 
of equat ions  bu t  the  collection of the  i~,~ and  j,,, and the  computa t ion  of the  coefficients B .... 
C,,, . . . . Thus,  if it takes  about  ten  hours to calculate  the  first load case for a given wing any  
o ther  case (other ~-distribution) takes not  more t han  about  two hours if the  wing plan form 
remains the  same. This is essential wi th  regard to calculat ions of the  elastic wing which  usually 
needs a s tep-by-step approach : wi th  the  load of the  undefo rmed  wing one calculates the  deflection 
due to this load according to the  stiffness d is t r ibut ion;  the  next  step is the lift dis t r ibut ion due 
to this deflection, etc. 

6.3. W i n g s  o f  I n f i n i t e  A s p e c t  R a t i o . - - A  sometimes useful abstract ion is the  wing of infinite 
aspect r a t i o - - n o t  just  the  t r ivial  case of the  wing in two-dimensional  flow bu t  a wing with the  
tips so far away  tha t  t hey  do not  count  any  longer. This is quite a helpful  concept ion for s tudy ing  
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separately and exclusively some local effects, e.g., the  central  part  of a swept wing, cut-outs in 
the  wing .contour, wing-fuselage interferences, etc. In  the  analysis of such effects the  wing span 
bears no relation to any of the  interest ing quantit ies,  so it is only natural  tha t  we should dispense 
with it as best  possible. 

If we consider the  central par t  of a wing we may  approach the  infinite aspect ratio s tate  by 
increasing bo th  the  span and the  number  of spanwise stations at the same time. Then the  
control stat ions in tha t  central  par t  of the  wing become more and more equidistant .  In  the  
l imiting case their  distance d is given by  

lira ~ b 
' d - - - b + c o 2 m  + 1  . . . . . . . . . . . . . . . .  (116) 

and we may  use this distance as the  reference length  instead of the  span. Thus we define the  
circulation 

I '  CLc l im 2 
7' - -  d U  --  2d --"'+co 7~ (m + 1)~,  . . . . . . . . . . . .  (117) 

and in analogy the  m o m e n t  per uni t  span:  

C,,,c l im 2 
' =  = - + . . . . . . . . . .  ( 1 1 8 )  2d "~+co ~ . . . . .  

The spanwise stat ions 3'~ count ing from some assumed wing centre are now:  

y , ,  = . . . . . . . . . . . . . . . . . . . . .  ( 1 1 9 )  

Of course, the  influence functions i and j are not  affected by  changing the  spanwise reference 
length.  Only the  correction terms for the  i ,  and j ,  in equat ion (84) contain the  span  as reference 
length  which must  be replaced by  d; we thus obtain instead of equat ion (84)" , 

() i~ = i ,  --  0"1302K1 8 d .2~ ~ . . . . . . . . . . . . . . .  (120) 

The equat ions (86) are, therefore, to be modif ied;  for (b/2c~) 2 we write (d/c~) ~ and for 
[sin O~/(m + 1)~ [~-~ --  ~+~J we have always 2/~, e.g., for the  0.75c station" 

iv, = 1"884, +0-510~  2 c~ ' 

etc. 

The coefficients a,~ from equat ion (92) are degenerat ing into 

4 
a.~--zc2(v _ ,¢)2, 1~ --  nl  = 1 , 3 , 5  . . . . .  (121) 

and we find ins~cead of a~" 

8 
a , , '  - -  - -  2 . 5 4 6 5  . . . . . . . . . . . . . . . . . . .  (122) 

~Tg 

With  one chordwise pivotal  point  at O. 75c we have now the  infinite system of equations 
co ~vlV 

8c~ + ~ a ~  __ ?~' . . . . . . . . . . . . . . . .  (123)  ! 

ins tead of equat ion  (90) ; in a similar manne r  we may  modify  the  equat ions for two chordwise 
pivotal  points. An application of this me thod  is given in section 8. 

The solution of such infinite systems of equat ions needs always an i terat ion process and one 
condi t ion must  be fulfilled" for large numbers  v or ~¢ we mus t  reach asymptot ic  y- or t,-values, 
or the  ~- and ~-functions mus t  be periodical, in which case the  wavelength  should be an integer  
mult iple  of d. 
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6.4. The Influence of  Compressibility.--As s ta ted  at the  beginning the  influence of the  
compressibil i ty of the  air can be approximate ly  dealt  with by a simple co-ordinate reduct ion 
(Prandtl-Glauert-rule) wi thin  the  linearised theory. Equa t ion  (6) may  be wri t ten  

a x  2 + ~-~-~ + az,~ - -  0 . . . . . . . . . . . . . .  ( 124 )  

with 

z ' =  z V ( 1  - M ~ ) .  

Replacing the  y, Y0 and z in equat ion (10) by  yv ' (1  --  M2), y0~/(1 --  M ~) and zv'(1 --  M 2) we 
obtain 

_ l ( X o , Y o )  dxo dyo . . .  (125) 
= - M2) f f sE(x  - Xo) 2 + (1 _ M~)(y - yo)~ + (1 - M~)z~l~/~ 

Since equat ion (12) as an integrat ion of equat ion (4) is still valid we have  instead of equat ion (15) 
eventual ly" 

- 1 l(*0,yo) I x -  ~o } 
(y --  yo) 2 [ ~/[(x --  Xo) ~ + (1 --  M~)(y --  y0) =] dxo d y o . . .  (126) 

The compressibil i ty factor (1 --  M 2) appears only in the  square root but  not, for example,  as a 
factor to  the  denomina tor  (y --  yo) 2. This means tha t  only our ehordwise integrals i and j are 
affected. Ins tead  of the  expression (29) we find integrals like 

~: - -  X0 

so tha t  the  non-dimensional  Y-co-ordinate is chosen as 

a/r2~ Y___-- _--% . . . . . . .  (127) 
Y = v ' ( 1  - . ~ ,  C(yo) . . . . . . . . .  

in order to leave all the  following relations as they  are in incompressible flow 

Thus the  main  modification necessary, in the  course of our calculation, to take  account of 
compressibili ty within the  linearised theory,  is to use the  Y-co-ordinate of equat ion (127) in 
taking i,, and j,,~ from our diagrams. The generalised form of equat ion (88) is 

Y~° = V ( 1  - M ~) y~ - y~  - V ( 1  - m ~) ~ - ~ c. 2 c , , b  . . . . . . . .  (128) 

In  addit ion the  correction te rm of equat ion  (80) has to be mult ipl ied by  (1 --  MS), so tha t  
we have  instead of equat ion (84)" 

- - -  ( b ) 2 4 s i n  0~ 
i~, i .  --  O. 1302(1 --  M2)K, 9j~ m + 1 (~l~+,W-~) , 

with a similar equat ion in j .  and j~ . 

7. Resulting Forces and Moments . - -A lmos t  a ma t t e r  of course are the  forces and momen t s  
result ing from our load distr ibutions ~, and/~. 

For  the  general case of a cambered and twisted wing there  are four quant i t ies  to be determined.  
These are, 

dCL/d~  

dCM/dCL 

rate  of change of overall lift coefficient with incidence 

no-lift angle 

aerodynamic centre 

CM at no lift. 
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This requires two calculations (a) wi th  zero incidence of the  root  chord, when  the  incidence 
dis t r ibut ion is defined_by the  camber  and twist,  and (b) wi th  the  same wing plan form at uni form 
incidence. Suppose CL, is overall  lift coefficient for (a), and  CM ~ the  corresponding pi tching-  
m o m e n t  coefficient then,  

gel 
C ~ , = - -  d~ "~° 

and  
dC~ 

C .~  - -  CM o - -  dC~" CL 1 • 

From which c~0 and CM 0 can be de te rmined  when CM 1, dCM/dCr, CL,  and dCL/doc are known.  
We  shall now consider the  calculat ion of dCL/do: and  dCM/dCL in detail.  The caiculat ion of CL 
and CM 1 is on similar lines. 

The  lift per  uni t  span 

d L  
dy - -  ½p U2CLc = p U2b)' . . . .  

gives . the  to ta l  lift of the  wing 

L =-- p U~b y dy = ½p U~b ~ y dr] 
2 - - 1  

with  the  usual  definitions 

L S 
C L - - ½ p U ~ S  and  A - . b  ~ 

this leads to 

f 
l 

CL --  A __ly d?] . 

. . . . . . . . . . . .  ( 1 2 o )  

. . . . .  . . . . . . .  (13o) 

2~A ~n 
C~ - ~ T 1 + y~ c o s  

, ,~ -1  m + 1 
5. 

Jus t  as easy is the  rolling m o m e n t  L. F rom 

L A f l  r,~ & .. 
C~ - -  ½pU~Sb - -  2 - 

we find wi th  sin 20 = 2 sin 0 cos 0 --  2v sin 0 
m - - 1  

7~A 2 
C -  E y. sin20n . .  

4 ( m  + 1) .. . .  1 
2 

or for an t i - symmetr ica l  y-values" 
m - - 1  

~cA 2 
Cz --  2(m q- 1) 211 y" sin 20,,. . .  
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. .  (133) 

. . . . . . . . . . . .  (134) 

. . . . . . . . . . . .  ( 1 3 5 )  

. . . . . . . . . . . .  ( 1 3 6 )  

If  ~, is represented  by  our in terpolat ion fornmla we can apply  a simple approx imate  in tegra t ion  • 
m--I m--I 

~x z] 2 ~ A  2 
E 7~ sin 0~ - -  E ~n . . . .  (132) 

CL - -  m + 1 , . -1  m + 1 _ -1  ~'' c o s  m +----7 " "" 
2 2 

For  the  y-dis tr ibut ion belonging to e = 1 everywhere  in the  wing surface we obtain  the  dCM/d£~ 
of the  wing by  this formula.  

If  7 is symmet r ica l  in ~ we have  instead : 

. .  ( 1 3 1 )  



The pitching moment of the wing is affected by 1' and/~. 
of pressure of any section is given by 

x~o = 0 . 2 5  - ~ / 7  . . . . . . . . . . .  

For the whole wing we find the moment about the y-axis by:  

[~/~ [Co~ ~ - C~cx~/~] d y .  . . . .  M = ½p U 2 "-~/  

-- lp~Y~3 fZ_l [[t 26 1 - -6 - ~''" ~-~/~j dr .  

The chordwise position of the centre 

. . . . . . . .  (137) 

. . . . . . . .  ( 1 3 8 )  

With the non-dimensional coefficient 

M M b  

C~ - -  }p  U2Se - -  ½p U2S ~ 

we obtain by again applying the above mentioned approximate integration formula" 
m -- I 

c ~  - 2 ( ~  + 1) _~-~ - b  - -  " 
2 

For symmetrical load distributions this is simpler: 

~A 2 [ " ~ (  2c,, 

7/b$~ 
cos m +-------i . . . . . . . . .  (139) 

cosnz 1 (  2c0 )1 (140) 
- - - - ~ , ~ / 4 .  m + l  ÷ 0 -  Z0-b----yo~o~/~ • . .  

I t  is often useful to define the centre of pressure, i .e. ,  the centre of gravity of the load distri- 
bution ; for the load belonging to the constant incidence case this is the ' aerodynamic centre '  
Its t-co-ordinate is" 

m - - 1  

E v , , -C , . / .  --= ,~,, - b -  in - -  1 

~c .p .  ~ 2 

C O S  - -  
m + l  

m--I ° ° 

2 %7g 

E_l ~',, cos m +-----1 
- - K -  

If the 10ad distribution is not symmetrical its y-co-ordinate is" 
m - - 1  

2 2n~ 
E 7~ s i n -  ,.-1 ~ + 1  

- - f i -  
T/ c.p. ~ m--I 

2 E 7 .  c o s - - -  
2 

. . . . . . . .  ( 1 4 1 )  

. . . . . . . .  (142)' 

More complicated are forces and moments resuKing p.artly or entirely from components in the 
wing area and not normal to it as induced drag, yawing moment and side force. We will deal 
here only with the induced drag because those unsymmetrical moments and forces are required 
mainly in connection with special unsymmetrical motions of the aircraft the investigation of 
which is beyond the scope of this report. 

As to the induced drag we can rely on Munk's law tha t  the induced drag is independent of the 
chordwise position of the lift components ; this appears understandable if we consider the work 
done by the induced drag as the equivalent of the energy in the velocity field behind the wing 
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and normal  to the  direction of flight. Thus, wi th  the  monoplane wing which we are only 
considering here it is the  spanwise distr ibut ion of the  lift, i.e., the  ~(~) dis tr ibut ion which counts, 
and we ma y  safely go back in this special quest ion to lifting-line conceptions. Wi th  the ' induced 
angle of a t t a c k '  ~;, equat ion (61), the  induced drag is calculated from the  integral  

1 

C D ~ = A  f y.cqdr] 
- - 1  

m--i 

~A T- 
--  m -t- 1 E_, 7~;~ cos - -  

2 

'Pg't; 

m q - l "  . .  (143) 

At the  v-th s tat ion ~i is given by  

m - - 1  
2 

~i = b . y ~ -  E b,,~),~ . . . . . . . . . .  
m--I 

2 

(equation (71) for i = 1); with the  G,, in t roduced in equat ion (92) 
G,, = 4b , , / (m  + 1) . cos v~/(m + 1)" 

~.d T s 

CD { -- 4 m--1 m--1 m--1 
- T -  ~ 2 

. . . . . .  (144) 

we derive then  from 

. . . . . .  (145) 

since every product  y~y, 

~A 
C ~  = ~ -  

appears twice and a,,, = a,~, we may  also write 

m -- 1 m -- 1 ~ -- 1 7 
- T  - ~ -  s 

m--I m--I m--I 

2 - T  - T  
~ ' = ~ 1 ,  3 , 5 . . .  ;~=0,  :[: 2, 4, 6 . . .  

. .  (146) 

Wi th  the  tabula ted  G~-values this summat ion  is fairly simple. A further  simplification for 
symmetr ical  loads gives" 

2 1 2 2 
~t 

2 
n = O ,  4 - 2 , 4 , 6  

. .  (147) 

The thus  calculated induced drag can be compared wi th  the  difference of the  component  of the  
lift in the  direction of flow and the  suction force at the  leading edge which can be approximate ly  
assessed as follows; the  suction force involves only the  te rm in cot 9/2 ill the  expression for the  
chordwise load, or in other  words the lift corresponding to the flat plate. We thus have, 

1 d S  CL 0 2 

½p U~c dy  2~ (-- CL o c~ for flat plate) 

where Q 0 is the  lift due to the  cot 9/2 term. Now from equations (31) and (35), and using 
equat ions (32) and (36), 

g~ 

C~o - 2 (ao + a~) 

= CL + 4C~z 

_ 2b (~ + 4 ~ ) .  
6 

28 

Q ,, 



Inser t ing this in the  equa t ion  for dS/dy we have,  

Cs - l p  U=c d y  - 

so t h a t  the  to ta l  suction force is 

S __ b ~ 1 JCl(v+4 ) 
-- ~ 2c/b . . . .  

(7 + 4/~) 2 

½p U 2 

A ~ -  
C= = + 1) :c 

m--1 - - - -g-  

For  a flat plate  it should be 

( , .+  

. . . . . . . . . . . .  (148) 

. . . . . . . . . . . .  (149) 

COS 
n ~  

r e + l "  
. .  ( 1 5 o )  
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i.e,, towards  the  wing tips we find the  section aerodynamic  centre  far ther  forward t han  in the  
middle  of the  wing and the  local lift coefficient is in the  wing centre  sl ightly higher t han  the 
mean. value.  This is in good agreement  wi th  Kinner ' s  results. But  the  differences in the  total  
lift and the  m o m e n t  were more  than  ant ic ipa ted  and since no mis take  could be found in our  
calculat ions we had  to check Kinner ' s  computat ions .  Kinner ' s  solution is not  exact  bu t  is an 
approximat ion  by  a series of functions suitable only for this special case of which he considered 
3 or 4 as enough. The result  of the  repea ted  calculat ion with  some more  val id decimals was as 
follows: 

Number of functions 
taken into account 1 2 3 4 5 

dCL/do: 2.286 1-883 1.832 1.811 1.804 
- -  x=.~./r 0.424 0 .499 0.511 0.516 0-519 

The  convergence towards  values fairly close to our results is obvious. 

2 
O" 866 

O" 4405 
O" 0456 

points gave 

dC____c_ 1.799 and  - - x ~ o _ 0 . 5 2 8 .  
d ~  - -  f 

The local ~,- and / , -va lues  for ~ = 1 were:  

n 0 1 
~,, 0 0 .5  

y,~ 0" 9071 0" 7748 
,~ O" 0481 O" 0447 

c .  , =  - c-Y . . . . . . . . . . . . . . . . . . .  (151)  

The validity of this equation can be used for checking whether the reduction of the chordwise 
load distribution to only two independent terms seems justified. If the discrepancy is appreciable 
further terms are needed. 

The spanwise distribution of the induced drag cannot be derived from equation (143) ; it may 
be entirely different from the y. gi-distribution. In this respect the resultant from lift per unit 
span and suction force projected into the z ---- .0 plane is more reliable. 

8. Exam151es.--As an illustration of the methods derived here a few examples have been 
calculated. They are so chosen as to give a good comparison with other theoretical or experi- 
mental results. Owing to the complexity of the problem there are only very few theoretical 
solutions of a reliable degree of accuracy available and these are not very typical. 

A first example of this kind is a wing of circular plan form which was worked out by Kinner = 
by means of special potential functions entirely different from our load functions and suitable 
only for this plan form. Kinner gives as the result of his calculations dCL/d~. = I. 82 and the 
aerodynamic centre at 0.515 radius ahead of the wing centre. The calculation for 2 × 5 pivotal 



A second case which appeared worth considering was a ' de l ta '  wing which was previously 
calculated by Garner 12,13 and Falkner 11. The wing has a 45-deg swept-back leading edge and 
a straight trailing edge: the aspect ratio is 3, the taper ratio 7 : 1. The lift distribution 
is calculated for ~. = 1 with 1 × 7 and 2 × 15 pivotal points. The agreement between Garner's 
results and the author's for 2 × 15 points in the lift distribution and the location of the sectional 
aerodynamic centres is remarkedly good especially in the central part of the wing, Fig. 8. Some 
agreement could be expected because the basic conception of both methods is not very different. 
Garner's distribution of pivotal points is somewhat different ; e.g., he has four such points in the 
central section. The fact that  here the agreement is particularly good between both methods 
may be considered as some justification by results of our location of pivotal stations. Also 
remarkable is the fairly good agreement between the 1 × 7 points solution and the much more 
laborious 2 × 15 points solution for the spanwise 7-distribution. Of course, the calculation 
with 1 × 7 points does not give the local pitching moments and, therefore, not the sectional 
aerodynamic centres which must be fa,#e de mieux assumed at c/4, but even so the resulting 
aerodynamic centre of the whole wing is not too badly estimated. What improvement is actually 
achieved by our methods may be seen from the comparison with Falkner's results, for Falkner's 
methods could be considered as the best approximate method so far available. The computer 
work required for wings like this delta is less than one hour for 1 × 7 pivotal points and about 
two days for 2 x 15 points. 

A few numerical values are not uninteresting: 

Method of calculation 

Garner's method c . . . .  

Falkner's 6-point solution .. 

Falkner's 8-point solution .. 

This method with 2 × 15 points 

This method with 1 × 7 points 

Lifting-line, 7 points .. 

R.A.E. measurements .. 

dCL 
d¢-~  " - -  ~ a  c ( a h e a d  of  

- . . t r a i l i n g  edge )  

3.038 O. 545 

3.21 O. 556 

3- 19 O- 547 

3.057 O. 542 

3.040 (0.555) 

3 .68  (0.570) 

3.048 O. 538 

A further case which was calculated with our method for two chord-wise pivotal stations is an 
infinite 45-deg swept wing of constant chord, Fig. 9. The loss in the lift distribution in the wing 
centre is considerable and extends to spanwise stations far away from the middle. The local 
aerodynamic chord line approaches more quickly the c/4 line. No other theoretical values for 
this case are available except Schlichting's middle function 9 which appears to be a rather crude 
approximation. Some new more detailed calculations of this ' middle function '  which are not 
yet published come much nearer to our load distribution. The only experiments which are 
comparable to some extent (wind-tunnel corrections are difficult to assess) show fairly good 
agreement (J. Weber, Ref. 17). 

A last example is added in order to show the practical course of calculation. The whole calcula- 
tion is set out in Tables 8 to 30, which are used in Appendix VI to develop a detailed set of in- 
structions for computers' use. In Tables 8 to 12 we find the details of the computation for the 
symmetrical load distribution of an arbitrarily chosen wing calculated with 1 X 15 pivotal 
points. The arrangement shows the three stages of the calculation : in Form 1 all the geometrical 
data of the wing are collected together with those coefficients which are only a function of one 
station. Form 2 contains the computation of the coefficients which depend on two stations; 
the X~,, Y,, are the co-ordinates of the v-th pivotal point measured in chords at the n-th section 
with the leading edge of that  section as origin. The i,, are taken out of the Figs. 1 to 3. In Form 
3 the solution of the system of equations is demonstrated. 
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Tables 13 to 22 contain the calculation for the same wing with 2 × 15 pivotal stations. Ill 
Tables 23 to 30, the calculations have been extended to give the asymetric load distribution 
produced by ailerons on the same wing (see diagram of Table 23). The results of the whole 
calculation are shown in Fig. 10. 

These sheets may be used as a guide for those who merely want to calculate special cases 
without bothering about the underlying theory. In these examples the calculation is carried 
through with about one decimal more than usually required mainly because a calculating machine 
was used. As a rule the whole computation can be done with a slide rule although calculating 
machines may reduce the work still further. For calculations with a slide rule only, the time 
required for tile first load distribution for a given wing plan form was found to be roughly one 
minute times the square of the numbers of pivotal points considered, provided one knows how 
the calculation is to be done. 

9. Co~clusio~.--A general and convenient method of calculating the load distribution of 
arbitrary wings based on lifting-surface conceptions is developed. The foundation is the down- 
wash integral for a wing with given lift distribution as it is obtained by integrating the Euler's 
equations of the motion of a flow without friction. This downwash integral is dealt with in two 
stages: firstly the chordwise integration which leads to complicated elliptical integrals is done 
numerically for the whole range of interesting positions of the inducing section relative to any 
pivotal points or vice versa, assuming the most important  chordwise load distributions only. 
The spanwise integration of the downwash is achieved by a method of approximate integration 
similar to tha t  developed by the author for lifting-line problems. Special care is taken in the 
choice of the position of pivotal stations, i.e., points in the wing surface at which the boundary 
conditions of the integral equation are exactly fulfilled. The result is a linear system of equations 
with the lifts and, if required, also the moments per unit span at certain spanwise stations as 
unknowns. The coefficients of this system of equations can be easily calculated from the 
geometrical data of the wing using tabulated factors which depend only on the arrangement 
of pivotal points and the diagrams for the chordwise components of the downwash integral. 
The solution of this system of equations can always be done by iteration, so that  even fairly 
large mlmbers of pivotal stations can be employed. The computing effort is fairly moderate 
and compares favourably with other methods which achieve or aim at a similar degree of 
accuracy. 

I wish to acknowledge here the valuable help I had from my assistant M. Winter in many 
parts of the numerical calculation and from S. B. Gates and K. W. Mangler in a critical review 
of the general arrangement. 
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10. NOTATION 
Y 

/ 
/ 

f 
Rectangular co-ordinates system attached to the wing 

In the direction of undisturbed flow in the plane of symmetry of the wing 

In the starboard direction 

Upwards in the plane of symmetry 

Velocity of undisturbed flow relative to the wing 

Additional velocities produced by the wing in the direction of the x , y , z - a x e s  

- -  aZo/aX (local) wing incidence, Zo(X,y) describing the wing skeleton 

Pressure 

Density 
Speed of sound of the flow about the wing 

Enthalpy of the unit volume 

Ppressure side - -  # suction side 
½p U s Non-dimensional load per unit area of the wing 

Wing span 

Wing chord (usually a function of y) 

Angle of sweep 
x/½b 

y/½-b Non-dimensional co-ordinates related to the semispan 

cos-l~ angular spanwise co-ordinate (y = ½b cos 0) 

(x - -  Xo L.~.)/C(yo) Non-dimensional wing co-ordinates related to the inducing 
wing section (suffix 0) 

(y - -  yo)/C(yo) XoL.~. co-ordinate of the leading edge of the inducing wing 
section 

cos -1 (1 -- 2X) angular chordwise co-ordinate 

Influence functions (chordwise downwash integrals) 
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if4 

V~n 

0; 

a~n, b,,,. etc. 

7 ---- 
# ---- 

Ft: 

NOTATION--continued 

Number of wing sections taken into account 
Suffixes numerating the spanwise stations, 

n the inducing station 
--  (m - - 1 )  /2 ~< v,v < ( m - - 1 ) / 2  

2 m + l  
~Tg 

c o s O ~ = s i n m +  1 

Coefficients for approximate integration 
CLc/2b Non-dimensional lift per unit span 
C,.c/2b Non-dimensional moment per unit span 

v giving the pivotal station, 

No. 
1 

2 
3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

A ¢t~hor 
H. Multhopp . . . . . .  

H. Blenk . . . . . .  
W. Kinner . . . .  

K. Krienes . . . .  

R. Fuchs . . . . . .  

T. H. yon K~rm~n ..  

J.  Weissinger • . .  . .  

W. Mutterperl . . . .  

H. Schlichting and W. Kahlert  

B. Thwaites 

V. M. Falkner 

V. M. Falkner 

H. C. Garner 

H. C. Garner 

L. Prandtl  

J.  M. Burgers 

V. M. Falkner 

J. Weber . .  

K. W. Mangler afad B. F. R. 
Spencer. 
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A P P E N D I X  I 

Contr ibuted by W. Mangler 

On the Second-Order Princ@al Value for the Downwash Integral, Equations (15) and (16) 

For  small (y --Yo) it  is be t te r  to in tegrate  the  downwash first for z # 0 and to go to the  
l imit  z - +  0 later  on. Thus we obtain 

w - i f *  aI  
T: (x ,y ,8  - u-~ __o~ -~ (* ' ,y ,8  d~' 

- 8~ f f z (~o,yo) ,  f_~  a- E ( x ' -  ~o) ~ ÷ (y - yo) ~ + ~3~,~ d~' dxo dyo 

- 8~ "gz ( y - y o ?  + z  ~ V [ ( x -  Xo) ~ + ( y - y o )  ~ + z  ~] • 

Now we m a y  use tile ident i ty  

a z 
g? (y - y o )  ~ + z ~ 

to write • 

a Y o - - Y  __ ( Y o - - Y ) ~ - - z  ~ 
% (yo - y)~ + z 2 - [(yo - y)~ + z~] 2 

_ { } ( w x --  Xo a (Yo 
u (. ,y,z)  = Z(Xo,yo) 1 + VE(x  - xo) 2 + (y  - yo) ~ + z ~] ~ ;  - y)~ + 

+ ~ [ (y  - yo) ~ + z2][( x - Xo) ~ + (y - yo? + z~] 'v~" 

z ~) dxo dyo 

The first of these integrals can be in tegra ted  by  parts wi th  respect to Yo: 

8 (x,y,z) = (yo _ y)~ + z~ • ~.,~.o~ l(Xo,yo) 1 + V [ ( x  - Xop + (y yo)~ + z~] dx° 
- -  Y o = - - b / 2  

r:"'°' t } ] - -  ~ J-b/2 ~ o  L J~, (vol l(Xo,Yo) 1 ÷ V E ( x  _ Xo)~ ÷ ( y  _ yo) ~ _l_ z~] dxo (Yo - -  Y~) + z" 

z 2 f f  (x - Xo) dxo dyo + 
j j  ~(*2,yo) [(y - yo) ~ + ~2]E(* - Xo/' + (y - yo)' + z~?;2  

The first of these three terms is zero because the  lift l(Xo,Yo) disappears towards the  wing tips 
(Yo--~ + b/2). If we now consider the  limit z - + 0  the  th i rd  integral  too is vanishing and the  
second is given by the  Cauchy's principal value:  

(x,y,z) - s~ ~+o : - ~  ayo .j~,°~@o,yo/,,, 1 + ~ [ ( x  - Xo) ~ + (y - y,,)~] dxo Yo - - y  
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With 
(*t (y") X -  Xo 

f(Yo) = j.,(yo)l(xo,yo), ( 1 + .V,[( x _ xo)' + (y --  yo) ' ])  dxo 

we obtain by another partial integration: 

lim { f'-~ Of dyo (b/' Of dyo } 
. + o  -~/. ayo y - -  yo ÷ -,,+. ~yo y - -  yo 

J b + f  b 
= lim f(Y - -  s) f( - -  ') (') f(Y + e )  "-" f(Yo) dyo (b/' f(Yo)dyo 

. + o  , b b - - ,  f - , / .  ( y  - -  Yo)' J ,+ .  (Y " Y o ) '  
Y + ~  Y - 2  

Because the lift disappears towards the wing tips we have f (--  b/2) = f(b/2) = O. 
a continuous function we have also for a small e. 

f ( y - -  e) f (y  + e) f(y) 8f" 
f ' + - - -  

8 - -  8 8 2 
•fft 

. . .  -¢ - ' -~  + f '  + ~ - -  + . . .  

2f(y) 
8 - - + ~ f " . . . .  

The downwash integral may, therefore, be written as equation (15) if we define 

Y-~ f(Yo) dyo f~i2 f(Yo) dyo 2 f ( y  ) f'. j( ol 
._~:~ ( y  - yo) .  - o+o . ,+~ ( y  - yo) ~ 

If f (Yo) is 

(m) 

35 
(6aa7o) c 2 



A P P E N D I X  II  

Wings with Fla~s 

To satisfy the integral equation in a limited number of pivotal stations only seems justifiable 
if the boundary conditions, i.e., the ~(x,y)-distribution, are fairly continuous. An obvious case of 
practical importance where this is not true is the wing with flaps to be used as ailerons, high-lift 
devices, etc. Within the area of these flaps ~(x,y) has a different value from the remaining wing 
area and for practical reasons there is a sudden change from one level to the other, i.e., the flap 
contours are disco~ztimtity lines. I t  is purely accidental whether any of our pivotal points are 
just inside or outside the flap area. To increase the number of pivotal stations until  the flap 
contours are fixed within sufficiently close limits is hopeless if we consider the computing effort 
required. Splitting off the discontinuities is at least not simple because the whole wing contour 
must be taken into account. Thus the only possible way seems to be an adjustment of the 
~-values at the chosen pivotal points, i.e., we replace the discontinuous chordwise oc(x,y)- 
distribution by a continuous one which gives roughly the right forces and moments in two- 
dimensional flow. 

With only one chordwise pivotal point at each spanwise station we can only follow the 
procedure of the lifting-line theory:  over the span occupied by the flap we choose the value of c~ 
which in two-dimensional flow produces the same lift as the flap deflection 0. I t  is usual to 
define a quant i ty  

bT/U  
as the factor by  which the flap angle is to be multiplied to obtain the equivalent angle of incidence. 
There exists ample theoretical and experimental material about this quant i ty  for many  types 
of flap. 

. i t 

With two ch0rdwise pivotal points in the standard positions we can do rather better. We 
may choose the c~ values (~' at the rear pivotal point and c(' at the front one) so as to obtain in 
two-dimensional flow the lift and pitching moment which are produced by the flap. ~' and ~" 
are obtained from equations (25), (26) if for Cr and C,, we substitute CL ~ and C,,, ~, the values 
produced by a flap angle ~ : - -  

= + KJ' 
C ~  ~ = K .o : '  + K # "  . 

Using the values of the K's  given in equation (27) we obtain 

- -  2 ~  ;Tr, 

. _ 2  +cL  ( V S + l )  

but CL d2~ is ~, the incidence required to produce the same lift as $. 

Hence 
~' ---- ~ - -  0" 393C,,, 

W' : ~ + 1"030C,,~ 
or ill differential form 

&,.' d~ dC.~ 
dO - -  dO - -  0 " 3 9 3  d-T 

d~" do: dC~ 
dd - -  dd + 1" 0 3 0  d--g- 
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OC,,/ad is also frequently measured. Since it is usually negative the flap deflection appears 
mainly in the rear pivotal point (~') as we should expect. A few typical values are calculated 
with the theoretical values of dc~/dO and dC, Jo~ for hinged flaps: 

C~ap 0" 1 0"2 0"3 0"4 0"5 
c 

Oct' 
0.608 0.802 0-913 0.979 1.015 

~ ct" 
--0"160 --0-109 0 0"143 0"303 

We cannot expect to find also the whole pressure distribution of the wing with flaps by  this 
simplified method but the resuking forces and moments should be fairly accurate as long as we 
have no flow separation, etc., since the application of the simpler lifting-line theory gave already 
fairly reliable values. 

If more than two chordwise pivotal points are used at each spanwise station we can satisfy 
some more conditions about the equivalent incidences. Falkner 16 who had to deal with the 
analogous problem for his vortex-lattice method takes also the hinge moment into account 
besides the lift and' pitching moment. 

I t  follows from this chordwise representation of incidence tha t  if the wing is at zero incidence 
with a flap angle, pivotal points inboard of the flap will have zero incidence, while those in the 
part  of the span occupied by the flap will have incidences c~', c~". This leaves us with the problem 
of adjusting the pivotal values near the inner edge of the flap to deal as far as possible with the 
spanwise discontinuity there. A simple rule to deal with this is illustrated by the diagram of 
Table 23. We allocate to each spanwise station a chordwise strip bounded by  the mean lines 
between this point and its two neighbours, see strip 3 of the diagram. The incidence at the 
pivotal station is  taken as the mean value over this strip, calculated with respect to the angular 
co-ordinate 0. Thus there will always be one chordwise station to be so adjusted, unless the 
inner edge of the flap happens to bisect the distance between two successive chordwise stations. 
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A P P E N D I X  I I I  

The Logarithmic Singularity of the Influence Functions i and j 

The influence functions i and j are defined by equation (37) and (38) which may be writ ten in 
non-dimensional co-ordinates, X, Y, equation (30) as follows: 

and 

1 1 {   -Xo } 
i (X,Y) = C-L fo l°(X°) 1 + ~¢/[(X -- Xo) ~ q- Y~] dXo 

j (X ,Y)  = G V [ ( X -  Xo)' + Y~] dXo. 

For small distances Y we may consider now the difference between this value i(X, Y), (orj(X, Y)), 
and the limiting value for Y = O; it may be called 

--1CL Ix _{ ~/[(X X - -  Xo) ~ + ] a i (X,Y)  -- i(X,Y) -- i(X,O) - .  Jo l(Xo) 1 -- y=]f dXo 

1 1 { X o - X  } 
+ ~-L ~x l(Xo) 1 - V E ( x  - Xo) ~ + -Y~] gXo. 

I t  is easily seen tha t  for small Y the factors in brackets in these two integrals are of an appreciable 
size only near Xo = X. I t  seems, therefore, reasonable to develop lo(Xo) into a Taylor series 
from the point X0 = X :  

dl0 (Xo -- X) ~ dr0 (Xo -- X) a d31o 
lo(Xo) = lo(X) + (Xo - x )  7~o (x) + 2 ! aXo ~ (x) + 3 ! dZ2o: (x) + .... 

We can try, then, to integrate A i term by term; for convenience we introduce 

X I = X 0 - - X  for X 0 >  X 

X I = X - - X 0  for X 0 <  X .  

Ai is now given by :  

- cL fx 1 - / ( x l = + y ,  ex, 

1 d~to c 1-x 
+2C~doX ~(x) Jx xl I 1 -  

1 ~3lo {f0-~ x 
+ 3 ! c~ dXo 3 (X) + fo 

- ~  • , • • 

X1 y~) j dX1 
V ( X ?  + 

X1 

All these integrals are easily evaluated. By expanding the resulting expressions in powers of y2 
we obtain a regular series development of Ai(Y) but  in addition to tha t  we see some terms with 
the factor In Y which can not be developed into a series of powers of Y~; thus we obtain 

Ai(X,Y)  = alY ~ q-a2Y ~ + . . .  

I - - Y 2  dlo Y~ dSlo Y8 # l  o } 
+ l n Y  C7 dXo + 8CL ~ a  l152CLdXo s + - ' ' "  " 
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The coefficients of the regular part  of this series development are not worked out because they 
are no longer needed ; of the irregular part  only the first term can appreciably affect the downwash 
integral because the factor Y~ is cancelled by the denominator in the spanwise integration. 
The coefficient for this term is 

- -  1 dlo 
CL dXo (X)  

for the development of i ;  correspondingly we find in the development of the second influence 
function j :  

- -  1 dll 
co dxo (x)  . 
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A P P E N D I X  IV 

Development of the Approximate Integration Formulae for the Downwash 

With  the  in terpola t ion s ta t ions  chosen at  equidis tant  subdivisions of the  0 . . .  ~ range of the 
angular  co-ordinate 0 = c o s - ~  

~ , , = c o s 0 , ~ = c o s  m q -  1 = s i n m +  1 - - s i n  --0, ,  

we wrote the  interpolat ion formula for ~ or (~. i) as 

2 

(7 . i ) (0)  = E (r.i),g,~(O). 
m--i 

--E- 

The g,~(O) should be determined by  the condit ion tha t  

g,,(O) = 1,  0 = O, 

b ( 0 )  = o ,  0 = % ,  m - - 1  
n ~ p = O , ~ l , ± 2  . . . .  -1- 2 

To develop a funct ion which satisfies these 
sin (m + 1)0 which disappears at  all n¢ s ta t ions ;  to  make  g,, = 1 at  ~, we divide sin (m + 1)0 
b y  its t angen t  a t  ~,~ : 

sin (m + 1)0 

conditions we m a y  consider the  funct ion  

g . ( o )  = 

(cos 0 -- cos 0.) . d sind(mcos4.-0 1)0 (0,) 

Now 

d sin (m + 1)0 
d cos 0 

This  gives immedia te ly :  

g~(o) - 

(0,,) = (m q- 1) cos (m + 1)0~ 
--  sin 0n 

sin 0,~ sin (m + 1)0 
( m +  1) c o s ( m +  1)0,, cos 0 --  cos 0,, 

cos (m + 1)0,~ = ( -  1){<'+1'2} - -  . 

This ig not  the  only way  to represent  this  in terpola t ion funct ion g~(O}. Since sin (m + 1)0 is 
equal to ~/(1 --  ~ )  × polynominal  in ~ up the to m-th power we m a y  also develop G(O)'into 
a t r igonometr ical  series : 

g,~(O) = E aa sin ,~0 . 
1 

In tegra t ing  bo th  sides after  a mul t ip l ica t ion wi th  (2/a) sin ;t0 we obtain the  well-known Fourier  
formula" 

which gives" 
o g,(O) sin ;tO dO ----- az 

a ~  z m 
2 sin 0,, ~ s i n  (m + 1)0 sin 20 dO 

~(m + 1) cos ( ~ - ~  1)0~Jo cos 0 - c o s  0~ 
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F o r  2 < m + 1 this  leads to 

1 sin 0n f~COS (m + 1 + 2)0 - -  cos (m + 1 - -  2)0 dO 
a~ = ;~(~ + 1) cos ~ - 4  1)0. Jo cos 0 - cos 0. 

N o w  us ing  Glauer t ' s  f o r m u l a  

lf~ c o s p 0 d 0  _s inp0x  
o cos 0 - -  cos 0n - -  sin 0n p in teger  > 0 

( compare  H.  Glauer t  : The Elements of Aerofoil and Airscrew Theory, pp. 92-93) 

we  ob ta in  

aa - -  m + 1 cos ~ + 1)0n L Sl:l'l 0,~ - -  Sl=I1 0 n J 

2 
- - m +  l s i n 2 0 n "  

Fo r  ~ >~ m + 1 we  can  show s imi la r ly  t h a t  

1 sin 0n . f'COS (2 + m + 1)0 - -  cos (1 - -  m - -  1)0 dO 
a ~ - - j r ( m +  1) c o s ( m +  1)0n ~o COS 0 - -  COS 0n 

1 sin On l-sin (;t + m + 1 ) 0 n -  sin (~ - -  m - -  1)0n] 
- -  m + 1 cos (m _+T 1)0n 1- sin On J 

2 cos ,~0,~ sin (m + 1)0n = 0 
- m + 1 cos (m + 1) 0n 

because  sin (m + 1)0n = 0. 

Thus ,  we h a v e  
~ 

g,~(O) - -  m + 1 ~1 sin 20. sin ;tO 

I f  we  h a v e  a n y  func t ion  f wh ich  can  be  so r e p r e s e n t e d  
m--I 

2 

f(o) = Z f.gn(O) 
m--I 

2 

i t  follows i m m e d i a t e l y  t h a t  

;~if(~ ) d~ = ;of(O)sinOdO -- m + l  

a n d  

m--i m--I 

--if- -g- 

,}_/n sin m + 1 3 - / °  cos - -  

2 - - g -  

2 

_lf(~) . ~ d~ = of(O ) sin 20 dO -- 2(m + 1) i f ,  ~ sin 20n 

Ylgr 

m + l  

m - - 1  

0~ --if- f a r  ~ 

-- m q- 1 ~1- f'~ sin m +----~ cos m + l ' - -  
2 
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I t  is easily shown tha t  these approximate  in tegrat ion formulae allow for something more  t h a n  
just  the  interpolat ion polynominals.  If we put  

m--I 
2 p 

f(O) = E /~g,~(O) -6 sin (m -6 1)0 . E a~ cos qO 
m--i 0 

2 

which means addi t ional  terms for the  function f(O) in the  intervals be tween the  0,, we see t ha t  

~--I 

f f(O) sin 0 dO -- :~ E f~ sin O, 
o m + l  ,~-1  

2 

still holds if ib < m, because 

f oSin (m + 1)0 sin 0 cos qO dO = -~ o 

~ / 4  , q ---- m 

= - - ~ / 4 ,  q = m + 2  

0 , q # m ,  

sin (m + 1)0 [sin (q + 1)0 - -  sin (q - -  1)0] dO 

q # m + 2 .  

with 

- -  1 f~ g~( O'). sin O ' dO' 
b .  = 2~ o (~d~ V ~  c o ~ )  ~ 

f'~ 0' 0' 1 g,~( ) sin dO' 
b ~ - - 2 ~  0 (cos Or --  cos O')2" 

Using the  above series for g~(O) we h a v e  to deal with integrals of the  form 

- -  1 f~s in  10' sin 0' dO' 
2~ 30 (cos 0r - - c o s  b ~  

which may  be in tegra ted  in parts to  give 

sin 10' ~ ~ (~ cos ~0' dO' ~ sin t0~ 
2~ (cos O~ cos 0') J --  0 2~ 0cos0r c o s 0 ' - - 2  s in0r  
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= ~ = c o s 0 r = S i n m +  1 

we may  write 

Now, pu t t ing  the  interpolat ion formula for (~,i) 

~i = z (~i)ng. 

into our downwash integral  

- -  1 f yi d~' -- 1 f f  g,~(O')sin 0' dO' 
0~(~) - -  ~ - /  --1 (~  - - -  ~7)  2 - -  276 X ( ~ ' i ) , ,  0 (COS 0 - -  COS 01) 2 

we see tha t  the  factors by  which the  (7i)~ are to be mult ipl ied are functions of n and ~ = cos 0 
only. In  part icular  if c~ is calculated for the  same set of spanwise stat ions 



I t  follows t h a t  
1 " 1 '" 

b,~ ---- (m + 1) sin O, E ~ sin ~ ~0~ = 2(m + 1) sin O~ E ~(1 - -  cos 2~G) 

b.. ---- (m + 1) sin 0. E ~ sin 20~ sin ~0,, 

1 '~ 
= - 2 ( ~  + 1) s in  0, ~ ~[cos  ~(0,  + 0,,) - cos  ~(0,  - 0,,)3. 

To e v a l u a t e  these  sums  we m a y  cons ider  

2(1 - -  cos x) E ~ cos ~x = E ~[2 cos ~x - -  cos (s - -  1)x - -  cos (~ + 1)x] 
1 1 

= Z ; ~ [ -  cos  (;~ - 1)x + 2 cos  ~x - c o s  (;~ + 1 ) x ] .  
1 

Combin ing  a lways  t he  t e rms  w i th  t he  s ame  angle  we  see t h a t  m o s t  of t h e m  cance l  each  o the r  
so t h a t  on ly  a few of t h e  first a n d  the  las t  r e m a i n :  

2 ( 1 - - c o s x )  E ~ c o s ; ~ x = - -  l + ( m + l )  cos mx - -  m cos (m + 1)x.  
1 

This  gives" 
1 [m(mq- 1) 1 -- ( m +  1) c o s 2 m G + m c o s 2 ( m +  1 ) G ]  

b~ ---- 2(m + 1) sin 0r L -2 + 2(1 - -  cos 2G) " 

Since cos 2(m + 1)0~ : 1 

cos 2rag = cos 2(m + 1)0. cos 20. - -  sin 2(m + 1)0~ sin 2G = cos 20~ 
we ob t a in  

m + l  
b.. - -  4 sin 0~ " 

I n  t h e  s a m e  w a y  we f ind for t he  b.," 

1 r -  1 + ( m +  1) c o s t a ( G +  G ) - m c o s ( m +  1 ) ( G + e , , )  
b,,, : 2(m + 1) Sill 0~ / 2[1 - -  COS (0~ + 0n)] 

- 1 + ( ~  + 1) c o s  ~ ( 0 ~  - 0,3 - ~ c o s  ( ~  + 1) (0~  - 0 . )  I 

- -  211 - -  cos (0~ - -  0.)] [ "  

Since 
cos (m -F 1)(G ___ G) ---- ( - -  1) ~-'~ 

cos m(o~ 4- o,,) = ( -  1) ~-~ cos (o, 4- o,~) 
and 

[1 - cos  ( 0 , , -  0~)3[1 - cos  (0,~ + 0~)3 = (cos 0~ - co~ 0,,) 2 

th is  r educes  to  two  dif ferent  resul ts  for ] v - -  n[ odd  or  even,  n a m e l y  : 

w h e n  v - - # =  4- 1, 4 - 3 ,  4 - 5  . . . .  

1 - 1) - + 1 ) c o s  + On) 1) - -  + 1) COS - -  0,,) t 
b~,, = 2(m + 1) sin 0. 1 211 - -  cos (0. + 0n)] - -  211 - -  cos (0~ - -  0,,)] / 

1 

2(m + 1) sin 0~ 

1 
o 

2(m -}- 1) sin 0~ 

a n d  w h e n  ~ - - n - - - -  ± 2 , 4 - 4 , 4 - 6  . . . .  

b . , =  0 .  

- - [ 1  + cos  (0~+0n)3 [1 - -COS (0~--0n)]  + [1 + COS (O~--On)3 [1 - -  COS (0~+0,~)~ 
2(cos 0~ - -  cos 0,,) ~ 

[cos  (0~ - 0~) - cos  (0~ + 0,,)] _ s in  0n 
(COS 0~ - -  COS 0,3 2 - -  (rn + 1) (cos  0~ - -  cos  0,0 ~ 
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A somewhat  different approach which leads to the  same results goes as follows: we split the  
influence function i(~,v') up into a constant  value/(~,~) valid for the  pivotal  s tat ion itseK and a 
residue 

i (~ ,~ ' )  = i (~,~)  + i* (~ ,~ ' )  - i (~,~)  + [ i (~ ,~ ' )  - ~ (~ ,~) ] .  

The downwash integral  consists then  of two part  s 

~(') - 2 ~  ~ - ,  (~ - , ' ) ~  2 ~  - - ~  (~ - ,')~ 
of which the  first fiis exactly into the  approximate  integrat ion formul,a developed above ; apart  
f rom the  factor i(~,v) it is identical  with the  ' induced angle of a t tack  of the  lifting-line theory. 
As to the  second part  we see at once tha t  

f ( ~ , ~ , )  _ r, • i* 

is a continuous function even at ~ ' - - V .  Towards the  wing tips (~' 
we may, therefore, t ry  to represent  it also by  interpolat ion functions : 

m - -  1 

2 

f =  E f.g,~(O'). 
m--I 

2 

The second part  of the  downwash integral  is then  for the  s ta t ion ~ ' 
'm--1 

1 ~ f ~g,,(o') sin 0' do' 
Acz~ --  2= ,~-,f" ao c o s O ; 7  cos 0 '"  

2 

From Glauert 's  formula we derive 

which gives 

1 (= sin ,~ 0' sin 0' dO' 
Jo 7 S s ~ 7 - c 7 ~  ~ = 

sin (~ + 1)0~ --  sin (4 --  1)0, 
2 sin 0, 

= 1) it behaves like y;  

= COS ;~0~ 

m - - 1  

Ace -- m +  1 _--~ i f"  a=12] sin Z0, cos 20, 
2 

1 " [sinX(0 + 0J + s i n Z ( 0  -- 0J] 
- - m +  1Ef'~ E - ~=1 2 

Now we have  

2(1 --  cos x) E s i n  ,%x = Z E-- sin (4 --  1)x + 2 s i n  Zx --  sin (4 + 1)x]. 
1 1 

Of this lengthly  sum there  remain only a few terms after rearranging so tha t  the  lines of equal 
angles are put  together" 

2(1 --  cos x) E sin Zx = sin x -t- sin m x  - -  sin (m -}- 1)x. 
1 

This gives" 

E sin ,10. cos ;~0~ = 
1 

sin (0,, + OJ -? sin m(O. -Jr- OJ - -  sin (m -}- 1)(0. -}- OJ 

+ 

411 --  cos (0. -}- OJ] 

sin (0. - -  0~) -F sin m ( O , , -  OJ - -  sin (m + 1)(0. =- OJ 
4[1 --  cos (0~ --  0.)] 
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Since 

sin (~ + 1)(o. + o.) = 0 

s in  m(O~, 4-  0.) - -  ( - -  1) "-"+* s in  (0,, :J=_ 0~) 

we ob ta in  

Z sin ;tO~ cos ;t O~ = 
1 

T h u s  we f ind:  

1 - ( -  1) "-~ sin (0,~ + 0~) s in ( 0 , , -  0~) } 
4 1 - cos (o~ + 0~) + 1 - c ~ - ( £  - 0 ~ )  

1 - -  (--  1) .... 2 s in On cos O~ - -  s in 2o,, 
4 (cos O . -  cos 0~) ~ 

1 - -  (--  1) .... s in 0,~ 
2 COS O~ - -  COS O~ 

1 
r n + l  

m--I 

2 E f,, sin O. 
.~-I  COS O~ - -  COS 0~: 

2 

If  we now r e m e m b e r  t h a t  

f~ r ,~  cos O~ - -  cos O~ 

¢ .=i . .  b.r. E'b..7,,  m + l  

we ob ta in  f ina l ly :  

n = v -}- 1, 3, 5 . . .  only.  

E '  7,~(i~,,- i~) sin 0,, 
(cos 0,~ - -  cos 0~) ~ 

m--I 

~;~--I 

2 

as before,  a l t h o u g h  t h e  or iginal  a s sumpt ions  are different ,  
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A P P E N D I X  V 

An Alternative Method for the Spanwise Part of the Downwash Integral 

As stated before the approximate method used for the spanwise part of the downwash integral 
is not the only possible one but  appeared more convenient than any other tried by the author. 
The only objection tha t  might be brought against it on theoretical grounds Concerns the over- 
employment of the interpolation polynominals g~. A linear combination of m independent 
interpolation polynominals has, of course, m degrees of freedom. If we represent y by  an 
interpolation formula 

m--1 

m -- I 

2 

we have flsed them up so to say; if we demand that also for any point ~ the product yiv be 
represented in the same way 

m = l  
- f i -  

E g~y,/w 
~ -- 1 

2 

we thus fix i, as 

i v E g,,y,~ 

which gives i,(r,,) = i,, as it should be but  relates iv in the intervals between these stations to 
the y,,. This is rather against the principles of interpolation but  since we are not concerned in 
any case about the i-values in these intervals it is difficult to see why the representation used 
in the report should be less accurate than any other. 

Every at tempt  to represent the influence functions independently from the y-values by  
interpolation functions leads to something quite similar to the Weissinger 7 procedure: the 
coefficients of the system of equations must be found by another approximate integration. This 
may not be deterrent with only a few pivotal stations although even then the work involved is 
more than with our scheme but  it is definitely prohibitive at a greater number of pivotal points 
since the computing effort increases roughly with the third power of tha t  number instead of 
the second. 

After many  trials at least one method has been found which keeps some more degrees of freedom 
open for the representation of the influence function; it may, therefore, be tha t  the downwash 
integral is slightly more accurate with the same number of pivotal points. This method goes 
as follows" 

We split the influence function i ( r ,  r) up into three parts so tha t  the first two give the tangent 
of i(r) at r = rv ; 

div 
i(rv,r') = i~ + (r' - r~) ~ (r~) + ~i,(r') . 

Accordingly the downwash integral consists of three components: 

div 
- i~ f l  y(r') dr' + dr r,  (~ ydr'  1 Cl y(r') ~i,(r') dr' 

o~v(r) 
- - 

The first two integrals fit perfectly into the integration methods developed before so tha t  we have 

,,o-~ ~ ~ -1 (rv - r')2 d r ' .  
2 
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As to the third integral if we firstly ignore the logarithmic singularity of Ai,/(~. --  ~')~ we may 
consider its integrand 

~(~') ~ v ( ~ ' )  

(v~-  v '?  

as continuous throughout the integration range. For this case we have already an approximate 
integration formula; by  using our interpolation functions g,, we may write 

~-- i 

y Ai~ ,) y,. Ai.~ 
(~_ ,)~ - o~ig.(o (~._ ~°)~. 

2 

The integral  over this function is then 
m--I 

I ~i ~, Air -- I ~Z ~,. Ai.,~ sin 0 
-- 2--~ --1 (.1. -- V')~ dr '  = 2(m + 1) .~-_j~ (cos 0. -- cos 0~) 2 

For n = v this makes no sense; we ought to put  here instead of 
y~Ai. .  

(cos 0, - -  cos 0,) ~ 
~,~ d~i~ 
2 d v  ~ (~) 

if this quant i ty  exists. The advantage of this approximate integration formula consists mainly 
in the fact tha t  as it is shown in the preceding Appendix IV it still holds if we have 

~q,--1 

(~, _ ~), --  _"---1 (~  _ ~,),g,(O) + sin (m + l)0 Z0 aq cos qO 
2 

where the aq represent the m additional degrees of freedom which can be used, e.g., to make 
the Ai, function really independent from the y,,. 

As to the logarithmic singaflarity of Ai,/(v, --  ~7) ~ at v -+v~ we may use another trick to get 
rid of this difficulty. Since the integration method applied is just a slight modification of Euler's 
formula by  which the integral over a function known at the two terminal points of an interval is 
given for this interval approximately by half the interval width (here represented by the factor 
sin 0, 3 multiplied by the sum of the two border values. If we consider the integrand in the 
interval ~ < ~ < ~1~+1 it may be given by 

Ai~ 

the integral gives 

,~ ~ + 1  - ~ , ~  d r '  = ( ~ + ~  - ~ ) ( a  - b ) .  

We may now seek an ersatz station #. so tha t  the integral is again given by  half the interval 
width multiplied by  the sum of the integrands at the stat ion W+l and this ersatz station; this 
gives" 

( ~ . + l - - ~ . ) ( a - - b )  ~ . + l - - ~ , [ 2 a _ i _ b 1  n 0 ~ - - ~  ] 
- -  2 ~ + ~  - -  ~ 

which is valid for 

In @ ~ - - ~ - - - - - - - 2  

o r  

~L = V~ + (V.+l - -  ~ )  • e - 2  = V. + 0 .  1353(V.+1  - -  V . ) .  

A similar formuIa may be derived for the interval V~-i < v < ~.. 
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Now putt ing t h e  bits together, we have, if we introduce, the values for the b,. and b~ of 
equation (72) 

~ , = y ~  4s inO i~ --  ~ sin O, (rl~+l--,l,) ~ + ~ - ~ - _ ~ ,  J 

m - - 1  T [ ( )] 1 g '  ~,~ sin 0,~ 1) ~-~ di, 

2 

For the practical application of this formula we need a plotting of A i / Y  ~ for the neighbourhood 
of the pivotal points; di~/d~ may be calculated from the d i /dX  value at the pivotal station and 
the amount of sweep of the line connecting the pivotal points. 

A practical disadvantage of this formula for c~, compared with our equation (83) is the 
appearance of all stations % in the sum although those for odd n -- v are obviously predominant. 
This means at least twice the work for computing the coefficients of the system of equations. 
Moreover a solution of these equations might not always be achieved by  iteration in which case 
this part  of the calculus becomes rather laborious for more than just a few pivotal points. 

If we compare the different methods not on the basis of the same number of pivotal points 
but  as to the computing effort required we may say tha t  with the same amount of work we can 
have at least 50 per cent more pivotal points wlth the original method. If is then very doubtful 
whether any improvement in accuracy can be gained by the alternative method described here. 
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A P P E N D I X  VI  

The Roundi~g..off Rule for the Middle of Swept Wings 

To see how a funct ion  f()7) wi th  a k ink  in the  midd le  (~ = 0) is r ep resen ted  b y  our  i n t e rpo la t ion  
po lynomina l s  we consider  as a t y p i c a l  example  

f(~)  = 1 - - 1 7 1 =  1 - - l c o s  01. 

I t s  r ep re sen ta t ion  by  our  i n t e rpo la t ion  po lynomina l s  is 
m - -  1 

-7 -  
5"(0) = go(O) + ~ (1 - cos 0,) [g,(0) + g_,~(0)]. 

1 

5" mee t s  f a t  t he  m s ta t ions  
n ~  m - -  1 

7, = cos 0n = Sill m +---~ ' n = 0, ! 1, ± 2 . . .  -b 

The  po in t  which  is open  to some cr i t ic ism is w h e t h e r  i t  is r igh t  to  lay  t h e  i n t e rpo la t i on  5"(0) 
t h r o u g h  t h a t  r a t h e r  exposed  peak  F = 1 at  7 = 0. The  i n t e rpo l a t ed  func t ion  5"(7) is con t i nuous  
at  v = 0 also in its der iva t ives  i t  has  at  v = 0 a flat m a x i m u m  ins t ead  of a kink.  This  m e a n s  
t h a t  F(~) will def ini te ly exceed f in t he  in te rva l  - -  V, < ~ < 71. We m a y  therefore  expec t  a 
b e t t e r  general  coincidence be tween  f(7) and  an i n t e r p o l a t e d  curve  if we drop  t he  cond i t ion  t h a t  
b o t h  mee t  at  ~ = 0;  i.e., we suggest  an  i n t e rpo la t i on  func t ion  5"1 

m-- I 

FI(O) = (1 --  A)go(O) + X (1 - -  cos O,,)(g,~ + g_,,) . 
1 

I n s t e a d  of t he  cond i t ion  of coincidence at  ~ = 0 we need  now ano the r  condi t ion  which  defines 
this  correc t ion  A, t he  bi t  c l ipped off t he  kink.  Usua l ly  we would  in t roduce  a leas t - square  
cond i t ion  b u t  in this  case we m a y  get  away  wi th  s o m e t h i n g  s impler  because  in the  d i sc repancy  
b e t w e e n  t h e  g iven  func t ion  f and  t he  in t e rpo la t ion  F1 the  in te rva l  - -  71 < ~ < ~1 domina tes .  
T h u s  t h e  condi t ion  

1 f FdT) d7 = f(~) d~ 
- - 1  - - t  

shou ld  be enough  to  d e t e r m i n e  t he  correc t ion  A. A p p l y i n g  the  in t eg ra t ion  fo rmula  for t he  g~ 
1 

we h a v e  w i t h f  f (7)  d~ = 1" 
- - 1  

2l: 2 7 ~  m--_ 1 
_ _  g 

m + l ( 1 - - e ) + m + l  Z ( 1 - -  cos o.) sin O,,= l 
1 

o r  
m - - 1  

• = 1  

To eva lua te  t h e  sums,  let  us consider  
~ - -  1 m - -  1 

na  ) na  m + 1 
sin m +  1 c o s t a +  1 

2(1 - cos x) X cos n x  - Z E -  cos (n - 1)x + 2 cos nx  - cos (n + 1)x! 
1 1 

= - -  l + 2 c o s x - - c o s 2 x  

--  cos x + 2 cos 2x --  cos 3x 

--  cos 2x + cos 3x --  cos 4x 

etc . . . . .  
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Most of these terms cancel each other  so t ha t  there  only remains  

m - - 1  m + l  
- -  1 + cos x + cos - - W - -  x - -  cos - - - g - -  

Wi th  x --  m + I we have  thus  

X . 

"-~ - -  1 + c o s - -  + s i n - -  1 + c o s - -  -~- n~ m +  1 m +  1 ~ m +  1 
2 E cos - -  = cot 1 = 2(m + 1) m +  1 1 - - c o s - -  sin 

m + l  m + l  
Similarly we find 

if we consider once more  

~t--I m--I 

- 2 -  ~7c  ~ t ~  2 2~4xc 
2 E s i n - -  cos - -  E s i n - -  

~=~ m +  1 m +  1 ,~=~ m +  1 

m -- 1 m -- 1 

2 ( 1 - - c o s x )  Y, s i n n x =  E I - - s i n ( n - -  1 ) x + 2 s i n n x - - s i n ( n +  1)x] 
1 1 

most  of the  te rms of this sum cancel each other  so t h a t  there  only remains  

m - - 1  m + l  
sin x + sin ---if-- x - -  sin ~ x .  

This gives for x --  
2~ 

m + l  

2 

E s i n -  
1 

22~ 
sin - - -  

2n~ _ m + 1 = cot 
m +  1 2~ m +  1" 

1 - -  c o s -  
m + l  

SummaTising we find the  correct ion 

A = l +  

;re 7C 

- -  C O S  - -  1 + c o s t a +  1 _  1 m +  1 

7C 0"g 
sin - -  sin - -  

m + l  m + l  

m + l  

--  1 .  

1 m + l  1 ~ 7 ( z ) 3 31 ( z ) 5 
- - ~ - " - 6  m+1--l-t-3-6-0 m + l  + 1 5 1 2 0  m - ~ - i  + ' ' "  

s i n  - -  
m + l  

I t  is reasonable to  relate this correct ion to the  difference of the  f0 and f l  values which is 
sin a / (m + 1) because a mul t ip l ica t ion  of ~ by  any  factor  does not  affect this ratio. We thus  get 

A A 1 7 ( ' ~ ' ~  2 1 
f o - - f l - - s i  n _ ~  - - 6 + 3 - - ~ \ ) m ~  + " ' - - - 6  

m + l  

and in this form the  result  applies to a k ink  of any  angle. 

In  all pract ical  cases we need only use the  first t e rm because wi th  too few stat ions we cannot  
speak any  longer of a decent  representa t ion  of a k inked  curve;  since A is only a correction it 
does not  pay  to have  it more  accura te  t han  the  assumptions  on which it is based. 

To i l lustrate  the  effect of this rounding  off we have  p lo t ted  in Fig. 7 the  funct ion 1 --  
wi th  the  two in terpola t ing  curves one wi th  and  the  other  wi thou t  the  1/6-correction. The 
improvemen t  is qui te  obvious. 
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A P P E N D I X  VII  

Instruction for Practical Calculations 

(This is meant to be a short instruction for those who want to calculate the load distribution 
for a given wing without bothering about the theoretical background.) 

Preliminaries.--A geometrical description of the wing to be calculated must be available. 
As a rule a number of load cases are to be calculated for one wing according to airworthiness 
requirements, etc. A load case is determined by  a specific arrangement of tile local incidences 
of the wing. The aerodynamic forces are represented by the non-dimensional lift and pitching- 
moment values at certain spanwise stations 

1 dL 
- pV b d y  ' 

these stations being" 

b b m~ 
Y ~ = ~ n = ~ s i n  m +  1 '  

See Tables 1 to 7. 

1 dM 

m - - 1  m - - 3  m - - 1  
n = - -  2 ' 2 , . . - -  1 , 0 , 1 . .  2 

The y,, (and ~ )  are calculated from a linear system of equations the coefficients of which are 
to be computed before, and depend only on, wing plan form and Mach number, whilst the terms 
independent of ~,~ in these equations are also dependent on the distribution of the angles of 
incidence. Accordingly, the calculation splits up into two processes: the computation of the 
coefficients and the solution of the system of equations. 

Before beginning the calculation we must make up our mind about the number of pivotal 
points (points at which the integral equation of the lifting surface is satisfied). As to the number 
of spanwise stations m a reasonable choice is 

m > 3 A V ( 1  - 

In Tables 1 to 7 some essential constants for m = 3, 5, 7, 11, 15, 23 and 31 are collected. 
Since the work to be done is roughly proportional to the square of the number of pivotal points 
each higher number represents about twice the work of the preceding one. 

One chordwise pivotal point for each spanwise station is sufficient for not too small aspect 
ratio wings of regular shape or if only the spanwise lift distribution is needed. Wings of low 
aspect ratio ( A ~ / ( 1 -  M S) < 3) or irregular shape as sweepback, cut-outs, etc., need two 
chordwise pivotal points at each spanwise station. Since there is much more work involved 
in this case we will deal with both cases separately. As an illustration of these methods compare 
the examples on Tables 8 to 30. 

Computation of coejficients with one chordwise pivotal point (compare Tables 8-10).--Firs t ly  we 
tabulate the quantities needed in the course of this calculation which depend only on one spanwise 
station, namely : 

(1) The number of the spanwise station; for symmetrical wing plan forms we need only 
v = 0, 1, 2 . . .  (m -- 1)/2, the values of all quantities listed here being either identical or different 
only in their signs for negative v's. 

(2) The non-dimensional ~-co-ordinate from Tables 1 to 7. 

(3) The actual spanwise co-ordinate y,  = (b/2)~,. 
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(4) The chordwise co-ordinate x~ ~ of the  leading edge of the  wing section at Yr. The origin 
from which it is measured call be arbitrari ly chosen. At the  middle  section of sharply k inked  
swept wings we take  instead of the  geometrical  co-ordinate x0 ~,com 

X0 ~ = ~ X0 ~ goom + ~ ~ X l  ~- 

(5) The local wing chord c~ ; again for the  middle  section of swept wings we take  

co = ~. Co geom -F 1 W C1 • 

(6) The x-co-ordinate of the  pivota l  s tat ion at  0-75c: 

x~ = x, ~ + 0.75c~ 

(7) The reciprocal of the  non-dimensional  chord b/2c~.  

(b y 
m + 1 - cos - -  \ / The te rm ~+1 ~-1  v~ ( s )  The correction + 1  ff~ " ~ n + l  c o s - -  is m + l  

t abu la ted  in Tables 1 to 7. If we calculate for a Mach number  other  than  zero, these factors 
are still to be mult ipl ied by  (1 --  M~), thus being 

~ v q _ l  - -  ~],v__l 'J,'tT~ (bv)~ 
r n + l  c o s - -  ( 1 - - M  ~) m + l  

(9) The induct ion  factors 

i~-~ = 1.8847 + 0.510.~ ~ + 1 -  ~ - t  v~ ( b )  ~ ~ n + l  c o s - -  ( 1 - - M  ~) n ¢ + l  

(10) The coefficients 
avv 

a v  ~ 
~vv 

with a,, f rom Tables 1 to 7. 

Next  we collect tile d a t a w h i c h  depend  on two stations, namely,  the  inducing section (number n) 
and the  pivotal  point  (number  v). v ls an even number  when n is odd and vice versa.  We provide 
a table for every n in which we tabula te :  

(11) Tile number  v of the  pivotal  stat ions required, i .e . ,  odd v for even n and vice versa,  v both  
posit ive and negative. 

(12) The spanwise distances I~, --  +7,,[, absolute values readily obta ined  from Tables 1 to 7. 

(13) The chordwise distances (x,  - -  x,~), the  x, and x,~ being tabula ted  under  (6) and (4). 

(14) Non-dimensional  spanwise distances Y,,,---- b / 2 e , .  1+7~ - -  ~,,I from (12) and (7); at Mach 
numbers  other  than  zero we have  to mul t ip ly  this by  y/(1 -- M ") : 

b 
= V ( ] t  - M 

(15) Non-dimensional  chordwise distances 

X v n  - -  x v  - -  x ~ i  

C n 

from (13) and (5). 

(16) The influence factors i,+ taken  from Figs. 1, 2 and 3 with the  Y,,  and X,~ (15) and (16) 
as entries. 

(17) The terms a ~ .  i~  

$vv 

with the  a~ from Tables 1 to 7 and tile i ,  from (9). 
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(18) The  coefficients 

- -  ~ ~- ' = '  

2~lV 0 - -  _ _  

a,oi~o 

a~,i~,, a~ _~i, _,, 

n # 0 for s y m m e t r i c a l  load  cases 

for a n t i - s y m m e t r i c a l  load cases. 

These  coefficients m a y  be col lected in a new  form the  values  for c o n s t a n t  v in co lumns  those  
for c o n s t a n t  n in  hor izon ta l  lines t o  sui t  t he  so lu t ion  of the  s y s t e m  of equat ions .  P repa re  one 
fo rm for odd  v and  one for even  v. 

Solution of the system of equations with one cho~dwise pivotal point (compare Tables 11 and 12) . - -  
(19) F o r  a g iven load  case we collect first t he  c~ values ,  ~.e., t he  local incidences at  0 .75c  of t he  
cons idered  spanwise  s t a t ion  n~. For  wings w i th  flaps we t a k e  

dc~ 

3~ be ing  t h e  flap deflect ion and  do:/d3 = (dCL/d$)/(dCzJda). If  ~, is t he  s ta t ion  nex t  to  t h e  
Beginning of t he  flap ~* = cos 0* we t ake  as a more  reasonable  va lue  

° + ,  ] 
- - 7 -  (0" - 0,,) 

3" being t h e  flap deflect ion at  ~* + 0. If  t h e  flap does no t  e x t e n d  to t he  wing  t ips we use 
a s imilar  fair ing at  t he  s t a t ion  neares t  to  the  o ther  end  of t he  flap and  hav ing  3" = 3 (~* --  0) 

(20) N e x t  we es t ima te  v e r y  rough ly  w h a t  t he  y.  w i th  an  even  suffix m i g h t  be. I t  will n o t  
m a t t e r  ve ry  m u c h  w h e t h e r  this  guess is fair ly good  or not .  Values  can be t aken ,  e.g., f rom a 
prev ious  ca lcula t ion  wi th  fewer p ivo ta l  po in t s  or jus t  e s t ima t ed  so as to p roduce  rough ly  t he  
CL-value to  Be expected .  T h e s e  guessed 7,, are m a r k e d  b y  the  annexed  n u m b e r  0 in square  
brackets*  

y0 E0~, y~ [o~, y~ E0j, etc. 

Th e  first a p p r o x i m a t i o n  y~ E~ of t he  7~, y~, y5 • • • is to Be found  f rom:  

--y- 

Y. r~ = a.o% + E '  A~,,y. Eol, v = 1, 3, 5 . . . .  
0 

To work  th is  ou t  we p repare  (m --  1)/2 co lumns  h e a d e d  b y  t he  n u m b e r s  1, 3, 5 . . .  Here  we fill 
in line af ter  line" 

(21) T h e  p r o d u c t s  a , .  ~ w i th  the  a, f rom (10). 

(22) T he  p roduc t s  A~,,~,, E°J w i th  t he  A~,, f rom (18); i.e., we m u l t i p l y  ~o Loj by  A~,o, A,,o, As, o, etc. 
t h e n  y E0~ b y  A~,~, A3,2, AB,~, etc., etc. Slide-rule accuracy  is usua l ly  sufficient. 

(23) B y  add ing  u p  these  co lumns  we ob ta in  t he  y~ E~1. 

Now we ca lcula te  the  first a p p r o x i m a t i o n  y, E~1 of t he  y0, y2, y~ • • • wh ich  are found  from" 
m -- I 

~, [~l _-- a ~  + Z '  A~,~;% E~ v : 0, 2, 4 . . . .  
0 

* In  the tables shown as circles. 
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Thi s  is d o n e  in q u i t e  t h e  s a m e  w a y  as for  t h e  )'~ w i t h  o d d  suffixes,  i.e., in  c o l u m n s  h e a d e d  b y  t i le  
n u m b e r  v = 0, 2, 4 . . . we e n t e r  

(24) T h e  p r o d u c t s  a ~ .  

(25) T h e  p r o d u c t s  A~,,7, m in t h e  w a y  de sc r i bed  before .  

(26) A d d i n g  u p  t he se  c o l u m n s  we o b t a i n  t h e  )'0 m,  ) '2"], m m . . . 

(27) W e  c o m p u t e  t h e  first  d i f ferences  

A [i])'~ = )'~ [11 __ )'~ [o], 

We ca lcu la t e  f u r t h e r  co r r ec t i ons  a l t e r n a t i v e l y  for  t h e  )' 
suffixes a c c o r d i n g  t o  t h e  f o r m u l a e "  

m - -  3 

1 
A r j ]  Y~ = Z'  A~,A [ ' - ~ ]  ) ' . ,  

o 

a n d  
m, - -  1 

2 

A [ ' ]  y~ = Y , '  A.,A [ ' ]  ) ' . ,  
1 

v = 0 , 2 , 4  . . . .  

w i t h  o d d  suffixes a n d  w i t h  e v e n  

v = 1 , 3 , 5 . . .  

n = 0 , 2 , 4 . . .  

v - - - 0 , 2 , 4 , 6 . . .  

n = 1 , 3 , 5 . . .  

B e g i n  b y  fil l ing i n to  c o l u m n s  h e a d e d  b y  t h e  n u m b e r s  v = 1, 3, 5 . . . t h e  p r o d u c t s  

A~,oA [~l ) 'o . . .  

)'5, w h i c h  are u s e d  to  fill i n to  

A~,oA myo, A3,oA [~])'o, 
in  t h e  n e x t  l ine  

A1,2A rl]y~, A3,2 A El]y2, 

a n d  so o n ;  t h e  s u m s  of t he se  c o l u m n s  g ive  A [2])'1, 
c o l u m n s  h e a d e d  b y  v = 0, 2, 4. 

Ao, IA [21)'1, A2,1A [2])'1,  
in  t h e  n e x t  Une 

Ao,.A [2])'3, A2,3A [2]~3, 
to  s u m  u p  for  

A 5 , 2 4  [11)'2 • . . 

A [2])'0, A [2])'2, A [2] 

A [2])'3, A [2] 

A 4 ,  ~A [~])'z  • • • 

A4,3A [2])'~, . . etc.  

) '4 . . . .  

Thi s  p rocess  is c o n t i n u e d  u n t i l  t h e  A~, are sma l l  e n o u g h  to  be  ignored .  

I f  we b r e a k  off ear l ier  we r o u g h l y  assess t h e  res t  o m i t t e d  a f te r  t h e  r - th  d i f ference  A t,jy, as 

zi [ , -1]  )'~ - -  / 1  [ r ] ) ' ~  • 

T h e  7~ so lv ing  t he  s y s t e m  of e q u a t i o n s  are e v e n t u a l l y  

v~ = y~[1] q_ A[2]7~ -+- A [317, - /  • • • + A [,]y~ q_ A [,-l])'~ _ A [~]~ " 

A check  of t he se  resu l t s  is a l w a y s  s t r o n g l y  r e c o m m e n d e d .  T o  do th i s  we  do as de sc r i bed  u n d e r  
(21) to  (26) b u t  w i t h  t h e  f inal  y -va lues .  W i t h i n  t h e  a c c u r a c y  t o l e r ances  of t h e  who le  ca lcu lus  
we m u s t  o b t a i n  the  f inal  )'1, )'a, ?~ b y  i n s e r t i n g  t h e  f inal  )'0, m,  m • • • in  t h e  r e s p e c t i v e  p r o d u c t s  
a n d  vice versa. W i t h  a p p r e c i a b l e  d i sc repanc ies  t h e  d i f fe rences  c a l c u l a t i o n  m u s t  be  r e p e a t e d .  

R e s u l t i n g  forces are c o m p u t e d  w i t h  t h e  f o r m u l a e  f r o m  sec t ion  7. T h e  p r o c e d u r e  is obv ious ,  
a n d  coeff icients  are to  be  f o u n d  in Tab le s  1 to  7. 
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Computation of coefficients with two chordwise pivotal points (compare Tables 13 to 17).--Again 
we begin by tabulating those quantities which depend on one spanwise station only. Some of 
them are the same for one and two pivotal stations ; they are repeated here to avoid a muddle. 

(1) The number of the spanwise ' s ta t ion  v or n;  for symmetrical wings we need onIy 
v = O, 1, 2 . . .  ( m - -  1 ) / 2 .  

(2) The non-dimensional ~ co-ordinate from Tables 1 to 7. 

(3) The actual spanwise co-ordinate y, = (b/2)~,. 

(4) The x-co-ordinate x, ~ of the leading edge of the wing section at y~ ; the origin from which 
it  is measured can be chosen as it is most convenient. At the middle section of sharply kinked 
swept wings we take instead of the geometrical co-ordinate Xo S g~o~ the modified value 

X0I : ~X0geo  m + l X l l  • 

(5) The local wing chord c~ ; again for the middle section of swept wings we prefer 

C o = 5C0geo m -1- ~ C  1 . 

(6) The x-co-ordinate of the rear pivotal point 

x / =  x~ ~ + 0. 9045c.. 

(7) The x-co-ordinate of the frontal pivotal point 

x," = x~ z + O" 3455c~. 

(8) The non-dimensional reciprocal chord b/2c,. 

(9) The correction factors 

re+l - -  ~ - i  ~ (2_~) ~ m +  1 c o s t a + l - -  ( 1 - - M  ~). 

The first part  of this expression is found in Tables 1 to 7. 

(10) The corrected induction factors" 

i,,' = 1"9743 + 0"623~. (9) 

i . "  = 1.4055 + 1.009.  (9) 

j..'---- O. 285. 4 - 8 0 5 .  (9) 

3~, = 3. 170, + 5-758.  (9). 

(11 )  The determinant " ' j~" i." j~' 

(12) The factors" 
ff vvtt .--'tl 

$vv 
4 ' -  (11) m / -  (11) 

° ! i v  ~ ! 

(11) 

Next we calculate the coefficients which are dependent on two stations; we prepare a form 
for each inducing station (marked by  the number n) where we tabulate" 
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(13) The number ~ of the pivotal stations required, i .e.,  odd v's only for even n and vice versa,  
v both positive and negative. For every quant i ty  f , ,  collected here f_,, _,, = f, , ,  if the wing 
planform is symmetrical. 

(14) The spanwise distances between pivotal and inducing stations, absolute values only as 
tabulated in Tables 1 to 7. 

(15) The chordwise distances between the rear or frontal pivotal points and tile leading edge 
of the inducing wing section 

X~ t - -  Xnl 

Xv tt _ _  Xnl 

x~', x ."  and x,~, from (6), (7) and (4). 

(16) Spanwise distances measured in chords of the inducing section 

Y~. [Y~- Y~[ ~/(1 -- M ~) = b 
- ~,~ ~-o I n ~ -  ~,~l V ( 1  - M ~) 

from (8) and (14). 

(17) Non-dimensional chordwise distances" 

Xv t - -  Xnt X t 
Cn 

5gv tt - -  Xnl 
X , 2 n  It _ _  

C~ 

from (15) and (5),: 

(18) Read from Figs. 1 to 6 with the 

the induction factors : 

j V~ t 

j v ~  It 

Y~ and X.,, as entries" 

i (Y  .... x . . ' )  

i(z.o, x . , ' )  

/ (Y. , , ,  x . . ' )  

j (Y . ° ,  x . . " )  . 

(19) Products of these induction factors with the a.. from Tables 1 to 7. 

• /t 

avn~r~ 

a v n j v j  ~ t 

" It 

a,,J .... 

(20) With the l~ and my factors .from (12) we calculate tile determinants:  

a~,,iU i ~ / -  z~" i~") = U ( a ~  i . / )  - U(a. ,~ i . / ' )  

a.41/ j , , , /  - UL,~") = U ( a M . / )  - U(a.~L,~"I 

a~,,(m~,~" i.,~" - -  m . '  i.~') = m."(a.~i~.") - -  m~ ' (a . . i . , / )  

a , , , , (m. / 'L , / '  - ~ . ' j . . ' )  = W ( a , , j , . "  - W(a. ,~L , , ' ) .  
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(21) For  symmet r i ca l  load cases we calculate  the  coefficients 

B . , ,  = a . . ( l . ' i , , , '  - -  1~%,,") + a . _ ° ( U / ~ _ , 0 '  - I / % , _ . ) ,  

B.o = a.o(1/i~o' - -  1,"i.o") Bob = 2ao,,(lo'io,,' - -  lo"io,,") 

c . ,  = a . , ( l . % '  - l ; ' j . , " )  + a. _, , ( I . 'L , '_ , , -  I ;L ,_ , , " ) ,  

C,o = a , o ( l , % o '  - U L o " )  Co~ = 2 a o , , ( 1 o % '  - Io '%")  

D,,  = a~,(m~"i~,," - -  m~'i,~') + a~, _,,(m/' iv,_,," - -  m/i~,L,,') , 

D.o = a~o(m/'i.o" - -  m~'i.o') Do,, = 2ao,~(mo"io,," - -  mo'io,/) 

E,~ = a . , ( m ; % "  - m~'L , , ' )  + a . _ , , ( m ; ' L _ , , "  - -  m / L , - , / )  , 

v # O , n  # 0  

v , n # O  

~,,n # 0  

~,,n # 0  

E,o = a~o(m."j,o" - -  m,J,o') Eo,, = 2ao,,(mo"jo,f --  too%,,') . 

We should collect these coefficients in new forms so as best  to suit the  solution of the  sys tem of 
equat ions,  i.e., the  values for v = cons tan t  in columns,  those for n = cons tan t  in hor izontal  
lines; coefficients for odd and  even v's should be t abu la t ed  separately.  

(22) For  an t i - symmetr ica l  load cases [a_, = --  a,] the  coefficients are wr i t ten  in bold i tal ics:  

B . , - -  a.,,(l~'i.~' - -  l~"i~") - -  a . , _ , , ( l / i ~ , ' _ , ~ -  1/'i . ,_~") 

c ; . - -  a . , ( 1 / L , /  - U L ° " )  - a . , _ , , ( l / L , _ j  - l ~ " j . , _ j  ') 

D., ,  = a. . (m."i~, ," - m . ' i . .  ~) - a~,_, ,(m."i~,_, ," - mr ' i . ,_ , , ' )  

F..~ = a . , ( m / ' L , , "  - m / j  j )  - a~_o(m. " j~ ,_ , , "  - m / L - J )  

Solution of  the system of  equations for  2 chordwise pivotal  points  at each stat ion--(compare Tables 
18 to 22 for  symmetrical load cases, Tables 23 to 27 for  anti-symmetrical  load cases).--(23) For  the  
load case under  considerat ion we collect the  o : / a n d  ~/ ' -values which  are for wings wi th  cont inuous 
camber  and  twist  

~ '  = o:(0" 9045c,  y~) 

~ "  = o:(0" 3 4 5 5 c . ,  y . )  . 

For  a plane wing ~, is constant .  For  wings wi th  flaps, ailerons, etc., we t ake  

do: 
o:v = a ,  without flaps "-~ d-~ " ~v 

~, being the  flap deflection at  the  s ta t ion  ~, ; if this s ta t ion  is next  t o  the  beginning of the  flap 
we take  as be t te r  value 

~ = ~*[~ + ( 0 .  - 0~)~ 

~* being the  flap deflection at  the  beginning or end of the  flap 8" = ~(~* -+- 0). do:~/d~ mus t  be  
ca lcula ted  f rom the  flap character is t ics  in two-dimensional  flow: 

wi th  

d~  - -  d~  - -  0 : 3 9 3 4  ( ~ ) o . ~  

do:" do: ~ C., 
d~  - -  d~  + 1 . 0 3 0  ( ~ ) 0 . 2 5  
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(24) We guess rough ly  w h a t  ~,~ and  ~ ,  w i th  an even  suffix m i g h t  be. These  es t imates  need  no t  
be ve ry  near  to  t he  final resul ts  1 we m a y  t a k e  t h e m  f rom previous  calculat ions  w i th  a smal ler  
n u m b e r  of p ivo ta l  s ta t ions  or so t h a t  an  e s t ima ted  dCL/do~ results ,  etc. These  va lues  are m a r k e d  
b y  t he  n u m b e r  0 in  square  b racke t s*  • 

Yo[°J Y2[°] Y41°1 /~o[°1 /~[ol , ) • . . ) • . . . 

If  in doubt /~  = 0 will usua l ly  be enough  for t he  beginning.  

The  s y s t e m  of equa t ions  to  be solved is 
m - - 1  m - - 1  

- T  -g-  
~,r = ar~(lr'"r' -//'~/') + X'  Br,~ r ,  + X' C~,~,, 

0 0 

m--i m--I 

T --~ 

~r = ~r(mr"-." - m / . / ' )  + X' Dr.),., + X' Er,,/~. 
0 0 

The  same  wi th  t he  B, C, D, E, in bold  italics is to be used  for an t i - symmet r i ca l  load  cases. 

(25) We calcula te  t he  abso lu te  t e rms  

a.(4%' - 

wi th  t h e  d a t a  f rom (23), (12) and  the  art f rom Tables  1 to  7. 

(26) For  eve ry  ~ = 1, 3, 5 . . .  we add  to  these  absolu te  t e rms  t he  sums  of t he  p roduc t s  B,,7,, [ol 
and  C,,~,  [ol or Dr,,~, Eol and  E,~ # ,  E01 ; this  gives the  first a p p r o x i m a t i o n  of t he  y~ and  ttr w i th  odd  
suffixes" 

T r  [ i ]  

m - - 1  m--I 

T 2 
= a . ( l / a / - -  U'oC') + Z '  B~,~,~ Eol + Z '  C~./~. Eol 

0 , 2 , 4 . . .  0,2, 4 . . .  

m- -1  m--1 
9. e. 

/~ m = a.r(m.".r" - -  m/o:.') + E' D . y .  Eol + X' E . # .  Eol 
O, 2 , 4 . . .  O, 2 , 4 . . .  

T h e  col lect ion of the  t e rms  of these  sums  in co lumns  h e a d e d  b y  v -= 1, 3, 5 . . .  once for y and  
once for t* is r e c o m m e n d e d  so t h a t  we have  in the  first hor izon ta l  line the  abso lu te  t e rms  f rom 
(25) in the  n e x t  yo Eol mul t ip l i ed  b y  B~o, B~o, Bso • • . and  Dlo, D~o, Dso . . . .  t h e n  the  m to1 mu l t i p l i ed  
b y  B12, B~  . . . and  D12, D~2 . . . .  etc., fol lowed b y  a line for #o ~ mul t ip l i ed  b y  Clo, C ~ o . . .  and  
Elo, E~o . • .  and  so for th .  

(27) In  t he  s ame  w ay  t he  first a p p r o x i m a t i o n  of the  70, y~, 7~. • • and  #o, ~2, I;4. • • are ca lcu la ted  
f rom the  7, m and  ¢ ,  rl] w i th  odd  suffixes" 

~z--1 m - - 1  

-g- 2 
7r [11 = arr(lr'CZr' - -  lr"C~r") + E'  B ,~r ,  m + E Cr,/~,, tl~ , ~ - -  O, 2, 4 . . .  

I, 3, 5 . . . 1, 3, 5 . . . 

m--I m--I * 

2 T 
~ [11 = a,(m/ 'c~/ '  - -  m/~z/)  + E '  D,~7,~ m + E '  E ~ , ~  m.  

1, 3 , 5 . . .  1 , 3 , 5  . . .  

(28) The  first differences A m 7,  and  A r11/~, be tween  these  va lues  and  t he  ini t ial  es t imates  are 
ca lcu la ted  • 

A r l j  y~ = y, r l l  _ "Yr [ol A [11~r = $*r [1] _ / ~ r  [o ] ,  ~ --  0, 2, 4 . . .  

* In the tables shown as circles. 
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(29) Second differences of the y's and/z's with 
m--1  m--1  
T - T  

Amly~= 2] B , , A t t l y , +  ~ C , , A m t z  . 
0 , 2 , 4 . . .  0 , 2 , 4 . . .  

odd suffixes are computed from" 

~, = 1,3, 5 . . .  
m--1  m- -1  
T --g- 

A mlt~ ~ = ~ D, .A my,, + 2] E ~ A  [ i ] / ~ .  
0 , 2 ,  4 . . .  0, 2, g . . . 

The arrangement is as under (26) but  without the absolute terms in the first line. 

v = 0 , 2 , 4 . . .  

(30) And from these the second differences of the even r ' s  and/z's" 
m--i m--I 

2 2 

A m~y~ = 2] B.,,A E2]y. + X C..A [~llz,, 
1, 3, 5 . . .  1, 3 ,5  . . .  

T T [~]/~ A mJ#~ = 2] D, ,A rely, + y~ E,,~A 
1, 3 , 5 . . .  1, 3, 5 . . .  

Arrangement as before. 

~ = 1 , 3 , 5 . . .  

(31) Third differences of the odd y's and tz's : 
r~-- I  m--1  

2 2 

0 , 2 , 4 . . .  0 , 2 , 4 . . .  

If one wants to 

m--1  ~ - - 1  
2 2 

A ~allz ~ = "E D~,A m[y, + 2] E,,~A mJl~,,. 
0 , 2 , 4 . . .  0 , 2 ,  4 . . .  

(32) This to-and-fro calculation is continued until  the differences disappear. 
break off after the r-th difference the rest may be estimated as 

(A ~'~7,~ ~ or (A [,]~)2 
A tr-l~y~ _ A E'1y~ A E*-*l/z~ -- A [']#, " 

(33) The solutions of our system of equations are then the y~ and/z~ as summed up from the 
differences" 

(A E,I ~,.? 
7 .  = 7~ m -4- A [3] 7 .  H- A t317. + • • • q -  A ['] 7 ,  + A [,-1] 7 v  - -  A t,~ Y, 

A check of these results by inserting them into the system of equations is very useful. I t  is 
mainly a repetition of the process described under (26) and (27) but  with the final y,- and/,,,- values. 

Resulting forces, moments, etc., are calculated according to the formulae in section 7; 
coefficients required are found in the Tables 1 to 7. 

E x a m p l e . - - A s  an illustration of the calculus all the details for a simple swept wing are writ ten 
down on Tables 8 to 30. The number of pivotal points are 1 × 15 and 2 × 15 for the plane 
wing of incidence 1, and 2 X 15 for an aileron case. The work has indeed been overdone a bit  
in order not to miss any details and in footnotes the main formulae are given. 
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T A B L E  1 

v or n - - 1  0 + 1  

r / r  ~ COS Or 

G 
sin G 
sin 2 0  
~rv 

m + l  c ° s m + l - -  

- -0 .7071  
135 ° 
0.7071 

--I 
0"7071 

0 '1763 

0 
90 ° 

1 
0 
1 

0. 3535 

+0 .7071  
45 ° 

0.7071 
1 
0.7071 

0-1763 

0 

gv,, 

- - I  + 1  
O. 3536 O. 3536 

TABLE 2 

m----5 

v or n - -2  "--1 0 + 1  I + 2  

7 .  --~ COS 0 v 

Jr 
;in G 
;in 2G 
grv  

m + l  

~)yg 
COS - -  

--0" 8660 
150 ° 
0"5 

- -  0" 8660 
0.3333 

0.04167 

- - 0 " 5  
120 ° 
O" 8660 

- - 0 '  8660 
O" 5774 

O" 125 

0 
90 ° 

1 
0 
O" 6667 

O" 1667 

0 .5  
60 ° 

O- 8660 
O" 8660 
O. 5774 

O" 125 

O" 8660 
30 ° 

0-5  
0.8660 
O- 3333 

0.04167 

- -1  + 1  

- - 2  
0 
2 

0"3591 
0"3849 
0"0258 

0"0258 
0.3849 
0"3591 

v, n 

- 2  
0 

+ 2  

- 1  

o.  3660 
0 . 5  
1- 3660 

+ 1  

1.3660 
0 . 5  
o.  3660 
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T A B L E  3 

m = 7  

v or n - - 3  - - 2  - - 1  0 1 2 3 

~ v  ~ C O S  Ov 
O~ 
sin 0,, 
sin 20~ 

~ v + l  - -  ; ~ - - 1  

m + l  
~yg 

C O S  

- -0 .9239  
157.5 ° 
0.3827 

- -0 .7071  
0.1913 

0.01401 

- -0 .7071  
135 ° 
0.7071 

--1  
0.3536 

0-04784 

~ 0 . 3 8 2 7  
112.5 ° 
0 .9239 

- -0 .7071  
0.4619 

0-08166 

0 
90 ° 

1 
0 
0 .5  

0-09567 

0-3827 
67 .5  ° 
0.9239 
0.7071 
0.4619 

0.08166 

0.7071 
45 ° 

0.7071 
1 
0.3536 

0-04784 

0.9239 
22 .5  ° 

O. 3827 
O. 7071 
0.1913 

0 -01401 

t~n 

v ,  n 

- - 2  
0 

+2 

- - 3  

0 .3599 
0.0280 
0.0064 

- -1  

0-3879 
0-3943 
0.0344 

+1 

0.0344 
0.3943 
0.3879 

+3 

0.0064 
0.0280 
0-3599 

- -2  
0 

+2 

- - 3  

0 .2168 
0.9239 
1.6310 

- -1  

O" 3244 
O" 3827 
1" 0898 

-t-1 

1.0898 
0.3827 
0.3244 

+3 

1-6310 
0-9239 
0.2168 
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TABI.E 4 

m = 1 1  

v o r n  0 1 2 3 4 5 

r]v = C O S  Or 
Or 
~in O~ 
~in 20~ 
~vv 

r / ~ + l  - - "  ~ v - 1  
C O S  - -  

m + 1  m + l  

0 
90 ° 

1 
0 
O" 3333 

O" 04314 

O" 2588 
75 ° 

O. 9659 
0"5 
O" 3220 

0.04025 

0 .5  
60 ° 

O. 8660 
O- 8660 
O- 2887 

O. 03235 

0.7071 
45 ° 

0.7071 
1 
0.2357 

0.02157 

O. 8660 
30 ° 

0-5 
0.8660 
O. 1667 

0.01078 

O" 9659 
15 ° 

0-2588 
0 .5  
0 "0863 

O. 00289 

avn 
.> 

v , n  1 3 5 

- -4  
- -2  

0 
2 
4 

0.0106 
0-0404 
0.4005 
0.3995 
0.0364 

0-0040 
0.0117 
0.0393 
0.3966 
0.3889 

0-0011 
0-0029 
0.0077 
0.0287 
0-3602 

4 
2 
0 

- -2  
- -4  

--1 - -3  - -5  v, n 

> 

v , n  1 3 5 

- -4  
--2 

0 
2 
4 

1"1249 
0.7588 
0.2588 
0.2412 
0"6072 

1"5731 
1"2071 
0"7071 
0"2071 
0.1589 

1-8320 
1-4659 
0-9659 
0.4659 
0"0999 

4 
2 
0 

- -2  
- -4  

- -1  - - 3  - - 5  v, n 

62 



T A B L E  5 

m =  15 

v o r n  0 1 2 3 4 5 6 7 

~v = COS Ov 
L, 
;in O~ 
;in 20~ 

~ v + l -  ~Tv--I 
m + 1 cos ~--~-] 

0 
90 ° 

1 
0 
0 .25  

O. 02439 

0.1951 
78.75 ° 
0-9808 
0-3827 
0.2452 

0.02346 

0.3827 
67 .5  ° 

0.9239 
0.7071 
0"2310 

0.02082 

0.5556 
56.25 ° 
0 .8315 
0.9239 
0.2079 

0.01686 

0"7071 
45 ° 

0.7071 
1 
0.1768 

0.01219 

0.8315 
33.75 ° 
0.5556 
0 . 9 2 3 9  
0.1389 

0.00753 

0-9239 
22 .5  ° 

0-3827 
0-7071 
0.0957 

0-003571 

O. 9808 
11.25 ° 
0.1951 
O. 3827 
0 .0488 

O" 00092: 

> 

v , n  1 3 5 7 

- - 6  
- - 4  
- - 2  

0 
2 
4 
6 

0.0047 
0-0133 
0.0424 
0.4026 
0.4023 
0.0413 
0.0110 

0-0023 
0.0058 
0.0136 
0.0421 
0-4016 
0-4001 
0-0367 

0.0011 
0.0026 
0.0054 
0.0126 
O' 0398 
0"3969 
O" 3890 

0.0003 
0.0008 
0.0015 
0.0032 
0-0079 
0"0288 
0.3602 

6 
4 
2 
0 

- -2  
- - 4  
- - 6  

- -1  - -3  - - 5  - -7  v, 

v , n  1 3 5 7 

- - 6  
- -4  
- -2  

0 
2 
4 
6 

1-1190 
0-9022 
0.5778 
0-1951 
0.1876 
0-5120 
0.7288 

1"4795 
1.2627 
0 .9383 
0.5556 
0.1729 
0.1515 
0.3683 

1-7554 
1.5386 
1.2142 
0.8315 
0.4488 
0.1243 G 
0-09241 

1.9047 
1.6879 
1.3635 
0 .9808 
0.5981 
0.2737 
0.05691 

6 
4 
2 
0 

- - 2  
- - 4  
- - 6  

- -1  - - 3  - - 5  - - 7  v, 
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T A B L E  6 

m = 2 3  

or n 0 1 2 3 4 5 

;lv = COS Or 
G 
sin G 
sin 2G 

~ + 1  
'P2~ 

COS 

0 
90 ° 

1 
0 
O- 1667 

0.01088 

0"1305 
82.5 ° 

0.9914 
0"2588 
0"1653 

0"01069 

O. 2588 
75 ° 

0.9659 
0"5 
0"1610 

0"01015 

0.3827 
67.5 ° 

0.9239 
0.7071 
0.1540 

0.00928 

0 .5  
60 ° 

0.8660 
0 -8660 
O. 1443 

0.00816 

0-6088 
52.5 ° 

0.7934 
0.9659 
0.1322 

0.00684 

or n 6 7 8 9 10 11 

~], ~ COS Ov 

G 
sin G 
sin 20. 

- - m  + 1 c o s - ~ - ~  

0'7071 
45 ° 

0'7071 
1 
0"11785 

0"005439 

0-7934 
37-5 ° 

0-6088 
0-9659 
O'lO14G 

0-00403~ 

O" 8660 
30 ° 

0"5 
O" 8660 
O' 08333 

0"00271.~ 

0"9239 
22.5 ° 

0"3827 
0"7071 
0 '06378 

0"001593 

0"9659 
15 ° 

0"2588 
0"5 
0-04314 

O- 000728 

0-9914 
7 .5  ° 

0"1305 
0"2588 
0"02176 

0"000185 

a~n 

I > 

v , n  1 3 5 7 9 11 

0"0015 
0"0035 
0.0069 
0 '0150 
0"0439 
0.4041 
0-4041 
0.0437 
0"0146 
0"0064 
0 '0026 

0.0009 
0.0021 
0.0038 
0"0071 
0-0151 
0-0438 
0.4039 
0 '4037 
0.0431 
0.0137 
0.0049 

- -10 
- - 8  
- - 6  

- - 2  
0 
2 
4 
6 
8 

10 

0.0006 
0"0013 
0"0022 
0-0039 
0"0071 
0"0149 
0.0435 
0 '4034 
0"4028 
0-0416 
0-0112 

0"0004 
0-0008 
0-0013 
0-0022 
0"0037 
0 '0067 
0 '0143 
0.0425 
0-4019 
0-4002 
0"0367 

0.0002 
0"0004 
0"0007 
0.0011 
0 '0018 
0"0031 
0 '0058 
0"0128 
0-0400 
0"3970 
0"3891 

0"0001 
0-0001 
0"0002 
0 '0004 
0"0006 
0.0009 
0"0016 
0-0033 
0"0079 
0 '0288 
0"3603 

10 
8 
6 
4 
2 
0 

- - 2  
- - 4  
- - 6  
- - 8  
--10 

- 1  - 3  - 5  - 7  - 9  - 1 1  v, n 

< 1 

6 4  



TABLE 6--continued 

F 

m ---- 2 3  

- -10  
- - 8  
- - 6  
- - 4  
- - 2  

0 
2 
4 
6 
8 

10 

1"0965 
0.9966 
0"8376 
0.6305 
0.3894 
0"1305 
0-1283 
0.3695 
0"5766 
0.7355 
0"8354 

1.3486 
1-2487 
1.0898 
0-8827 
0.6415 
0.3827 
0"1239 
0.1173 
0"3244 
0.4834 
0"5833 

1.5747 
1.4748 
1.3159 
1.1088 
0.8676 
0.6088 
0.3499 
0"10876 
0.09835 
0.2573 
0.3572 

1-7593 
1.6594 
1-5005 
1.2934 
1-0522 
0.7934 
0"5345 
0-2934 
0.08624 
0.0726 s 
0.1726 

1.8898 
1.7899 
1-6310 
1.4239 
1.1827 
0"9239 
0"6651 
0.4239 
0.2168 
0-0578~ 
0-04205 

11 

1"9574 
1-8575 
1"6986 
1"4914 
1"2503 
0"9914 
0"7326 
0"4914 
0"2843 
0"12541 
0.02551 

10 
8 
6 
4 
2 
0 

- - 2  
- - 4  
- - 6  
- - 8  
- -10 

--1 - - 3  - - 5  - - 7  - - 9  --11 v, n + 

TABLE 7 

m =  31 

v o r n  0 1 2 3 4 5 6 7 

~ r  ~-~ COS Ov 

Or 
sin Or 
sin 2 0r 
6gvv 

~ v + l  --" *Iv--1 

m + 1 
COS./-~ 

0 
90 ° 
1 
0 
0.125 

0.006126 

0.0980 
84.375 ° 

0.9952 
0.1951 
0.1244 

0.00606~ 

0-1951 
78.75 ° 

0-9808 
.0.3827 
0"1226 

0-005893 

0-2903 
73.125 ° 
0-9569 
0"5556 
0 '1196 

0"00561 o 

0 '3827 
67-5 ° 

0"9239 
0"7071 
0"11548 

0"005229 

0-4714 
61.875 ° 

0-8819 
0-8315 
0"11024 

0"004765 

0"5556 
56-25 ° 

0.8315 
0.9239 
0.10393 

0"004235 

0.6344 
50.625 ° 

0"7730 
0.9808 
0"09663 

0-003661 

v or n 8 9 10 11 12 13 14 15 

r o t  

sin 0r 
sin 2 0r 

q r + l  - -  ~ q r - I  CO v ~  

0'7071 
45 ° 

0:7071 
1 
0-08839 

0"003063 

0"7730 
39-375 ° 

0"6344 
0.9808 
0.0793 o 

0"002465 

0"8315 
33-75 ° 

0-5556 
0.9239 
0.06945 

0.001891 

0.8819 
28.125 ° 
0-4714 
0.8315 
0"0589= 

0"001361 

0.9239 
22.5 ° 

0.3827 
0".7071 
0"04784 

0.000897 

0"9569 
16.875 ° 

0.2903 
0"5556 
0-03629 

0-005162 

0-9808 
11.25 ° 

0-1951 
0.3827 
0.02439 

0.0002332 

0"9952 
5.625 ° 

0" 0980 
0" 1951 
0"01225 

0.0000588 
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T A B L E  7--continued 

m =  31 

F > 
gay n 

+ 
3 11 13 15 

--14 
- 1 2  
-.10 
- - "  8 

- - 6  
- - 4  
- - 2  

0 
2 
4 
6 
8 

10 
12 
14 

0"0007 
0"0014 
0.0025 
0"0042 
0"0076 
0'0155 
0.0444 
0"4046 
0'4046 
0.0443 
0.0154 
0.0074 
0"0040 
0.0022 
0-0010 

0.0005 
0.0010 
0.00t7 
0.0027 
0-0043 
0-0076 
0-0156 
0-0444 
0,4046 
0"4045 
0"0442 
0'0152 
0"0071 
0.0036 
0'0015 

0.0003 
0.0007 
0.0011 

0.0002 
0-0005 
0-0008 

0.0002 
0.0003 
0.0005 

0-0001 
0-0002 
0.0003 

0.0001 
0.0001 
0.0002 

0.0018 
0.0027 
0.0044 
0.0076 
0.0155 
0.0443 
0-4044 
0-4043 
0-0438 
0-0148 
0.0064 
0.0026 

0-0012 
0.0018 
0.0027 
0.0043 
0"0075 
0"0153 
0.0440 
0"4041 
0"4038 
0.0432 
0.0138 
0"0049 

0.0008 
0.0012 
0.0017 
0.0026 
0.0041 
0.0073 
0-0150 
0-0436 
0-4034 
0.4029 
0.0417 
0.0112 

0.0005 
0.0007 
0.0011 
0.0016 
0.0024 
0.0038 
0.0068 
0.0144 
0.0426 
0.4019 
0.4003 
0.0368 

0,0003 
0.0004 
0-0006 
0-0008 
0.0012 
0-0019 
0.0032 
0-0059 
0.0128 
0.0400 
0.3970 
0.3891 

0"0001 
0.0001 
0'0001 
0"0002 
0"0003 
0"0004 
0.0006 
0.0009 
0"0016 
0"0033 
0-0079 
0.0288 
0.3603 

14 
12 
10 

8 
6 
4 
2 
0 

- - 2  
- - 4  
- - 6  
- - 8  
--10 
--12 
--14 

--1 --3 --5 --7 --9 --11 --13 --15 v, n + 
1 

--14 
--12 
--10 
- - 8  
- - 6  
- - 4  
- - 2  

0 
2 
4 
6 
8 

10 
12 
14 

1-0788 
1-0219 
0-9295 
0-8051 
0"6536 
0"4807 
0"2931 
0"0980~ 
0"0970v 
0"2847 
0.4576 
0.6091 
0.7335 
0.8259 
0.8828 

1"2711 
1'2142 
1.1218 
0.9974 
0"8459 
0"6730 
0-4854 
0-2903 
0.09520 
0.0924 o 
0.2653 
0.4168 
0.5412 
0.6336 
0"6905 

1"4522 
1.3953 
1'3029 
1"1785 
1"0270 
0.8541 
0'6665 
0.4714 
0"2757 
0"0887~ 
0"08417 
0-2357 
0-3601 
0-4525 
0-5094 

1.6152 
1.5583 
1-4659 
1.3415 
1-1900 
1.0171 
0.8295 
0.6344 
0"4393 
0"2517 
0'0788~ 
0"07271 
0"1971 
0"2895 
0'3464 

1.7538 
1'6969 
1"6045 
1"4801 
1"3286 
1.1557 
0.9681 
0"7730 
0.5779 
0.3903 
0.2174 
0.0659 
0-0584~ 
0"1509 
0"2078 

11 

1.8627 
1.8058 
1.7134 
1.5890 
1.4375 
1.2646 
1.0770 
0.8819 
0.6868 
0.4992 
0.3264 
0-1748 
0"0504s 
0-0419 G 
0"0988~ 

13 

1-9377 
1-8808 
1.7884 
1-6640 
1.5125 
1-3396 
1-1520 
0.9569 
0.7618 
0.5742 
0-4013 
0.2498 
0.1254~ 
0.03306 
0.02385 

15 

1.9760 
1.9191 
1.8267 
1-7023 
1.5508 
1.3779 
1.1903 
0.9952 
0.8001 
0.6125 
0-4396 
0-2881 
0.1637 
0.07130 
0-01440 

14 
12 
10 

8 
6 
4 
2 
0 

- - 2  
- - 4  
- - 6  
- - 8  
--10 
--12 
--14 

--1 --3 --5 --7 --9 --11 --13 --15 ~,, n 
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T ~ L E  ~. 

EXAMPLE ~.. 

I CHORDW,S~ ! 
i5 .SPANWISEJ P!~OTAL POINTS 

i 

~X 

FORM I. 

SYFIPIETRICAL SWEPT (~::K W~NG 

SPAN b = 2~  f~ 

ASPECT RATIO A = 

ROOTCHORO cr = 7 
Tip CHORD c, = 3 
L . E . S W E E P  ~CK A t : 4 5  ~ 

TAPER RATIO C~/cr= "~¢J 

L o w  hi~CH NUMBERS 
VI=M = ~ I 

Inl o r  Ivl 
r~. ') 

Y. 
Xn~ 
Cn 

X~ 

"l,~v 

A~ 

o 

0 
0 

z )  • 52ff~ 

z) 6.8(~99 

z) 5, 4 776 

/./+ ~-5"(~ 

~) I . g U O  7 . 

4] .1~08 

I 

,t95~ 
1.9~I 

/,951 

6,z/g6 

(~ . 61~r 7 

t, ~o 7~ 
/.9/5"6 
' / 2 8 0  

Z 

' 382-7 
3'827 

&.Sz7 
5%692 

7,92~9 
/ . 82~4  

1"92o2 

" / 2 0 3  

3 

• 5556 

f ,  5F$ 

4 . 7 7 7 6  

9/~9z 
2,o~3~ 
/ .9224 

, I o 8 1  

4 

. 7o71 

7 07/ 

7. o7~ 

4.  / 7t(~ 

/o,/997' 

2. 5972 

1.9~o~ 

,o9~I 

5 

,85J5" 
6.3/5' 
8,5 /~  

~,67~o 

11.o7o5" 

2 .72 /8  

/,91~z 

"o7Z6 

. 9 2  59 

9"259 

7 

. 9 6 o 8  

f[. 717 3 

9'808 
9,2 39 9.6me 

5..~/~4 5.o768 

/2. H E6 
3.oz &3 
1.90/4 

. o505  

3,2S~ / 

I .~897 

0 2 ~  

9 ~Zn for m-15 see TABLE 5 

=; in the plane of symmetry (n=0) {he kink is rounded off accordin 9 ~'o the foliowing rul~s. 
1 

s) "E~,v. 1"8847 ÷ .510z, ~Zy-I--~,d co,=v~ {b_b ~2 
m÷l "~E;T~Zc~/ 

~,. j -~L,-J cos~ ,=  /'or m=i5 see TABLE 5 

4j A,= a,,  ~ )  a ~  for m=15 see TA~LF. 5 
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Foa~ 2. 

7 
t 

~ -  ,X.Z 11.7904 

I % . 1  ': 

{',.'a ~ 1"700 
C 4,) 

TABLE ..~ ~ | 5  
~'=t'ATIO~ S 

10,74~5 6.814o 6'2qOS~6"29oS 8j8/4o 10.7455 11"7q0,4 

1.2/0 "~087 "284o "2840 "0o87 1.2/o 1"#27o 

1"5"66 1,205 " 915"6 . c)/~& / '28~ 1.5"64 1.710 

1"726 1"769 1"0620 / '8620 1.769 1.7,16 1.7o8 

.0t157 "0587~ ,~ql~  " ~9tff "0387,~ 01137, .C0289 

n=2 i 

X~- Xnl 

n=Z~ ii v 

P'z,.- 

Xp- Xn~ 

~em 

X~,- Xn~ t 

I%.I 

- - % , -  

= 

- 7  = 5  - 3  -~  | 
7 5 ~ ~ - I  

i/.~6~5 1"2/42 " q~85 " 5"778 ' / 8 7 6  

~'ZB~6 ; 7 . 2 1 ~  ~ t ~ Z  2"7887 2'7887 

I,~15" i1.~23 "970 "~IO "5"/0 

l '/Y~o 1.4,Z~ 1"~81  1'228 1,47~0 

,oo//~- .004o~ .0097~ "o272 .31oo 

5 5 7 
- 3  - 5  - 7  

• 1729 ,04,88 . 5~81 

~3/22 Z',14,55" 8.2886 

• 3 l& "810 / '092  

' qTo 1"32 3 I, 5? 5" 

1 , 8 6 q 2  1"777 /,741~ 

"~890 " O 570 ,00 729 

- 7  i - 5  
7 5 

5:, o44,b 3 , 9 e 9 ;  

1.2o9 , qb-8 

1.2.~2 t.1.~8 

• 0oo~ .0016z 

- 3  
3 

1,2627 

2,o6~z 

5.097 

- I  I 5 5; 7 
t - ~  - 5  - ~  . - 7  

.9o~2 • ~'1~.o • 15"15" , /244 " 2 7 3 7  

2.,/(= 1"227 ' 363 ~ "2985 " ~ &  

• Z¢9~ : - .  I o ? /  - . loq /  , ~ q 6  .q5"4~ /.Zo9 

I.o~ '@4 1 • 731 IoZ~z~6o 1.874, 1,002 

[ . oo3~  [.oo~8~ c0"~'74, .~o11 "~SqZ .oz74~ 

- 7  - 5  - ~  .I 
"7 E 3 

t.0o47 1.7~5"4 t,4,79~ 

Z..#756 / '83/S" - ' o 9 ~ 8  

5"76 5", 3/ 4 , 4 , 7  

f, to7  1.0~9 "q~b  

"00018 "0006t ,0011 z 

- t  

I 

t. ~/qo 

-2 ,  6253 

"7o8 

.oot7~ 

I I 3 5 7 
- t  - 9  - 5  - 7  

-2,62.33 -'Oqq8 1.85/~" Z,876b 

Z'Zo7 /'//g~ "27~7  '1723 

- . 7 q ~  - . o 3 ~ z  , £54  .870 

' ~8o  .773 I .~'7o~ 1.8982 

• o o 3 3 ~  . o 1 6 7 ~  " ~ i S ? . s  " 3 6 ! 5  

~] ~ . : ' f (Z~n~-~ .  ) ~ k ~  from CHARTS 1""3 

4) O.~  ~or m=15 see TA6LE 5 
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FORN ~,, cfd TABLE 10 ~ x ~B 
8YATIONS 

n =  ~ ~ - 6  =4  - 2  o ~_ ] 6 
o ~==- - |  

X~-  "An.& 

I .Ugo 

9.7663 

/'8oo 

/'~7/ 

1.5a7 

, ~ 3 9 s  

4 

8'n487 

I.Z~ 5 / 

/ ' 3 2 7  

I . ~  

' 0//0~ 

' 5"77#] 

5' 9779 

• 9so 

, ~ z  

.0~9 

• 1 9 ~ /  

b.5"2&6 

• 3 h ~  

1.$6~5 

"5300 

" I , B 7 &  

~.9779  

" 5 0 / ~  

• 9 b 2  

I ' ~ 7 3 3  

" 3 9 2 ~  

-4 

.:/2o 

8.2~. 0 7 

Ozz~ 

I, a27  

1"7765 

• 0 3 ~ 2  

J - 6  

" 7~ 8~ 

%7663  =, 

I. 173  

/.5"7/ 

/ ' 7 ~ 7  

. o l o o  6 

r~3 
rt =,-~3 

P -6 
6 

-4 
4 

-2 0 

o 
2 

-2 
6 

-6 

/ ,z~79~" /.2.&z 7 • 9363 • ~ 6  • / 7 2 9  "1~/5 • 3 6 8 3  

x~,-x,.~ 6 . /613 ~ . & 4 3 7  Z . 3 7 z 9  - '076/- , .  2 . .3729 z+ .6437  6 . / & / 3  

l~nt 3.1o [ 2. ~4,,q /'966 /'/6;~ "56Z0  "~17~ .771S 

' / ~ 9 7  . 9 7 2  / . 2 8 9  

.0~45" "302G • 0174 s ' 3 8 9 3  "0o79~ 

%~,,, t . 2 ~  '972 " ~ 9 7  - .OleZ+ 

~.~,n 1.32 1.2& I . / 2 2  "79 /  

r,m " 00/~ "00~8 

v~ 5 
n=-5 

X ~ n  

~'vn 

P 
- 6  

1"75~4 

;~,392;5 

4 , 7 7 E  

• 9 z ~  

1-140 

"ooo6o 

- 4  
4 

/ ' 53~6  

/ '8  8/~ 7 

:~ ./e 5 

• $13 . 

I . o 6 ~  

, O O l Z ~  4 

-2 
2 

/,2.J42 

- ' 3 ~ 6 t  

- "  I o 5  

" 8 9 5  

0 
0 

. 8 3 / 5  

-" 77Z 

' S 9 Z  

"00391 

2 
-2 

-'386/ 

I ' Z 2 2  

-./o5 

" 7 3 3  

. O / S / ~  

-4.  

" / 2 4 4  

/ . e 8 4 7  

• 3 3 ~ 7  

1.4825 

• 3 0 6 3  

6 
~6 

' o924 

3 " 3 9 2 3  

' 2 6 S 5  

t '923 1"083Z 

. $ 8 5 Z  

n~7 
n=-7 

X~- Xnl 

IY, ol 

-4 : - 6 
V 6 

1,9o47 

1'9o95 

6"/9 .6Zt 
l ' o6Z  

"ooolz 

4 

/ . 6 a 7 9  

59/7 

- 2  
2 

/ ' 3 6 3 5  

- / '879/  

0 2 
0 - 2  

• 98O6 • ,¢9B/  

4. 

- 4 . . 3 3 o # - ! , 8 7 9 /  

3 . / ,88  / 9 4 , 4  

= 1 o 4 o 7  - . 6 u  

.5/~2 .:~az 

0o09, ' 0 0 2 4 e  

- 4  

2 7 ~ 7  

,3917 

6 
-6 

"0569 

t9o9~ 

5".48~ z+.43 890  . / 8 ~  

X ~ n  . / 2 7 ~  - , 611  ,/Z71-~ "621 

~'v. " 9 7 7  ' BIO • ~ : . .  / . 7 o o 7  
, a'~n {='rl 

-f~, "0oo4 "ooo~,~ "0/32 s " 3 2 3 2  
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FO,qM 3 ODD P 
T A B L E  11 

(Z) VALUE~ A.~n 

A.~, = %'" {'----~" -'.- ~ ' - "  i.,,._,., 

A~." = ~z-~i,,. for n = 0 

0 
b) 5 0 L U T ~ 0 N  E~V-~TERA=FION,: 

INITIAL C~UES.S: 7o @ = "47 
,~e  = .46 

~'6 © = "23 

F~R3T APPROXIMATION : 

• IGGI • 18o9 
. o 0 8 6 ~  ",~2/7 
• oo1~7 .oo36g 

E 
,o7z 0 ' 
• OO ~5o 
. o ~  

.o7s4 
• 32  (o~ 

7 
".0158 

, 005~  
OIIZ 
O~3Z 

• /Z ~ 4  

_ P, II 

5~MMARY: 

t 

• 47@9 '4~D'6 
-.OOoT~ -°oo~2 
-.O~o~# I-.o0o5"~, 
-.0002~ - .0002~ 
-.O001,j -.000$~ 
-.0000¢, - '00006 
,47~2 .4,354 

Z~ ~ ~ % ~% . z~% + . . . . .  

-.O001q =~.OoO t.~ 
-.0001~ - 'O000z 
-'OOO0o - '0000~ 
-.0000,~ - . 0 0 0 0 ,  

, 5 2 4 c ~  , 12~(~ 

P 
- v( 3 

L ~  

I. £~ 

I 5" ,I 7 

• 00~2~ . 0 0 / ~  
• o~9o~ .o039~ 
.IS"IE~ "0108~,  

• 5 2 4 q  , 1 2 ~ 6  

CHECH: OF RESULTS: 

.Avo-  v . 1 2 0 0  , I0  g.~ 

A~,o£ o , l ,~07 "o~79z 
A~,z~ ~ . I 50g  ' l~f f4~ 
Av4~,~ "00c~56 t / 8 0 z  
A~e£~ "OOI2z '003~o 

~ .47~2 . z ~ 3  

I×15 
STATIONS 

m = O  
2 

6 

I 3 5 7 

• 39~5 .0387,  . o ~ 3 7  .0028~ 
• 337Z "3996 ,0410~ " 00~44 

• 0 2 1 ~ 8  '3044 " 3 9 0 8  ' 0 2 B O  

• 0C507 ' 01587 "31~c/ " 5 6 t 7  

~. or Z~, n see FORH3,EvEN V, except initial values. 

mNITIAL DIFFERENCES : 
7 P -  ° - .  oo6  

Z~.~72 +" 0o 56 
z~'4 -.oIJO 

L~°~ : ÷ ,  o o 9 4  

FURTHER DIFFERENCES : . 

II , 3 s I 7 
A~oA°£o - 'o024~ -.ooo2.~ - . 0ooo7  - . o o o o z  

P ~  - . o o o 2 4  - . o o 3 3 S  - . o o 4 3 o - . o o o 3 1  

A~o~°~,~ -~.o0oo5 + . o o o ~  +.oo~oo +.oo34o 
~ - ' 0 o 0 7 3 - , 0 o l Z 0  - . 0 0 / 1 0  -~,00313 

- -  [AvoA®~,o - , 0 o 0 2 o  - '0000Z - '0o00~ -- 

i A v ~ z  - .oo02~ - . o o o 2 8  -.oooo3 - . o o o o l  

A~4A®~4 - .oooo2 - 'oooZ5 -.ooo3z -.ooooZ 

A,~Z~,~ - +.oooo~ +.ooo,7' ÷ . o o o z o  

,A~,, - .o~o4s- .oooE4- .0oo~9 -,-,o.oo~ 7 

Ava~ 'o  -'00013 -'0O001 -- -. 
A v z ~ z  -.oo0#Z - . 0 o o 1 4  - ' oooo l  -- 
Av4Z~'4 --.00001 -.OOOo 9 - .O00 l l  -.00001 
~ v 6 L'%.(~6 -- -- --.OOool - .0o001 

~ v  -'0002~ - .00024 -.O001~ -'O000Z 

A~o x~£o - - 0 0 0 0 7  - , o o o o  / 

A,~ ~,, I-.oooo6 -.ooool 
A ~  ~a~' I -- - -00004 

-'00001 

- '0000~ ! - .0:003 
- '00001 
-.0ooo@ I-.0o0o3 

Avo ,~o  -'oooo 3 -- -- -- 

A~zA~ -.OoooS - 0 0 0 0 4  - -  _ 

, ~ v ~ ' ~  -- -. 00oo i -.O0oo 3 -- 

t~v6A@~6 -- -- - .oooo l  i-.ooool 
AC~v -.00006 !--00006 --000o4 -,OooOl 

~)3otution for fhe symmetrical cQse: 
r n - I  

z ! 
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T A B L E  12. 

FORM 3 EVEN }, 

[0~ = I S Y M M E T R I C A L  LOAD I 

a )  VALUES A v .  

A~ n = =vn iv n + a~,._ n iv<. q 
7,~ "£vv 

o 

A ~ n = 2  a ~ n 1 ~ "  _ for v = o  
"t, yy 

v =~ o 

I x l 5  
,~TATION5 

P 0 2 ~ 

~ =  I ,6~O0 . 427 / - .  "0492  "OI39a 
..-3 ,0348~ , 310/ .  -3931  .0361 
5 "007,Bz .0177 • 3077  .38.59 
7 " 00 /Sz  -0031,  ' 0 t : 56s  ' 3 2 . 3 4  

b)  SOLUTION BY ITERATION : 

FIRST APPROXiHATION : 

A v ~ ,  "1508 .1203 "092. I • 0503  
dwT~ ® .3150 . Z 0 4 0  .023~7 "00(3f07 
Avs~ 0 '01518 '1351 s -1712 . 0157s  
A~s~ ' °  .002.~s "0057a . IO05 .~20os 
AvT~ .00023 .0003g .~017, "040b 

~,~  ' 4 6 3 ~  "Z.#656 ' 3 8 9 0  ' 2 3 9 4  

SUI'4MARV : 

Z~c~7~ 

~', = 77+ z3~,, ~ ± ~  .. . . .  

0 2 ~ 6 
'4~5~ ,~&S& , S 8 9 0  ' 2 3 9 4  A . ( ~ , ,  

- .ooo 6z -.ooo 09 - .0oo8~ , .0005, ,  A,zA~'~ 
- . o o o S z  - . o o o 5 ~  - - 0 0 o 2 9  - . o o o o ~  A,;"~"~-a', 
-.OOO l a  - , 0 ~ 0 t ~  - . 0 0 e l .  - .00o07  
--00009 -,00~309 - -00008 --00004 --Z-%®~? 
-.OOOO~ -.0000~ -.00003 -'00o0 z 
" ~ 6 1 6  .4  ~ 2 .  " 3 8 7 6  " 2 3 9 7  

CHECK OF RESULTS.' 

0 2 Z+ I 6 
A,,o(~, .1508 .12o3 "092t  'OE03 

Av3 (~S. "01~1 ~ "134~7 .~703o .0156~ 
Avs~s 'Po2~4 "0057~ "0999/ "1253 o 
A,7~. .ooo~z .ooo4o '00/75 .O&15.~ 

~,  . 4 6 2 2  .Y~6#O . 3 8 7 6  i . 2 3 9 S  

~' or Z%~' n see FORMS, ODD ~. 

DIFFERENCES" 

v o z /-, 6 
Avl.~fi~ - ' 0 0 0 4 0  -'0o031 -'(X)O04 --O0(~01 
A~z~J's~ -.oooo4 -00037 -.ooo47 -00004 
A~sz~'~ -.OOOOl - .0co02 - .~oo3t ,  - .oo042 
A~F~<yT"~ ÷.00001 q-.00O01 ÷.(~0o04 ~-.00[01 
Z~,. - , 0 0 0 5 2  --00069 -.OOQSI -+.0oo54 

Av, A~j ,, -00030 -.ooo~q -.oooo£ -.ooOot 
A~Z~,,~ -.oooo2 - . o 0 o i  7 - .0o021 - .0o0o2 
A ~ ' ~  . . . .  00006 -.oooo 7 
A v7 ~ ; ,  -- -- -- - ) - .000~ 6 

A~7~ - - 00032  --00036 --00029 - ' 0 0 0 0 4 .  

- . 0 0 o l  7 - . O O O I I  - 0 0 0 0 1  - -  

- . O 0 0 o t  - . 0ooo  7 - ,o0oo  9 - ,oooo l  
. . . .  00oo4 -.00o05 

. . . . .  0o001 

- '00018 - '000#~ - '00014 - .00007  

A,,A®y, --00009 - -00006  - .oooo i  -- 
A,~/x®/~ - - .oooo~ - 0 0 0 0 5  
A~5~7~ - -.O0OOZ - .00003 
A ~,7A®~'7 . . . .  O0(~O I 

Z~@~ -'00009 -.0000~ -.0000~ -'00004 

® A ~ ' ,  - 0 o 0 0 4 1 - 0 0 0 0 3  - - 
A,a,~0vs - - . o 0 o o z  -.aooo2 - 
A ~ H ~  . . . .  Oooo t - ,oooo2 
A ,z ~ ~'7 . . . .  
Z~®~ --00004 - .00o05 -.00o03 -.00o02 

m-I 

c )  d e .  = 2 = A  .S~o + ~' .cos = 
d e ~  m+l 

CICL = 3"232 
do* 

2 ~ 4  ]-.5 x .4622  
16 L.90O,~ :~ ,4752 

• 9239 :<',4(o40 
• 8~15 x .4333. 
• 7o71 x • 3~7(o 
• 5556 x .3249  
",3827 x .2 3':)E 
• 1 9 5 1 % . 1 2 8 6  ] 

'E 
= ~-- x 2.o5"75 
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T A B L E .  13 

EXAF~PLE ~. 

I~a ~TAT ION V 

t 

X 

2. CHORDWISE } 
I~ ~PAN WiSE PIVOTAL STATION8 

I X 

s ~ y  

: . - y  

.SYMMETRICAL S W E O T  BACK WING 

SPAN b = 20 ft 
ASPECT RATto A = 2~ 
ROOT CHORD Ge " 7 ft 
TIPCHoRO % = ~Sf 
L.E.SWEEP ~ACK '~z = 4 

) TAPER RATIO ~'~/¢~ = "429 

Low  HAtH NuMbER 

[vl o" L"~ o I " 

y~ o ~,9~ 
Xo,¢ ~) ,3;~E~ 1,95t 
cn 2) 6'~b99 6.2196 

X~, ~) 6. ~'39o 7. 5"7~b 

x ,  2,~9~7 ~.o999 
b 

• ~ .  . l . z , ~ ' ~  t.~o8 

| 4J L~ 2"OOb~ Z. Ot2o 

~ .O~7b -. 005"6 
- - 0  4J 
tt,~ 1"4 5"76 I'4667 
- ,  ~,] 

.~ l  _ #  _ 0  _ t  

~,~,,- Z,,<~,, 6'9o~'o 7'o8q~ 

m"~ ~J "29o6, . 2 ~ 8  
, a)  

1) qn. "For m= t5 see TABLE $. 

I 2 3 ,4 5 6 7 
• 3,627 ' 5"~5"6 "7o7t • 65l~ "92 ~'9 • 9~0~ 

5,8Z7 5". 5"5"'6 7 , o 7 ~  8.3t~ ~.z~9 9'~0~ 
3.827 5,55~ 7.o7~ 8.'5~ 5 9.Z'~9 0.8o,~ 

5'.4~92 Z,.7776 /*,L7/6 3,67Z,0 3"E,0~4 3"o76~ 

8"773q q.8773 10,8~6Z 11.~381 12"2278 IZ.~¢~lO 

5.7/6G 7.2067 &b't25 q.58~6 i 10.30o7 I IO.07~0 

1'~27 Z.Oq3 2.597 2.TZZ 3.0Z7 5.2.50 

• 065G0 .07586 ,07ooh, "oF~'TQ .o327z .oo~'~'0 

Z.~O/7; 2.ozo= 2.0179 2.oo9o I'q96$ I 'qSos  
- .048o -,O~qo --'Oh-06 "0178 .1287 . 2 5 ~ 8  

~ZT~, ~'36~ 7 7.28@ [o'98~* (0"~1.59 6.o~1, 

.A, q o s ,  . 4 8 8 1 ,  .2;9o49 ..4qQb/ ~1~6/ .53~18 

- '00660 - .00~37 -'0069~" ,0025"a .OIq76 .059/,,6 

,2773~: '27427 '27697 "287~a "3062~ '3272,~ 

• 2028~ "20093 .202(D~ .20q la  .Z2084 . 2 3 3 8 9  

a.I In the pl,',ne o~" symmetry (n= 0) the kink is rounded off o.o:ord.inq to the followlnq rules; 
I Xo~,.~.~,= ~ Co=C.-~(c,-c,)  ~ x~,= Xo~+.9o45co , x;'~x.*,~4~SCo 

~1 i,./,v.c.,_qv.= cos v~ ~r m=,15 .See TA~LF.. S. m÷l 

4) -,.t.v..,= 1.974z + " 6 Z 5 4 ~  c o s "  . -  p'z /'.._b..b ~ ~" ] _,, m.,t~.-cj .,-.~ tz¢,~= l , ,= 1.4o58 -,- 1.oos7.%'~.,~'-' ~ , v ~  f b  ~ 

_; i  ~ t  
5) p t  

t t "L w 

~J - - i i  # --s m y  - 

7 2  



FORM 2 2 ×  15 
T A B L E  14.. STA'I" I 0NS 

o .I " - 7  - s  

X~ -- Xl~ ~ 12"2656 110312q 
X$'- >t~.~ 10 .~450  9 .2b 'q2  

]'Y~.I ') z 4 z a  /,2m 

.'~n =] 1 .786  / .6/~6 

• t,,. '~ ~,~ 1.7,Z : /.74,7 
• tt "t~,. I , 6 ~ ' q  1 . 6 5 " 9  

j ' .  *) "260 . Z ~  
~:. 'L~7 ,Z, oz 

" ~) . 0 0 £ 5 2  .oz2oZ  O.w; tvn 
"" .00531 ,,020~88 ~Lvt~ ~ Vtu 

l ~""#L" "OOOaS "0C354 
o-.n J v. .00108 . 00S07  

a,,~, f::~,, .0o29s .~/oOO 

0.,  n . ~ ,~  . . t 0 0 4 4  . 0 0 t 7 7  

a , .  Z~i',. . o o o o 2 ,  , o o o o l  

%,, (z;4", -.~;j~. ) .ooo4 .oo/7~ 
O.~n my t~ . . 0 0 / 7 4  . 0 0 ~ 0 1  

o ~ ( , ~ L i ~ , - m ' i L , )  i" 0005 . 0 0 1 4  

Q~.(m~;, .-  m,~..) . 0 0 0 1 ,  . 60072  

- 3  - t  I 3 

• ~ 5 S 6  . / q ~ ' t  . / q s ' /  . 5 5 5 " 6  . 8 3 ~ G  

~J,5"~21 7 . 2 5 1 4  ! 7.2~;/4" q . ~ 2 1  1/, 5 f z q  

6"8015 3.77~7 3 .~7 .67  6 " 0 8 / 5  0.25"qz 

. ~ 0 ~ 7  .28Z~0 "28Z~0 " 0 0 6 7  / .210 

1 . ~ 0 2  .52~q..* .~'2,9~: I . o o z  1.~2,7 

l . e ¢ O  l,qo~7 hO0~,7 l, goo 1.7.~7 

t.~;#~' I/.~'6/7 I I . g 6 t 7  1.6g'~ 1.6s '9  
• 5 2 8  , ~ t  • ~z~i , 5 2 S  , Z ~ t  

.$35-  / , *~ , { ,  1'~46 ,6 .~5" . 4 o g  

• 07.q8 • 7/o65 - . 76b~  , O7FR . 0 2 2 0 Z  

• ,o¢937 .6285"  .62e~"  . O b q 3 7  ,OZO,e8 
r ~  

• o/~80 . /$74  ' 1374  .,9,'.~#~ .o0354 

• ~ Z ~ T a  "7~,,30 .71-.,3o " 0 2 6 7 5  ,0o5"o7  

• o57o . ' 3 e o 7  , J e o 7  . 0 5 7 0  .O/oqO 

-.Ooo6 ~ -. 0~o ~o. -'0005o -.ooo6~ , doo  o 

• 0 3 7 6 ~ I  . 5 S l 2  ' ~812  . 0 3 7 6 0 , 0 / O Q = ,  
.0067t-~ .0G827 . 0 6 8 z 7  ,00(~7,6 . 0 O 1 7 7  

- , 0 0 ~ 2 ~  - .OOO~q - . o 0 0 b ' q  - . d o o 2 ~  . o o o o l  

• 0070 "010~8 ,  , 0 6 8 ~ 6  " 0 0 7 0  .0017~,  

• O I q o 3  .178~" . /7& 'G . o / q o 3  , d d 6 o l  

• #IF2.~  , l a ' # 7  , / F R 7  .01~ '2~ ' 0 0 ~  ;l 

,oo~a .o/08 ,o108 .oo38 .oot4 
• 0 0 7 ~ 3  . 2 / / 0  . 2 / : 0  .L)07~3 .o01,66, 

• 0 ~ 2 7 8  .02o°,~7 .02~.l~7 . 0 o 2 7 ~  . t :~o7& 

7 

. 0 8 0 6  
12.265-R 

/o.5"4.~,~ 

1 .4Z8 

1 . 7 9 6  

1 . 7 1 ~  

'2GO 

" ~ 7  

.065"52 

• O~ if31 
.00o83 

.00 /08 

. oo2q5 "  

• 0 0 2 7 , ,  

,ooo4/-,, 

.0o0o4, 

• o 0 o 4 .  

.0o/7.4. 

Oo / 2 ~  

,0005 

• 0o0  3~- 
,o~ o /O 

• 0 o 4 ~  1 8 2 5 "  . / 8 2 5  .o045u ,0o071 .oO01~ 

r t =  2 ~ v - 7  - 5  - 3  - I  
l q = - Z  ~ Y 7 5 5 I 

l~v--r~n} I.'9fo3.~. 1 .2142  " Q 3 6 5  ' 5 " 7 7 a  
t Xt,- gent 8.7G~ 7 . 8 / ~  6.05"o $ 5.74~b 

x ~ -  x . t  7.0/~4 5".7~74 3.~7@7 ' 2 7 2 q  

lY'~.l 2 . 4 9 1  2 . 2 1 o  1 . 7 / ~  1 " 0 5 6  

X ~ a  /.601 /. .~.26 1 . 1 o ~  , 6 8 5 "  

~ ,  1 ' 2 8 7  / , oS ' I  " 6 / 7 E  "O4-q ~ ) 

i ' ,  1 .47 /  1 . 4 6 2  1.4, 3q 1.~62~" 
, u 

tv ,  I . ~ 8 2  I . ~ 4  1 . 2 0 ~  . 6 5 0  

~;, , z q o  , ~ : 3 0  • 4 ..~2. . 8 0 4  

~ ,  .~16 .39/ • ~ - q  . S o z  

O, vn [~, "OOZe/ .OOTqo . o l q g 7  ,05"7R 

G ~n i" ,  .Od2o7 .oo7~.1 , O I G 3 q  .0~5"2.Z 

a . . i ' ~ ,  , . 0 0 0 4 3  . o o 1 7 8  .oo6~ . o 3 4 , ~  

c t . . i ~  . .0o01~q , o 0 2 ~  .~o7~,a .o3404 
O.~,.A'J.',~n . # o l / ~  .oo.~qS" , o 0 ~ 6  . 0 2 8 7 0  

O.u,,2"v~.",~ .#OOO~ . 0 0 o o 2  - . o o 0 / ~  - . 0 0 0 0 5  

a,, . ( l ' , , {~. . , -  2.",..~;.) . 0011  , O03C], • 0 0 9 7 ,  , 0 2 8 7 a  

0 . . .  ZL,.} Ln "00023  "O008q  "00~01 " o / 6 q ~  

c~,,g,j'~, .ooooZ .oooo/ -.oooo7 -.oooo5 

a, , ( ,e : , i ' , -z '~ ; , )  . 0 o o 2 ,  . o o 0 8 ~  , o o 3 o o  , o / e 9 7  
O.,n m~{~, .0006~ '00207 .Oo4sO .O/oOO 
I~,n m~,i~n ' 000S2  "O016K '0031~1~ "¢511~)7 

c % , ( m ; i ; n - m ~ { ' . )  "0001/o "O001--~z. "O00.ff~ - 'O01 (J7  - .0(0~t-~ 

O.Vnm~ j~n "00016 "00061 '00206' ' OOt~6(~ '1611 
t~,~m'~'~, . 0o010  ' 0 0 0 3 7  . 0 0 1 2 4  . 0 0 7 o 6  ! .111~ 

~,(m~:,-m',~L,) "0000~ '0002~ .0008~ "0020 j .0~02 

J 3 ~ 7 
- I  - $  - 5  - 7  

• 1 8 7 6  o1729 " 4 4 8 8 + .  , 5 ~ 3 1  . 
3.7,,~q/0 6.0£*03 7,8111 ,~'762, , 

°2719 3' $" /q 7 5".75"7Z, 7. oz.A 

. 3 & 2 7  "~/~, " 8 2 0  [,092.. 

• 6 ~ b -  / . z o o -  / . 4 . z G  / . 6 o /  

• 0 4 . 9 9  . 6 / 7 ~  1.o 5"1 / . Z ~ ' 7  

I. b 6 8 E  1 . 9 / 2 7  / . , ,e~-  1 .768 
• 6 ~ 5 ~  l'/.*/cJb- / , 6 7 /  1 "673  

I ' ~ h 3  , 3 0 3  . 3 1 t  " 2 8 2  

1,z-,,,o9 I , £ 8 E  • E,e8 "4,?.~2 
' 6 7 / 5 "  " 7 5 7  " d 7 / 8  , 0 1 3 q 7  

. 2 G ~ o  . 6 ~ ' 0  - 0 6 6 5 "  . 0 / 3 Z 2  

• # 4 0 5 "  - / Z I G  , 0 / 1 3 7  . o O Z Z 3  
• 5"t.70 . g 3 G  .oZ;~4,o . 0 o 3 3 9  

. . 0 0 o 2 , ,  - . 0 0 6 o ( ~  " 0 0 0 / 7  .o0os",Z 

.333E -380~ . 0 5 5 7 ,  , d060~ 
'2&BS" .o~q .~  . o o 4 / 8 . 0 o l t q  

- - .O00. t~$l- - .OO~q~ ° 0 0 0 0 6  , 0 # 0 1 3  

' 2(~G@ . 06 ,q3  F " O0{a l z  " 0 0 1 0 6  
.d71~7 .1781~ '0/@13 . D0~.33 
• / 3 a t  " /5"43 "OlffO3 " o 0 3 2 7  

• 0 2 ~ 1  . 0 0 4 1  . 0 0 1 0 ~  

' / 7 4 b  .0067~, .OO/ t /  

.OZ~/*~ . t~O2~q .0005-2 

, I ~ q 2  .00~/, .oO,O$'e 

s } i . .  : .~  jy. =s functions'of ( X . . , • . )  {ak~ from C~ART,5 [ ' . -6.  
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FORH Z ,cU. TABLE 15 £" 15 
. ~ T A T I O N ~  

b-_~_-J_ ...... 
I 

X i t -  "/,,4. 

___IY~ . . . . . .  

tL 
, i  
b_ 

• ii 
t]v~, 

~Vn l~n 

-7 - 5  - 3  [ - I  I ~ 5 7 
7 ~ 3 J- I --! - . 5  - 5 - - 7  

I , (p~7q i . ~ 3 e ~  ~ ' ~ 0 ~ 7  , q o z z  . 5 " / 2 0  • 1~'/5" , tZ4Z,, " Z 7 5 7  

~'~Z~ Z ,5~7 /  2 . 0 0 0 5  .6"o6"6 .5"o5"6 2 ' 8 o 6 ~  4"~ '67/  f."~'Z.o 

::]"fJoo 2 , ~ ' I 5 #  . t 3 £ 7  - 2 , q 7 1 1  - 2 . 9 7 t l  .15~'7 2.~132~ 3 , 8 0 0  
It., o/.., 7___ 3 , 6 q  3 . 0 Z 7  Z. 1(o I. ZZ7  "~655 . Z 9 8 3  " ~ ( ~  
1.3Z$ /.OqZ "67Z~ . I Z / Z  . t Z t Z  . 6 7 2 ~  1.09.~- / - 3 Z 3  
.~7/t .6Oz~" .0 ~.Z 5" - .  7,~Z - - . 7 ; Z  • O ..-.-3 Z t;  .4~oZ~" .q~H 

2,2ff7 [,Z2z~ I , /~o  . .9z¢0 'OOZ / . 64#5 "  1 " g l 7 5  1 . 8 3 ~  

I '1~ I 'o0~"  I, OZS" , ~ o o  . '59E , ~ 0  I . b l /+b  " 1 , 6 b &  
• Z 2 8  "Z56  . 3 Z o  " 4 4 6  " 7 4 o  / ' ~ 3  • 3 0 0  "~20  

' 2 4 Z  ' 2 6 9  " 3 z Z  "530 . 3 E o  / . ~ 2 1  1 , 6 g ~  ' 7 ~ 7  

,oo:o~ ,oo$18 , o o ~ 6 1  . O I 2 b -  .0~73 "65"77 ' 7 6 1  @ ~z ~b" 

.t 
~ 'n_~_~ ,00018 ' 0 o 0 6 7  . ~ 0 1 8 ~  "OoFql "050~ '5%~ . t l q o  ' o O g Z Z  

. . . .  ~ .ooolO . o o ~ 7 o  ,oo lR7  , o 0 4 3 q  . 0 I ~  .~20 '6~&7 .o2_/e 

tv~ ,0o~5-4 , o o / ~ q  . ,Oj,X~_3_ , O O b Z #  , 0 / 8 ~  • - 2 . z / z  , 9 8 o 2  .0Z8~7_ 
0 , #  

Otvn..~.%vn . 0 0 o 0 . $  . d O O O l  - . o e o d 6  - . o o o o /  - . 0 0 0 o l  - . O O Z E S  ' 0 0 1 6 ~  . O 0 1 ~ g  

~.~_(w.£' , i~,-l~,",~) 7.O00.g OOlSe . 0 0 5 2 ~  . O0(~2z .O/#.q~ . 3235 '  ' 3 7 8 5 " ~ . . O Z 6 I ~  

~ v n ~ _ . _  ......... . ooo /e  ,00053 ,oooqo • oo2q4 .O/~Zo . z 6 6 Z  ,o5"94~ , o o 4 q l  
n ,It r 

c ~ . l M ~  . o ~ o o t  - ' - , o o o o z  -- - , o o o o t  - , o o 4 q 6  . o o / b 7  . 0 o o 8 6  
( ~ l . t  ~ .o t /  • 

0~.[ .  ~ , . - - . ~ . )  "O000O ' # O 0 ~ s  . O 0 0 ~ z  .OOZq~ .015"2 t  , 2 7 1 1 ~  " 0 E 7 8  " 0 0 ~ 0 ~  
l /  . ~4 

(Xv.~t~n , o o 0 6 0  OOO~z . o o 1 ~  ' 0 0 2 z 7  , 0 0 ~  o~6qZ~ "1805~; . O E ; 7 0  
t . t  

cry. m,, tvn ,OooZ4 o e o b Z  . 0 o 1 ~  ,Ooz¢q  ,00773  ,13£2~" .I.qqZ.s . 0 t 2 3 7  
9 "  ( ~ "  . . . . .  

~t ,n 
C ~ v n t ~ . ~ n  . 0 0 0 0 6  " O 0 0 ~ O  ' O 0 0 ~ l  . O o l Z S "  . O 0 ~ t 2  . / # z / 8  " / 8 8 9  . 0 0 7 1 3  

c ~ m ~ _ _ _ _  . o o o o 4  OOOlk oo0~7  . o o t z ~  . o o 6 ~  . t o 9 ~  " o z o s ~  , o o z t &  

~z,, .(m,~J' .-m~.~' .)  . 0 0 0 ~ .  "OOOO~ 0 0 0 ~  . O 0 0 0 z  - .OOZ2a . 0 3 S 2  .IOZ~O . O 0 4 q ~  

. . . .  . 6 5 ~ -t -3 -7 

) ~ v - v ~ . ]  1"9047 1"7¢¢4 I.Z,7qS" I . I /~)0 ,7z,8,9 "56B~ 'OOZ,& "05"6 9' ' 
t . . . . . . . .  

B 

X v -Xm¢ 1 . ( ~ 2 .  ' 3 + 5 - 4  - - 2 ,032 "~  - 6 ' 1 ~ J ' 9 1  - a ~ , / 3 q l  - - l ' O 3 l ~  " ~ 4 ~ ; Z ,  ] ' 6 7 , Z  

)Y~,nl 5"7G 5-.31 4,z~7 5'30¢ l , l o 7  1,114 " 2 7 9 7  ' 1 7 2 ~  

~', /.ol+ "7Z6 .195 -.6"o~ -o ¢05 495 "7z& l.o/4 

~.~, .&c*:: ./o4¢ -.&/~ -1.8"6"/: -/.sT4 -.~./S .I~46" '~94 

{t /,/~1o l, o 6 q  ,9~g3 , 7 g Z  o G e S  ' q ~ 6  1,7&:.3 1 , 9 # 8 Z  

~vn  / , 0 ~  ' q 3 o  . g l o  ,S~aO ' ~ T Z  ' ~ o ~  ' 7 ~ t  1'~5"7 
j.~._ ..... . / 7 o  ' : q /  . z z 5  . Z ~  . ,3~.! ' ~ z 6  / ,Z,#o .a~;~ 

' I t  I . L _ _ _ _  J . .  , / 7 4  , /qO , z o 7  . / q /  , IqZ,, ~ . ~ e e  1,7#3 2,;Z86, 
a . . t '~= " oo05~  , a o / z o  . o o z z 7  .o~3~.e . . o o 7 ¢ ~  .035"1 , 6 7 ~  , 7 o 1 ~  

, / t  
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FOR Ivi 2 cfd. 
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,n 
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' ~ Z / ~ ' 7  . 0 7 o o  : 6 q 6 7  
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• / ~O0 

2x15 
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A,,b'z4, 7 

3 ' / 0  
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1, O l O  
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/ . z  -~ 7 
, , z 7 6  

. oo ~o~ 
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/ . g 6 G  

"675" 

/ ' 2 ~ / 0  
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/ .  ~ .  E 

• 66~ 
' gS"~Z 
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FORM 2.  c~d 

L n =,- 5~1 : 
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X ' .  
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,~5"8q A,F~.qz : ,~•q~z8 
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,0~',~7 - . 7 o 7  - / ,  ~ '27 - . 7 o 7  ,05-~7 ,Fbz. 
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FOR~ 3 0 ~ #  

i = : ; = o ( , ;  = ~ SYMMETRICAL LOAOJ 

o~) VALUES B ~ . ,  C , . ,  D , . ,  E , . .  

TABLE 18 

,,, " l ' i .  . . . .  i" ' ~o,.,(, , , , - %  , . )  n,=O 

.,, ~ 3 s .I 7 
~ = 0  "~8 /~  .0370~ :o/09~, ooz7+ 

2. "36Z2 .,~905" .0~q64 .0080~ 
'0Z476 "3266 "38o2 . o 2 6 7 o  

6 ,dO,.~Sx .0/82~ ,3 ~ 5  ..35'2 3 

~"~..(.¢,~:.-.~:j:J + =,-o(,q;,.~'-K,l~-.) ,~ ,0  

=o.,,.[z,j,4- 4,,.) n .o  

2 x l 5  
-~ 'AT I0 NS. 

==~.(~.,.~-,~,~.)+,~,_.(m.,~,.~-,,. ,..) . ,o 
o ~ , . ( - ~ ; C . - " % . )  ,-,..o 

v = I s s 7 
~ =  O . o ~ q 8  . o o 3 8  .<~o/2, , o 0 o 5  

~. - .  0 6 6 6  "o2466 "OOd,~2 .0o12z]  
Z~ -.003-,~a - . 0 6 2 7  . 0 2 5 2 ~  . 0 0 3 6  
6 - .0006~; - .  0 0 2 9 ,  -,O~7Z~ • 0/@/z 

a,,(mj, , -  ,),,).+a~,.,Jm4~,. ~- m,j~,..) n *  0 

.... - , ,  o l:o(,o'e+ .oo7o .oo,z+ ' ° ° °+  rl no O I ""'~'5 'OOZES "0° °7 ,  "000'~,. 
2 ~...,-.,, .o+.~,,, .0070 .oo1~,.~ ~ II .o~-;~ i . ,~oo .oo+~o .ooo+~ 
z. I I .o ,~ ,+  .~oo .o~+,+ .oo+1~ I 11-.oo2..-1.o.~+ -,+.+0,..oo~o 

I ¢~ ll.oo.z.~ .o.,~,-.,, ,z~92 .o,'7,'~ I 6 ~l-.eoeZ,.l- .Ooz/~ .0142  ...z+7~ 
b l  .~OLUTION0 BV iTERATIOI~" ov,p. or A~,.,Aen see FORM3,EVEN V~ excepi Eni{iO.[ values. 

INITIAL ~UE~S: ~-values taken from ex~rnpteZ, ® 

FIRST APPROX~HATION : 
p I .I 3 5 "z ~ t ~ s 7 

~+(~'2: . , z / q  . to~+ .0o9o .oz4~ o.,+(m,--m,,) .omen, .oi~2~ .o/ooo., "OeJ,~,~'6 

B ~ y ~  ,oo9~ ,~z~ 7 ,147~ .otoz,  D~, ,~ '~  . , o o / ~  . . o 2 ~ o  .ooq79 ,oo /~ /  
By ~ Y~ .oats .oo~4 . 0 8 ; /  . 0 0 4 ~  __D,~ ~'~ . , 0ooI /  - , 0 o o 7 /  ..0/38~ 0045"8 
Cr,~ ~? - .oo34 - ,0o04  ,.0oo/ --  E,~o~ ..OOq/3 -,OoO2S -,0ooo4 -.0oool. 

L ~o "A737 "~327  "3208 "1238 ~..':" -.01337 "o032o ,o0q6"5 ,o1124 

INITIAL DiFFERENcES '. 
~,:~,. ~,:~.,,,o~. ÷ oo ++ ~ +  = _  o o ,  

FURTHER DIFFERENCES: 

Bvo~o , O O Z ~ G  .00o2~ .oaoo 7 , 0 0 0 O Z  

~.~Z~CT= ,0o017 .000t8  .OOdoZ -- 

. o 0 o o ,  - o o o o ,  _ o o o o +  _ o 0 o . ,  

- ,0ooo4 -,OOO/Z -. ooz~.~ - . o o z z  ~ 
Credo  .ooo8~ .0ooo9 ,o~oo2 
C~L~,~ -,00047 - . 0 0 0 1 1  - , 0 0 0 0 /  

C~4,L~4 , 0 0 0 / 2  . 0 0 1 , ~ 0  . 0 0 0 3 8  , 0 0 0 0 . ~  

Cv~Ft~. ,0ooo~ .o00Z7 .o04zZ ,0,oo~0 
~,~v +.00302 ~.,00226 ÷. 00ZZ~- - . 00191  

B,,oZ~y= ,oo12~ ,o~0/Z . 0 0 o o ~  . o a o o l  

B+~l~ .oooe~ ,0oo9o ,oooo9 .ooo0Z 
B . ~ +  .oooo 7 0 0 0 8 8  ,oolo~ .oooo 7 
f ~ . , ~  , oooo /  , o o o o z  .0oo4~ . ooo44  

C,o,~. .oo0o~ - - - 

C,,, Ap, .0ooo8 ,ooooz - -- 

C v 4 ~ 4  ~ ,O000Z -- 
C , ~ , ~  ~ . o o o o Z  "00o3~ ,00003 

zPz~- . o o z z ~  .oo/~* .oo/97 .ooo~7 

symmetrical c~se~ ~ =  t .  s n.o ' 
I~cid. nex+ p=ge) 

~ = - .  00163, .=.+, 01766 

/ ÷ J 

i 

D,,oZ~'o ~.ooo/z ~-,Oo~oz !+,ooo~z - 
D , ,  # ~ ' ,  - 0 0 0 0 3  - o 0 ° 0 /  . -  - 

D.+~y+ - +. ooo01 -.oo0ot - 

D,+L~+ - +,oo0o2 . . , o o 0 ~ 7 - , o o o j z  
E,.,o,~o +.0022& "¢'.00006 +,0,9001 -- 
~2 z~% - .oooo8  --00024 - ,  0o001 - 
Ey k ~e~.,. - .oooot  ÷.00023 +,oolo8 +.00oo.$ 
E,~,,~p~ - -.ooo~6 +.ool66 .+.oo,6~7 

A~J~ ÷.'~022fo +.0.oo05 ÷.00311 4..00~Z8 

p.ozF/o * ' ¢ o o o 7  I + . o o o o /  - - 
- ,0oo15  J,..o0006 ..e-,00oo/ -- 

Dv, Z~Ip ,~,~z ooot 7 +.ooo~ 7 +.oooo/  D,~ ~4 - .oooo /  - .  
D~,~o . . . .  00007 .+.o00o2. 

~ . o ~ o  ÷.O000Z ~ -- -- 

E , z ~ ,  +.oo0o2 +.ooeo~ - - 

~ . . . .  ooo~, - 
- - + . 0 o o I e  4 . , o o o ~  

- .o0oo•I- .o0oo{o +.00017 ,*.000,42. 

??  



TABL~ 
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~oJ .0501 ,I,Z, t 2  , 1 1 1 1  

DIFFERENCES: 

"0{~94 .o398 
"ooo2o , o o o o ~  
. 0 Z , 3 2 . 5  

V 2 

B,,~.A * 'o0o,7 
B~  ~y.~ - .  o oo ~ ~ 
13~Z~ ~.oo0o5 

~ ~ . ~  --~oo/~, 
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=-Z- ,  2 x lS  

v 2 I 4 
r i =  I ] ' O Z 2 2 z  ~1"00294 . 0 0 0 8 ~ *  
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~CJL~ .1915 
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FIG. I. Influence function i(X,Y). 
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