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Summary.---The semi-empirical ' equivalent profile ' method of W. P. Jones 1 (1948) is extended to the case of an 
aerofoil with an oscillating control. The oscillatory hinge-moment derivatives for such an aerofoil-control combination 
in a low-speed wind tunnel are estimated, an allowance for tunnel wall interference effects being included. 

A comparison with measured values of the control derivatives is made for two values of the control chord ratio, 
representing an aileron and a tab. The method of this report gives results in much better agreement with experiment 
than those obtained by vortex-sheet theory ~. 

1. Introduction.--The oscil latory h inge-moment  der ivat ives  for a 15 per  cent  th ick aerofoil 
(NPL 282) with  a 20 per cent  trai l ing-edge control  have  been measured  by  Wight  a (1952). These 
results show substant ia l ly  the  same var ia t ion  wi th  f requency pa rame te r  as those es t imated  by  
vor tex-sheet  theory,  bu t  t hey  are reduced  in magn i tude  by  a factor  t h a t  is approx ima te ly  
constant .  This reduct ion  factor  varies wi th  Reynolds  number  and t ransi t ion position over the 
range 0 .5  to 0 .7  for h a, and 0 '55  to 0 .65  for h~. The discrepancy be tween the measured  
values of the  derivat ives and those es t imated  by  vor tex-sheet  theory  is t hough t  to be due in 
pa r t  to the  effects of thickness and viscosity. 

In  this report  some account  of th ickness /chord  ratio and boundary- laye r  effects is t aken  
by  the rep lacement  of the th ick aerofoil by  a th in  ' equivalent  ' profile. This equiva lent  profile 
is chosen to give approx imate ly  the same measured  lift d is t r ibut ion in s teady  mot ion  as tha t  
for the original aerofoi l -control  combinat ion  at a par t icular  control  incidence, and for a par t icu lar  
Reynolds  number  and t ransi t ion position. I t  is assumed tha t  the equivalent  profile deforms 
in phase wi th  the control  oscillation and the ae rodynamic  forces are then  calculated by  l inearized 
theory.  

F r o m  the above assumpt ion  it might  be expected  tha t  there  would be a considerable d iscrepancy 
between es t imated  and measured  values of the derivat ives for high values of the f requency  
parameter .  This was not  found to be so for the aerofoi l -control  combinat ions  considered for 
a range of f requency pa rame te r  ex tending  up to co = 2 .0 ,  as is shown in Figs. 4, 5, 6 and 7. 

* Published with the permission of the Director, National Physical Laboratory. 
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2. Theory.--(a) Steady Flow.--It  is assumed that  the flow about a thick aerofoil-control 
combination can be reproduced approximately by a thin profile which has the same lift dis- 
tribution in steady motion. 

v T 

FIG. 1. 

Let the origin of co-ordinates (x, z) be taken at the mid-chord point, and put x = -- ½c cos 0. 

Then suppose the lift-distribution over the aerofoil-control combination in steady motion 
can be represented by 

Z(0) = pV2(zZ/o/~ o ~ Alibi ~ A2/~2 ~ . ) . . . . . . . . . .  (1) 

where the A,/s are functions of ~ only and _~,, is defined in the list of symbols 

The corresponding steady-motion coefficients of lift, pitching moment, and hinge moment 
are then given by 

where 

c = = f l L ( O )  sinOdO ] 
<~/Xo)= ~IiU0)(oos0 cos0o) sin0d0 

I I CH = ½- L(O) (cos 0 -- cos 0~) sin 0 dO 
O H 

L(o )  = z(O)/p v 2. 

. . . . . . .  (2)  

If it is assumed that  A,, : 0, n ~> 3, then the first three coefficients of (1) can be determined 
from experimentally obtained free-stream values of CL, CM, and Cn for a given aerofoil-control 
combination. In general it is more convenient to evaluate dA ,/dfi, n = 0, 1, 2, from experimental 
values of the derivatives a2, m2, and b2, defined in the list of symbols. Differentiation of equations 
(2), with dA,/d~ =- A,/, gives 

a2 = 2~ A o' 1 
m2(Xo) = ~{Ao'(1-q_ Xo)+ A / - -  A ( }  

4 ~ . .  

where the I,~'s are given in the Appendix. 

. . . . . .  (3)  
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The lift distribution 1(0) corresponds to a downwash distribution, 

W az 
• V - - a x - - A ° + A ~ ( l + c o s 0 )  + A s c o s 2 0 - +  . . . . . . . . .  (4) 

where according to linearized theory z defines the shape of the equivalent thin profile. 

On integration (4) gives 

2z Ao + A1 A2 A1 A - - - -  ~ - ~ A ~  . .  . (5)  c 3 ~- d ° + 2  2- " 

where ~ = -- cos 0(i.e., x = l c $ ) ,  and the first three terms only of (4) have been taken. The 
constant of integration is determined by the assumption that  the leading edges of the original 
and equivalent profiles coincide. 

(b) Unsteady Flow.--Let the control oscillate about ~ = 0, then in the complex notation 
for simple harmonic oscillations, the control angle/3 =/30 e ~p~. 

If W(t) is the downwash due to the oscillation of the profile defined by (5), then 

where fi = Oft~at. 
A~(~) = ftA'(o). 

Oz vaZ w(t) = ~ + 

_aZ ~ + vaZ .. 
ag ax 

When /3 is small, 
Hence, from (5) and (6), 

( C 
~Ao'(O) + A~'(O) W(t) = ~ ?~ 

vft {Ao'(0) ~ &'(0)2 + 

-which may be written 

W(t) ---- 

. . . . . . . . . . . . . . . .  (6)  

A. is assumed to be a linear function of /3, so that  

&'(o) ) A;(o) 5 a  Ao'(0) + 2 A;(0) 

A 2'(0) -- A 1'(0) ~ + 2A 2' (0) ~ 2}, 

V(Co + C1(½ + cos 0) q- C2 cos 20 ,-¢- Ca cos 30} , 

A((O) ~ + ~-A ',0,--~ 
2 .a 2 k 1~ f 

(7) 

where co = ft{Ao'(0) + i~(~Ao'(0) + A;(0) -- A-&'(0))} 

G=/3{AI'(O)--ico(Ao'(O) + AI'(0)- A;(0))} 

G =/3{A,/(O)- i~ A~4 (°)} 

. _ A ; ( O )  

3 

( s )  

The lift distribution l(O, co) corresponding to the downwash given by (7) is readily obtained 
from well-known results in vortex-sheet theory 4. I t  may be shown to be 

l ( 0 ,  ~ )  = p v ~ { C 0 r o  + Gel  + cyv~ + c3v3} . . . . . . . . . .  (9) 
w h e r e / ' ,  is given in the list of symbols. 
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The hinge m o m e n t  due to the  oscillation is then  given by  

H 
pg~c ~ -- p{h~ + i~h~ -- o~h~} 

= ~ L(O, cs)(cos 0 -- cos 0n) sin 0 dO 
O H 

= ~}{CoMo + CIM~ + C~M~ + C3M~} 

where M 0 ~ I ~z 
O H 

M ~ =  f ~ 
,~ OH 

M s = f~ 
O H 

O H 

Yo(COS 0 -- cos 0z~) sin 0 dO = 2C(~5)I~ + 2i~I~ 

Fl (cos0- -cosOH)s inOdO = I 1 - -  2I~ + ico ( I~  + I 3 )  

/~(cos 0 - -cosOH)s inOdO = --213 + i~ ( ~  -- I2 )  

L~(cos O _ cos OH) sin O dO = _ 214 + i~ ( I5  I3 )  . 

3. Interference Effects .--In the case of an aerofoil oscillating in a wind tunnel ,  the lift dis- 
t r ibut ion (9), must  be modified to allow for the presence of the tunnel  walls. 

Let  the oscillatory lift distr ibution for this sys tem be 

Z'(0, ~) = PV2{Co'r0 + C , ' r l  + C~'r~ + C ; F J  . . . . . . . . .  (10) 

Then the  downwash distr ibution corresponding to the  vor t ic i ty  dis t r ibut ion on the actual aero- 
oil and its wake is 

WT(t) 
3 COS30 (11) V - - C 0 ' + C l ' ( ½ + c o s 0 ) + C ( c o s 2 0 + C '  . . . . . . .  

Fur thermore  it is shown in Ref. 5 tha t  the downwash distr ibution over the aerofoil, induced by  
the infinite system of image vort ic i ty  distributions, is 

w~(t) 
V 

- - a o + a l c o s O  + a 2 c o s 2 0  + a 3 c o s 3 0  + . . .  (12) 

where ao - -  6h2 Co' 1 + + 
4 . .  (13) 

! 

a, = 2i"J,(~)FCo' , . . . . . .  n >~ 1 j 

and F and Jn(~) are defined in the  list of symbols. 

The total  downwash dis t r ibut ion over the  aerofoil-control  combinat ion is tha t  due to the  
vort ic i ty  distr ibution over the aerofoil  and its wake plus tha t  induced by the image vor t ic i ty  
distributions. This must  be equal to the prescribed dis t r ibut ion given by (7). Hence from 
(7), (11), and (12), 

w(t)  = w ~ ( t ) +  w / t )  
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and a comparison of 

C~ 
C o + ~  = 

where Co, C~, C2 and 

C o t 

C n  ! 

coefficients yields 

J 

C,,' + a  . . . . . . . .  n = 1 , 2 , 3  ~J 

C3 are defined by (8). It then follows from (13) and (14) that  

~R/D, 

C, -- 2~ J,,(co)FCo . . . .  n >~ 1, 

d A , ,  = n =  1 ,2 ,3 ,  ands5 where R is a function of -~- o' 

D =  1 - -  ~-£~ \ i~ + ½ + F Jo - iJa + ~ (J2 4- iJ~) . 

(14) 

The corresponding lift distribution is given by (10), and the hinge-moment derivatives may 
then be estimated as in section 2(b). 

As ~ --+0 

1 + i E, E = logo 
YC 

sinh ]~ 

2g 2 

C ( ~ ) - + I  + i ~  ~ + l o g ~  + 

~ 2  

The use of these limiting forms enables the hinge-moment derivatives to be estimated for co = 0. 

4. Application of Me thod.- - In  order to apply the method developed in this paper to a 
particular aerofoil-control combination it is necessary to find appropriate values of the steady- 
motion derivatives a2, ms and b~. In the two applications given below it was not possible to 
measure these derivatives on the same model as that used for the unsteady tests, although this 
will be done at a later date. The required values were therefore obtained from other tests ;  
it is thought unlikely that  any errors thus introduced would make a significant difference to the 
estimated oscillatory derivatives. 

(a) Ailero~z (E = 0.2) . - -To enable comparison with Wight's results, referred to in section 1, 
values of the steady derivatives were required for the NPL 282 aerofoil section with a 20 per 
cent control. The derivative b2 was obtained directly from Wight's tests, but unfortunately 
values of a2 and m2 could not be obtained from this source without considerable modification 
of the apparatus. However, the results of tests made by Bryant, Halliday and Batson 6 (1950) 
on a similar aerofoil-control combination are available, and from these values of a~, b, and m~ 
were Obtained. The derivatives a, and b2 were measured in the N.P.L. 7-ft Wind Tunnels 
Nos. 2 and 3, m= being measured in the latter tunnel only. It was found that  the mean value 
of b2 obtained from these tests agreed closely with Wight's result and so the mean value of a2 
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was also assumed to be appropriate. These values, together with the single value of m2, were 
used to determine the equivalent profile (section 2(a), equation (5)). For a Reynolds number 
of about 106 and with transition fixed at 0. lc, the values of the steady motion derivatives taken 
were : 

a~ = 2.117, b~ = -- 0.445, m2 = -- 0.404 (quarter-chord axis). 

The equivalent thin profile calculated from equation (5) for a control incidence of 5 deg is 
shown in Fig. 2. 

In Figs. 4 and 5 the estimated hinge-moment derivatives are shown plotted against the reduced 
frequency parameter, co. The experimental results given are for a Reynolds number of 0" 94 × 10" 
with transition fixed at 0.1c from the leading edge. Estimated values for both free-stream 
and wind-tunnel conditions are given. Tunnel-wall interference effects appear to be negligible 
for ~o greater than 1.5, and are not large for lower values except when c~ -+ 0. 

(b) Tab (E = 0.04).--The oscillatory hinge-moment derivatives for a 4 per cent control 
on the NPL 282 section have recently been measured by Wight and a comparison with estimated 
values is given here. Considerable difficulty was experienced in obtaining appropriate values 
of a steady-flow characteristics of the aerofoil-tab combination. The values of a~ used were 
derived from the charts given in Ref. 6, and are in fair agreement with a measured value for a 
4 per cent tab on a 1541 (NPL 282) section with a 19 deg (15 deg on basic 1541) trailing-edge 
angle. No measurements of m2 for the 1541 section with a 4 per cent tab have been made and the 
values taken were obtained from a2 and an estimation of the aerodynamic centre of the system 7 
The derivative b~ was obtained directly from Wight's "tests. The actual values taken were 

Transition at 0. lc 0.4c 

a2 = 0 . 6 4  0 . 7 2  

m2(1) = --0. 174 --0. 196 

b~ = --0. 280 --0.366 

The equivalent thin profile, for a tab deflection of r = 5 deg, is shown in Fig. 3. 

In Figs. 6 and 7 estimated and measured values of the tab hinge-moment stiffness (t?) and 
damping (t,) derivatives are shown plotted against frequency parameter. Results for two 
transition positions are shown, these being 0. lc and 0.4c from the leading edge of the aerofoil. 
Although the steady experimental data used was obtained at a Reynolds number of about 
10", measured values of the unsteady derivatives are given for Reynolds numbers of 1, 2, and 
3 × 10 °. The values for the lowest Reynolds number are least accurate because of the very 
small forces involved and it is thought to be of value to compare the higher Reynolds number 
measurements with the estimated values. Good agreement is obtained, particularly for the 
higher Reynolds numbers. Part of the discrepancy between the theoretical and experimental 
values of the damping derivative at low values of the frequency parameter, co, may be due to 
tunnel interference, since the free-stream theoretical values tend to infinity as co --+ 0, whereas 
the experimental values, uncorrected for tunnel interference, remain finite as ~o-+ 0. The 
estimated limiting value of the damping derivative, with an allowance for tunnel-wall interference 
effects included is shown on Fig. 7. 

5. Concluding Remarks.--The theory developed in this report appears to be adequate for 
the type of problem considered, although some doubt must arise from the inconsistency of the 
steady-motion results used in the example calculated. It is hoped that  a proper estimation of 
the accuracy of the method can be obtained when the steady-motion derivatives a~. and m2 are 
measured by Wight. 
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P 
6 

Ec 

V 

p 

~7 

8o 

{hc 

v = 

L(-= ½pWcCL) 
M(xo) ( ~  }pV~c2CM(&)) 

List of Symbols 

Frequency of oscillation in radians/second 

Aerofoil chord 

Control chord 

Stream velocity at infinity 

Air density 

Reduced frequency parameter 

Mean control incidence 

Amplitude of oscillation 

Tunnel height 

~h 
2Z 

Total lift 

Pitching moment about Xo 

Hinge moment 

~CL ~C~ ~CM 
~t2  - -  , b 2  - -  , m 2  - -  ~ ~ ~ 

o 
Po : 2 c o t ~  

0 
_P~ = - - 2 s i n O - t - c o t ~  

F~ - -  2 s i n n O , . . . . n > ~ 2  

0 
P0 = 2C(~) cot}  q- 2ic5 sin 0 

0 ( 
1"1 -- 2sinO + c o t - ~ + i ~  sinO + - -  

- ', = 

F = 

X 0 

p = 

Q = 

J. 

c(~) 

i ts(sin (n + 1)0 sin (n --  t ) 0 )  
- -  2s inn0  q- \ ,Tq--] --  n - -  1 

Theodorsen's lift function, tabulated in Ref. 2 

6h ~ X o e -  '~ 1 -  

c(co)Jo(~,) + i(1 - c(co))Z(~) 

y a y  

m e - ( Z ~  + ~)~lh 
2e-i~ 

~o 2 n q -  1 + i 7  

Bessel function of n th order. 
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APPENDIX 

i" 0 I1 = co t  ~ (cos 0 - -  cos  0n) s in  0 dO 
O H 

= ~ r ( 1 - -  COSOIt) - -  ( ~ - -  OHCOSOH @ s i n O n  

12 = s in  0 (cos 0 - -  cos  0n) sin 0 dO 
O H 

13 = 

_ ~ f o .  cos  oH sin oH 
- -  - -  ~ cos  0H + 2 4 k 

f ~ (cos - -  cos  0n) 0 sin 20 0 sin dO 
O H 

(OH sin 20H sin3OHCOSO H 

- - 4  ~t-  4 + 6 

-]'4 = fn 0 H 
sin 30 (cos o - -  cos  on) s in0 dO 

----- - - ~  s i n 0 H - - s i n 2 0 n C O S 0 n +  

j /5  = s in  40 (cos 0 - -  cos  0n) s in  0 dO 
0 H 

} 

~ {si~20H 
4 

sin20.cos 0. sin_30.~ 
4 + 12 J 

s in_40H\  

16 j 

sin 40u cos  0~ 2- s in_50~} 

• ~ s in  30H cos OH + ~- Sill 50H COS 0H 
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FIG. 2. Equivalent profile for NPL 282 Aerofoil section with 20 per cent control deflected 5 deg. 

~z z{0 . , , ,  0.,9o~ 0 . 0 7 ~ ' t ~ . ~ 4 ~  ~} ~o~ ~ i ~ i o ~  ~ o.,~ ~ - ~± 
G 

z EquJva.lentc profile 

Fio. 3. Equivalent profile for NPL 282 aerofoil section with a 4 per cent tab deflected 5 deg. 
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