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Summary.--Using distributions of vortices and sources over the aerofoil surface, approximate formulae are developed 
for finding the spanwise and chordwise loadings of cranked wings (i.e., wings with discontinuous changes of sweep), 
and the chordwise pressure distribution at the crank, in incompressible flow. The method can be extended to sub- 
critical compressible flow b y  considering the ' analogous wing.' Calculations by the present method are compared 
with experimental results on two wings and with calculations by another method for wings of 1Vi, W and A plan-form. 
Agreement with experiment is good. Comparison with the other method shows satisfactory agreement between the 
spanwise toadings, but the present method yields more information about chordwise distributions, and is quicker. 

1. In t roduc t ion . - -The  term 'cranked wing '  fs here used to denote a wing on which the a n g l e  
of sweep changes abru,ptly at one or more sections between the centre and the tip. These cranks 
are distinct from the kink a t  the centre-section of a swept wing, which is, indeed, a special 
case of a crank. Effects at the kink of a swept wing have been extensively s tudied (e.g., Refs. 
18, 19, 20), but  so far those at a crank have not. 

The use of cranked wings has been considered for some time, ever since swept-back wings 
were seen to have unsat is factory  stalling and pitching-moment characteristics and to involve 
structural difficulties due to elastic distortions. The typical longitudinal instabil i ty of a swept- 
back wing is due to flow breakdown near the tips and the comparatively long moment arm 
between the tips and the centre of gravity. To minimise this instability, wings have been 
designed on which the sweepback decreases near the tip, thereby reducing both the likelihood 
of. flow breakdown and the length of the moment arm. Such a change of sweepback usually 
takes place suddenly at a crank, and up to the present has been of the order of 10 to 20 deg in 
practical cases. To overcome the bending moment and torsion problems while trying to preserve 
the benefits of sweepback, wings of M, W and A plan-form have been proposed. In such cases 
the changes of sweep at the cranks are usually greater than the 10 to 20 deg mentioned above, 
and may even be as large as 90 deg, or more. 

Investigations into the behaviour of such wings have, in the past, been mainly experimental. 
No real theoretical s tudy has been made of conditions near the crank, although some existing 
calculation methods for the loading distribution can be appl ied to wings of cranked plan-form 
and take account of the crank effect to a certain extent.  For instance, in Refs. 1 and 2, horseshoe 
vortices are distributed along the quarter-chord line, and Falkner's method 3 can also be used 
b y  placing the  horseshoe Vortices so as to conform to the wing geometry. T:he first two methods 
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give no information about the chordwise loading, however, and the third method would require 
a number of chordwise pivotal points, which would greatly increase the computational work 
involved. 

The presence of the crank affects the chordwise loading in its vicinity, and hence the sectional 
lift slope and the spanwise loading. This report presents a method of calculating these loadings 
and pressure distributions. The method is based on the velocities induced in incompressible 
flow by distributions of source lines and vortex lines cranked to follow the wing plan-form. 
The calculation of the pressure distribution and loading at a crank is one of the ' basic ' solutions 
for a swept wing, like those for the kink and the part of the wing which acts as a sheared wing. 
Conditions at other sections are determined from the basic solutions by superposing the contri- 
butions from the kink, crank and sheared part. I t  can be seen intuit ively that  conditions at a 
crank like those shown in Fig. 2a bear some resemblance to conditions at the centre of a swept- 
forward wing, and therefore high suction peaks can be expected near the nose of the crank 
section. A means of reducing these suction peaks by the use of camber and twist is suggested. 
The results of the calculations are compared with experimental data at the crank of the wing 
shown in Fig. 2b and a double-cranked wing, and also with the results of other calculation 
methods for wings of complicated plan-forms. 

The present report ~ts into the calculation scheme for wings of any planform, which was 
originated in Refs. 4 and 5 and recently extended in Ref. 6. The method may be extended to 
compressible flow below the crit ical  Mach number by using the well-know.n concept of the 

' analogous wing ' as described in Ref. 6. The effect of cambered sections may be dealt with by 
the method of Ref. 7 and wing-body combinations by the method of Ref. 8. In connection with 

• the suggested use of cranked wings for structural reasons, it is of interest to note tha t  Hunn 9 
has recently extended the spanwise loading calculation procedure of Refs. 4 and 5 to elastic wings. 

2. The Chordwise Loading at the Crank of an Infinite Thin  Wing of Symmetrical S e c t i o n . -  
We will deal first with the chordwise loading of a thin cranked wing of symmetrical section, 
and represent the lifting effect of the wing by a Sheet of vortex lines distributed over the chordal 
plane of the wing. These lines run in a spanwise direction and are kinked and cranked to follow 
the wing plan-form. To isolate the effect of a crank from that  of a kink or tip, we will treat 
initially a wing which extends to infinity on either side of a single crank:  thus the vortices 
which represent the lifting effect of this wing extend to infinity on either side of the crank. 

Consider two semi-infinite vortex filaments in the plane z = 0 stretching to infinity on each 
' side of their intersection in the planeiv ---- 0, as in Fig. la. All the vortex lines in the two filaments 
a r e  of equal vorticity ~(x), which is independent of y. The sweep angles of the filaments are 
~0~ and %, the former being regarded as the sweep of the inboard pan d of the starboard half of 
a cranked wing, and the latter as the sweep of the outboard panel. Both angles are regarded as 
positive in the directions shown in Fig. la. The strengths of the vortex filaments are ), (x) cos ~0~ dx 
and ~(x) cos % dx, where dx is the width of the filament in the free-stream direction and ? (x) 
is a function of x, the streamwise distance from the leading edge of the wing. 

From equation (1) in Appendix I of Ref. 5 it can be seen that  in the plane iV = 0, i.e., at the 
crank, the downwash velocity at a point (x, 0, z) due  to the left-hand filament through 
(x', O, O) is  

Voj i - -  4z~ Vo z2 1 - -  
(x - x') + cos  

and ±he downwash due to the right-hand filament is 

VoJo 4~ Vo z2 1 
(x - x') + cos  

x-x, i} s in - x') + z (1) 

X - -  X t t 
+ s i n % .  V,[( x _ x , ) ~ + z ~  ] . . .  (2) 



If we now consider the lifting effect of a th in  infinite cranked wing of symmetr ica l  section 
as being represented by a continuous chordwise dis t r ibut ion of such v o r t e x  filaments ~(x ' ) ,  
(x' being the current  co-ordinate), in the range 0 ~< x '  ~< 1, then  the downwash at  a point  (x, 0, 0) . .  
on the crank section (0 ~< x < 1) is ob ta ined  by  integrat ing equat ions (1) and (2) over the chord 
and put t ing  z = 0. Tha t  is, the  downwash at the  crank is half of tha t  at  the kink of a swept- 
forward wing (9 = 9~) plus half of tha t  at the kink of a swept-back wing (9 = 90). 

where 

For an infinite k inked  vortex distribution, as in Ref. 5, the downwash in the plane y = 0 is 

~,(x, o, z) _ 1 (I~(x, o, z) + I~(x, o, z) + I~(x, o, z)} 
Vo 2a Vo 

(3) 

f i~(  ) 
li = X '  

X - -  X t 

Z 2 

(x - x') ~ + c o s ,  9 

dx '  

and 

Jo y(x') dx' I~ = sin 9 VE(x - x') ~ + z~] 

z~ 

j 07(x, cos ~ 9 dx'. I ~ = - - s i n 9  { z~ } 

(x - x ' ) : +  cosX-- ~ V [ ( x  - x') ~ + z~] 

Since we are dealing with a representat ion of a thin wing, these integrals are evaluated for 
z--~ 0. If this proves impracticable,  however,  they  may  be evaluated for z ~: 0, since the  
assumption of a th in  wing is mean t  to be a simplification, not  a complication. I1 is the  ordinary  
downwash integral  for a two-dimensional  aerofoil and can be evaluated at z = 0. I2 has a 
logari thmic infinity on the  x-axis and calculating it for non-zero values of z reveals tha t  wi thin  
the  practical range of thickness/chord ratios it is not  very sensitive to the  value of tic or of x. 
Thus a mean value can be used for the practical range of thickness/chord ratios. For a given wing, 
I2 = constant  × ~,(x). The in tegrand of 13 has an infinity at the point  (x, 0, 0), the appropriate  
value of I~ being the  principal value. This, too is proport ional  to ~ (x). Equat ion  (3) then  becomes 

Vo - -  2~-Vo ~(x')  x - -  x '  + ~ ,  tan  9 .  ;~(x) , . . . . . . . .  (4) 
j, 

the second te rm comprising I2 and I~. "; '~ : " ~  :~," : ~. ' : < 

Therefore for the lef t -hand distr ibution of semi-infinite swept vortex filaments, the downwash 
at the point  (x, 0, 0) is given by the a p p r o x i m a t i o n  

v/ l lj ,t ~ - 4z~ Vo ~ (x') x - -  x '  z~ tan  9~. ~ (x 

and: the  downwash due to the r ight -hand distr ibution of vortex filaments is 

EJ {f } v~ 1 dx '  
Vo - -  4~-Vo y(x ' )  x ~ x" + z~ tan  90.7(x) . 

0 , 0 



where 

Therefore the to ta l  downwash  at the point  (x, 0, 0) is 

Vo - -  2~Vo v (x') x - -  x ~ + ~ 2 

: 2~V0 ~(x') x --  x-~' + ~ tan  ~* .  ~(x), , . .  . . . . . .  (5) 
0 

t an  9"  - -  t an  % --  t an  ~ 
- 2 . . . . . . . . . . . . . .  ( 6 )  

defines ~*. ~* has no geometr ical  significance: it  is a measure  of t h e '  c rank effect,' Which 
equat ion  (5) shows to be like tha t  at  the  kink of a wing swept  at an angle ~*. 

As in Kt ichemann ' s  reports on wing loading 5, 8, y (x) is assumed to be of the  form C{(1 --  x)/x}", 
where  C is independent  of x. If v,/Vo is constant  ove r  the  chord and equal to the  effective 
incidence c~o, then  a solution of equat ion (5) is 

~, (x) = 2Vo ~,o sin ~no* . . . . . . . . . .  (7) 
X 

where  no* is the  value of n at  the crank of the infinite wing. (The suffix o applied to o~, and n 
denotes  the  infinite wing.) 

Combining equat ions  (5) and (7), 

V0 ~,0 2aV0 in an0* anon0*  a tan  9"  x 

which is to be independent  of x. Therefore 

tan  ~"  = , c o t  an0" = t a n ( 2 -  a n 0 * )  , 

.~.~. j 

1 . . . . . . . . . .  i s )  ~ 0 "  ~--- ~ ~ 2 . . . . . .  

The kink of an infinite swept  wing corresponds to the  case ¢~ = --~o-----9, and no* becomes 

n 0 = ~  1 -  

t i l e  result  ob ta ined  in Ref. 5. 

The infinite sheared wing corresponds to the  case ~ = %, and  no* becomes 

q4 o = ½, 

tile ' f lat-plate dis t r ibut ion ' pa ramete r  for a two-dimensional  wing. 

The t e rm containing x varies from ((1 --  x)/x}%* at tile cra, nk  to {(1 --  .x) /xy  ~ far away  
from the crank. In  practice,  this d is t r ibut ion is usual ly  reached at  a dis tance of about  one 
chord from the  crank. As shown in Ref. 5, the chordwise posit ion of the  ae rodynamic  centre ,  
measured  from the  quar ter -chord  point ,  is 

1 1 - -  2n 
Ax,.~. : x~,~, 4 4 ' 

4 



where  n is the: index in t h e  funct ion of- x. I t  is reasonable to assume tha t  t h e  aerodynamic  centre 
changes, continuously from. its posit ion at  the  sheared wing  to its position at the  crank, and thus 
tl~at the  chordwise vorticKy distributions, at in te rmedia te  points have the  one-parameter  form 
of- equat ion (7):, with n varying continuously. At such an in termedia te  point  we can write 

1 - - 2 ~  ( 1  --_ 2no*)  
4 - = = a 

where 0 ~< 1 ~< 1 and 4 depends on the  spanwise distance f r o m t h e  crank : i.e., ~ : 4(y). 
at  the-crank and 0: at the  sheared  part. The in te rmedia te  value of ~ is then  given by 

9 "  1 -- 4(1 --  2no*) 1 --  4 + a -- ~ ~/-~ 

2 2 

4 = 1  

={.(, 
As for the  dependence of 4 on y, it is assumed tha t  the same functional relationship as has 

been derived for the  special case of the  kink still holds. 2(y) may  be obta ined from Fig. 1 of Ref. 5, 
Fig. 1 of Ref. 7 or Fig. 23 of Ref. 6, in which 4(y) is p lot ted against y (dimensionless wi th  the 
local chord at the  spanwise position concerned) ; or from the formula G : 

~(y) = 1.40 + 1.aay - x/ to.  16 + 7.aoy) . . . . . . . . .  (9) 

2 measured from the  crank section will be called act.. If 9~ < 90, the crank effect is like tha t  of 
the kfnk  of a swept-back wing and ,%r. 9* > O: If 9~ > 9° the crank effect is like tha t  of the k ink  
of a swept-forward wing arid- &~,. 9* < O. From now on the definition of no and no* will be, 
ex tended  as follows : 

where 4 is measured from the  centre of an infinite swept wing of sweep angle 9 : 

( £ ~ t o * ~ _  1 - -  4c~" 
Z 

where &r. is measured from the crank of an infinite cranked wing of sweep angles 9~ and 9o such 
tha t  tan  9"  ---- ½(tan 9o -- tan  9~). At a section near  the crank y(x) may  still be obta ined from 
equat ion  (7) if no* has the value given above 

The chordwise vortex distr ibution is now known in the  neighbourhood of the crank, but  the 
chordwise loading, ~ Cp(x), is not  yet  determined.  The genera ! relat ion between r (x) and/1C~,(x) is 

y ( x )  

CAx) = - 2 WOO c o s  9 v ,  ( l o )  

where 9v is the sweep of the vort ici ty  vector at the point x. The value of 9r  depends main ly  
on the  spanwise co-ordinate y , - and  also to some ex ten t  on the  chordwise co-ordinate x. In  
practice it is necessary to simplify mat ters  by  taking a mean value of 9V over tile chord. This 
is the  same simplification as has been used in Ref. 6 for swept wings wi thout  cranks, where it  
was found to be adequate.  

8 



If the aerodynamic centre changes continuously from the sheared wing position to the position 
at the crank and back again, the vorticity vectors will also curve round with a continuous change 
of sweep in the neighbourhood of the crank. At the crank itself they will have turned through 
about half the difference between 9~ and 90 : i.e., the sweep of the vorticity vectors at tile crank 
may be approximated by : 

[9~]o~.- 9,  + 9o ( ! 1 )  
, • • . . . . . . ° . ° . . . . . 

Any errors involved in this assumption will be small and certainly less than those introduced by 
taking a mean value of 9v over the chord. 

This picture of curved vorticity vectors appears to conflict with !he mode! of cranked vortex 
lines previously considered. We may continue to use the latter., however, by resolving the 
vorticity vector at any point into a component parallel to the line of sweep and a component in 
the chordwise direction. The latter will not contribute towards producing the lift force. The 
component parallel to the line of sweep will not have vorticity ~ (x) but  the value 

. %  

• ~ , (x )  - c o s  9 v  ~ (x )  | 
cos 9~ 

; on the inboard part, and 

c o s  9 v  r (x) 
~o(~)  - c o s  90 

(12) 

on the outboard part. Thus if we retain the concept of cranked vortex lines, their vorticity 
must be allowed to vary from 7(x) on the sheared part to another value at the crank. On 
approaching the crank from the inboard side 

yi(X) 

cos ~i @ 90 
2 ~(~) 

COS 9~ 

and from the outboard side 

~o(~)  = 

cos 9i + 9o 
2 

c o s  9o - ~ ( x ) .  

This means that  not only does the vorticity component in the sweep direction, i.e., the vorticity 
of the ' cranked vortex lines,' change gradually between the sheared part and the crank, but 
there is also a jump discontinuity at the crank itself. There is however no discontinuity in the 
chordwise loading--a physically real quantity.  From the inboard side, t he  value of A C d x  ) 
at the crank is 

d G ( x )  = - 2 ~'(~) V0 cos 9i 

= - -  2 ~ c o s  [gv]c~. from equation (12) 

~o(x)  
---- -- 2 ~ COS 90 from equation (12) 

-= A C~(x) from the outboard side. 

6 



There is one quan t i ty  in each of these expressions for A C,(x) which is not  determined,  namely  
ydx), ~,o(x) and cos [gv],,.. We must  assume a value for one of them.  Equa t ion  (11) gives a 
be t ter  approximat ion to [gvlor. than  we can get for w(x) or vo(x), and so we use the expression : - -  

(x) 9~ + 9 0  (13) dC,(x) = - -  2 ~ c o s  - ~ -  : . . . . . . . . . . . .  

4~,osin~n0* cos 9 ' + 9 ° ( 1 - x )  '°* = - -  . - -  • . . . . . . . .  ( 1 4 )  

2 x 

This can be in terpre ted  roughly as t h e  loading at the  kink of a wing swept at an angle 9"  and 
yawed at an angle ½(9~ + 9°). 

The sectional lift coefficient at the  crank is : 

CL-=--fi~C,(x) dx----4.~o=no*COSg'~+9° 
9~ -[- 9o 

= 2aono*~0 cos 2 

on pu t t ing  2~ = ao, the  lift slope of a th in  two-dimensional  wing. Therefore the sectional lift 
slope at the  crank CL/~o, is 

~0~ + 9o 
act. = 2aono* cos - -  

2 

At distances greater than  about  one chord from the crank (i.e., ~,.. = 0), sheared wing condi- 
t ions obtain, and 

( ' - - 7  ~ 
A C,(x) = --  4~o cos 9 x 

C L = a0.O~o cos 9 
and 

a = ao COS 9 , 

where 9 = 9~ or ~0o depending on which wing panel is being considered. 

At in termedia te  positions between crank and sheared part,  the expressions for zl C,(x), CL and 
a must  contain a suitable interpolat ion factor to take account of the change in ~v. This factor is 

c°s [~°r9" + 9° 1 2  

cos [&,. 9] 
where 9 = 9~ or 90 depending on the wing panel. This factor is consistent wi th  equat ion (12) 
and with the sheared wing and crank expressions. Then : 

t A Cp(x)=--4~,os inzcno*COS9 ~" 2 ( 1 - - x ) " o *  
cos p.o~. 9] x 

COSI~¢~'~i-~-9° 1 2  
CL ~- 2ao~o%%o COS 

COS E~cr. V] 

cos [&,.. 9, +~o]2 
a = 2aono* cos 

cos [,to~. 9-1 
7 



are general  equat ions applying to any  spanwise position on an infinite cranked wing. The t e r m  

cos 9. cos [~¢~. 9~+%1/2 cos [~r. 9.1 is equal to cos 9.v, the cosine of the mean sweep of the vor t ic i ty  

vectors. At  the crank, Zoo. = 1 and cos 9v = cos }(V~ + 9.0) as was assumed in equation (11). 
Fa r  from the crank on either side, ~,,. = 0 and cos 9.v = cos 9. where 9. has the value appropriate  
to the wing panel  concerned. The case of a finite cranked wing will be dealt  wi th  in section 5. 

3. The Chordwise Pressure Distribution at the Crank of an Infinite Thick Wing of Symmetrical 
Section at Zero Lift .--We will now deal wi th  the pressure dis tr ibut ion at  the  crank of a th ick 
wing at zero lift. The effect of the  wing thickness is represented by  a dis t r ibut ion of source lines 
cranked to follow the wing plan-form. -As in section 2, the  crank effect is isolated by  t rea t ing  
a wing which stretches to inf ini ty  on each side of the  crank. 

Consider two distr ibutions of semi-infinite source lines in the plane z = 0, joined at the crank 
like the vor tex  fi laments of section 2. Let  q(x) represent  the  s t rength  per uni t  area of such an 
e lementary  source line, so tha t  the  source s t rength  per uni t  length  is qi(x)cosg.~ dx and 
qo(X) cos 9.0 dx for the inboard and outboard panels respectively. In  the nota t ion  of Appendix  I 
of Ref. 10, E = q(x) cos 9. dx. From the expressions given in tha t  report  for the velocities induced 
by  a swept source line, the  velocities induced in the x and y directions at the  point  (x, 0, z) by  
one such semi-infinite source line through the point  (x', 0, 0) m a y  be wri t ten  down : 

sin 9 z 2 
dr, q(x') cos 9. dx' (x -- x') V f ( x  - x ' ) '  + z"] cos '  9. 

( x "  x') ~ + VE(x - x') ~ + z~l 

and 

dr, q(x') cos 9. dx' 
Vo 4~ Vo 

_-(x-  x')Itan9.'~/E(x- x' )' + z"~ + X@]cos cosZ~ 9. 

These expressions can be in tegra ted  wi th  respect to x' over the  chord to give the induced 
velocities at the  point  (x, O, z) due to two distr ibutions of semi-infinite source l ines joined at  the  
crank. These velocities are : 

l v/ e(x) } 
v 0 -   )S0 cos, - 2v0 cosg. ./(9.) 

and 

vy 1 ( 1 i 2 _ ¢ _ s i n g . . i 3 )  
V0 4a Vo sin 9.. I1 + sin 9. 

where 
v~' _ 1 [lq(x,) dx' 
Vo 2a~0 x -- x' 

d o  

_ 1 11 dz(x') dx' 
~Or d x ~  X ~ X ~ 

is the  veloci ty  component  in the  x-direction due to such a source dis t r ibut ion wi th  9. : 0 deg, 

1 + sin 9- 
f(9.) = l O g l _ s i n g .  

and  11, I2 and I~ are the  three integrals which appear in section 2, wi th  q(x') replacing y(x'). 

8 



11 and  is again have  finite values at the  point  (x, 0; 0), but  2*2 is infinite in the  plane z = 0. 
This k ind of infinity occurs whenever,  source lines are cut off sharply, as at  a wing tip. If we 
consider the two distr ibutions of semi-infinite source lines, each distr ibut ion will induce an 
infinite velocity vy at the  crank in the  plane z = 0: These two velocities will  be in opposite 
directions, and their  difference ma y  be finite. Then the  total  veloci ty  in tile y-direct ion at a 
point  (x, 0, 0) will, in general, be finite and not  zero. This means tha t  there is a flow of source 
mater ial  across the crank. If the source s t rength  is the same on each side of the  crank (i.e., 
q~(x') = qo(X')) then  the  aerofoil section which is represented will be th inner  on one side of the  
crank than  on a similar sheared wing. Correspondingly the  aerofoil section on the  other  side 
of t h e  crank will  be. thicker  than  on the sheared wing. Therefore if the aerofoil section is to 
be  kept  constant  everywhere the  source distr ibutions near  the crank cannot  be independent  of y ; 
t hey  must  vary  wi th  spanwise position to compensate  for the distort ing effect of the  spanwise 
velocity vy. Far  from the crank, q~(x') = qo(x') as before. The dependence of q(x) on y is the  
s tumbling-block to a solution on these lines. The calculation of the  spanwise variat ion of q(x) 
and the subsequent  calculation of the velocities induced by  the  source distr ibutions would be 
very  long and complex and the procedure .is quite unsuitable for a rout ine method.  

The contr ibut ion to the vy-velocity due to I~ can be made finite by  calculating it  on the surface 
of the  aerofoil ins tead of on the  chord line (i.e., in the  plane z = 0), as was done for v, in section 2. 

Evalua t ing  irl, ar~ and I3 as in Ref. 5, we get 

_ ~ ( x )  _ , v,' q(x) tan  9 + f(~) + ?l-V0 7/~°) sin ~0. 1 sin ~0 . 
Vo 2 V0 4 V0 sin 9 

If ~ = 0 deg, then  the  first and th i rd  terms become zero, but  the  second te rm (evaluated on the  
aerofoil surface) becomes 

4V0 

If we now combine the  induced velocities due to the  two semi-infinite source distributions,  
the  velocity components  at  the  crank are : : 

v~ _ c o s g ,  + c O S g o  v , '  : c o s g ,  . f ( 9 , )  ~ c o s g 0  .f(go) q(x) . .  . .  ( I 5 )  

Vo 2 . Vo ' 2 2V0 
and 

/ 
v_ z = _ sin 9~ + sin 9o v z_~ 
V0 2 Vo 

+ -~o[q'(x)ftan 9,Sl:i1 9, + f(9,) --  f(~0,) sin 9,}_ 

F "t 

q°(x)~tan'%+f(9°)--f(9°)sing°~4Vo sin 90 . . . . .  . . . .  (16) 
% . I  

In  general vy/Vo ~ 0 and the  source distributions must  v a r y  spanwise, as shown above. The 
ref inement  of evaluat ing I2 on the  aerofoil surface has thus failed to simplify the  calculation. 

We therefore look for an a p p r o x i m a t e m e t h o d  for calculating the per turba t ion  velocities 
which avoids the  discont inui ty  and variat ion in q(x) and the infinity in vy. The first t e rm in 
equat ions (15) and (16), i.e., the te rm which is derived from sheared wing conditions, is retained.  
The effect of the  c rank- -wh ich  will fade out to zero at some distance from the  c rank- - i s  obta ined 
by  using the  same conception as in section 2 for c ranked vor tex lines, viz., the  kink of a wing 

9 
q~dJ ~1 q 

).~1~. l.~., ~.~'..~.~,~ f;,~t' ~ ~ I6 ~ ,,~,,j ~,-,~,> !/~I ~ ,!';,: ,~,,.,,:.,~,..,,,,,{; , '" '  ¢,,.~ /.~..:. . . . .  
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swept at an angle 9" and yawed at an angle ½(9, + 90) (Fig. lb.) The source strength corresponding 
to such a wing is constant over the span and is given by 

dz dz dx 
q*(X) - -  d X  - -  dx d X  

1 
= q(x) cos 9"  . . . . . . . . . . . . . . . .  (17) 

where q(x) is the distribution of source strength in the x-direction at the sheared parts of the 
wing on either side of the crank:  i.e., it is based on the profile shape along wind. The X and 
Y-axes are drawn in Fig. lb.  

For such a distribution of source lines the perturbation velocity components in the X and Y 
directions are : 

V X  ,,~ V X  t 

vo- -c ° s~°  "Vo - -  - cos  9 "  f ( v * )  q*(X) 
• 2Vo 

Then 

V y  _ _  0 • 

Vo 

v, Vx cfi -[- 9o 
Vo - -  Vo cos  

V_ay = - -  V XsinT~+9o 
Vo Vo 2 

From equation (17), 

t 

V X  ~ = V x - -  

Therefore, 

c o s  9 "  " 

V, 9i + % V,' 
~ C O S  

Vo 2 " Vo 
COS - -  

9~ + 9o .) q(x) 
2 . f ( 9  " 2Vo 

The ' c r a n k '  term in this expression is -- cos ½-(9~ + 9o) .f(9*) q(x)/2Vo, Which will be used in 
the final formula. 

v~ = _ sin 9~ + 9o v,' ~o~ + 9° q(x) 
V--~ ~ V0 7+- s i n - ~ ,  f(~o*)2V0 

which is neither infinite nor zero. The ' crank ' Jcerm in this expression is sin ½(9i + 9o) • 
f (~o*) q(x)/2Vo, which will be used in the final formula. 

The terms from the ' sheared wing '  equations are : 

V x C O S  9 i  -~- C O S  9 o  Vx ~ 

Vo 2 Vo 

vy s in  9~ + sin 9o v,' 
m 

Vo 2 Vo 

10 



i .e. ,  the  first terms in equations (15) and (16). F{nally, combining ' crank ' and ' sheared w i n g '  
terms, we obtain the  equat ions : 

V x  C O S  9 {  m C  C O S  9 0  . Vx' 
- -  - - -  C O S  - -  

Vo 2 Vo 
9~ + 9o ,) q(x) 

2 "f(9 2Vo 

v y sin 9~ + sin 9o. v,' 
V0 2 V-o + sin 9~ + 9o q(x) . 

- 2 f ( 9 * )  2Vo 

Let  

v, '  _ S (1 ) and q(x) _ dz  (for a symmet r ica l  section) 
V0 2Vo d x  

: S} 2) . 

S, (1) and S~ (2) are related to the functions A,  and B,  of Ref. 11 (see section 4). 

Then 

v, _ cos 9~ + cos 90 S(1) _ c o s  9~ + 90" f ( 9 * )  S 2  ) (18) 
Vo 2 2 " . . . . .  

vy _ sin 9~ + sin 90 S(1) + sin 9~ + 9 ° ' f ( 9 . )  S, (~) (19) 
- Vo 2 2 . . . . . . .  

Equa t ions  (18) and (19) give the l inear per tu rba t ion  velocities at  the crank of a wing wi th  
symmet r ica l  section at  zero incidence. The chordwise pressure dis t r ibut ion fo l lows from 
Bernoull i 's  equat ion 

Cp(x) : 1 - -  V-o : 1 - -  k,V-o , /  - -  sins 9 (equation (33) of Ref. 11). 

V x  here includes the  factor 

1 

1 + k cos 9 /  

a correction to allow for second-order effects which is significant near  the leading edge. This  
correction, derived for infinite sheared wings in Ref. 11, is assumed to be t rue also for the  present  
case at  the crank. 9 now becomes ½(9{ + 90). Expressed in terms of x and y components  of 
velocity,  t h e  above equation for the pressure coefficient becomes 

v~'~ ~ v?  9, + 90 [S2)] ~ 
Cp(x) : 1 - -  ~ .2  " 

1 + ( S ~ { ~ ) / c ° s 9 ' + 9 ° )  ~ 2  ~ " 2 cos 2 ~9 '+9°  J 
where v, and vy are given by  equations (18) and (19) . . . . .  

4. T h e  Chordwi se  L o a d i n g  a n d  P r e s s u r e  D i s t r i b u t i o n  at the C r a n k  o f  an  I n f i n i t e  T h i c k  W i n g  
o f  S y m m e t r i c a l  Sec t ion  at  I n c i d e n c e . - - B y  combining the results of sections 2 and 3, we can now 
obta in  an expression for the chordwise pressure dis t r ibut ion at  non-zero incidences. The veloci- 
ties induced on the aerofoil surface by  the vor tex filaments are + ½v (x) and --  ½~ (x) perpendicular  
to t h e  vor t ic i ty  vector on the upper  and lower  surfaces respectively. Their  components  in the  
posi t ive directions of x and y are then 4- ½~ (x) cos {(9, -J- 9°) and ~ {~(x) sin {(9, + 9°) 
respectively.  The components  of the  free-steam veloci ty  in the x and z directions are now 
V0 cos ~,0 and --  V0 sin ~0 respectively, where c¢,0 is the  effective incidence. 
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' Then  

C/x) = 1 -- 
s>,, i)' 

1 + cos ~ + 9 
2 

X 

[{ ( ) 1 cos g~ + cos~o. S2> _ cos 9, + 9o./(io,)~$2~ 
X cos ~,0 + 2 2 

( )( -')} -4- sin C~;o sin meo* cos 9¢ + 90 .1 --  x '~o* • 1 +  - 

2 x cos 
2 

" + {  ( s i n g ~ + s i n g ° s , ° ) + s i n g ~ + 9 3 ' f ( 9 * ) S ~ ( ~ l ) c o s ~ , o  -- 2 2 ° 

( ):( ")} ~2 sin C~,o sin ~no* sfn 9i - /90.  1 - -  x 'o* 1- + 9i @ 90 
2 x ' cos ~ 

Sv (1), Sv (l) and S, (~) are functions of the aerofoil profile and are related to the funct ions a,, A,, 
B,, and G,,* ill Ref. 11 as follows : 

S(~ ) = _ _ A , ,  : S(2 ) _ B ; ,  : S, (~)=G,,* 
Otn 6Lz 

where a,~ has the  sign appropriate  to t h e u p p e r  surface. 2, and n are corresponding suffixes indi- 
1 caring the  chordwise pivotal  points.  (1 + S~(3//cos x(9~ + 90)) is. a factor to  the velocity increments  

due to the vortices, to take  account of the  wing thickness. 

no* is given in section 2, and ~o is the effective incidence, the  suffix o in bo th  cases indicat ing 
tha t  we are dealing wi th  a wing of infinite aspect ratio. 

To a first-order approximation,  the  chordwise loading A C/x) can be obta ined  f rom thin-wii~g 
theory by  using equat ion (14). A more exact answer which takes account of wing th ickness  
can be obta ined from equat ion (20) by  subtract ing @ L.s. from @ v.s. : 

A C , ( x )  = - 

( )'( 4 cos ~oo sin %0 sin ~no* 1 - - x  'o* l - I -  
N 

S(3) , ) 

cos 9~ + 90 
2 

X 
S;i, > ) ~  

1 + c o s 9 ~ + 9 °  
2 

X 

- ( c o s 9 i + 9 °  1: 
2 

sin 9~ + 9o f 
_ 2 [ 

,in ~, ÷ , i . , o  S."> + ,~, ~' ÷ ~  . j(¢"> ~:,">\ 1 
2 2 . J L 

(21) 

112 

( )'] + cos ~ C~,o tan s 9i + 9o .. S/~I . . . . . .  (20) ° o o o . 



.5. The Loading of a Finite Cranked Wing.--Sections 2, 3-and 4 have dealt with conditions 
'.at ~he crank of a wing stretching to infinity in both directions from t-he crank. The crank effect 
is thus isolated. On a real wing, the pressure distribution and loading at the crank are affected 
by  the fact that  the aspect ratio is .finite and they may also be influenced by the centre and 
t ip effects if the aspect ratio is small enough for these (o overlap the crank. 

5.1. Wings of Symmetrical Section.--The chordwise loading at any spanwise position on a 
wing of symmetrical section is characterised by the parameter n, which depends not only on 
sweep and spanwise position but also on aspect ratio. For an infinite cranked wing it  has already 
been seen in section 2 that  

1 + ~ .  ~/2 
- - - -  1 - -  • 

2 
For a wing of very large aspect ratio such tha t  the assumptions of section 2 still hold, 

9* 9c 9~'~ 

9 "  2c 9~ 9~ 

2 . . . . . . . .  (22) 
at any spanwise position. 

90, 9~ are the sweep angles of the mid-chord lines of the wing :panels adjacent to the centre- 
section and ~t.ip-section respecti.vely. 

2~, 2~, are functions of the spanwise distance of the section from the cen.tre and tip respectively. 
~o ~> :0, 2~ ~< 0 and 2o~. ~> 0. The magnitudes of 2~ and  ~ may be obtained from Fig. 1 of ReL 5, 
Fig. 1 of Ref. 7 or Fig. 23 of Ref. 6, or from equation (9), y being measured, in terms of the 
locM ,chord, from the centre and tip respectively. 

if there is more than one crank, the term 2or. 9"/½= becomes ~ .  9"/½=. 

If now we consider a practical wing of finite aspect ratio and symmetrical section, it is shown 
in Ref. 6 tha t  a factor 

1 

( ( )} 1 + a0cosg,, 2 
~A 

must be applied to the second term in  the above equation, w, here 

A is the aspect ratio of the whole wing, 

9m is a mean sweep angle for the whole wing, obtained as the sweep of the line joining 
the mid-chord points of the centre and tip sections. 

Therefore the general formula for n at any section of a finite cranked wing (single crank) is 

9"  

. . . . . . . . .  (23) 

and  this value of n has to be inserted in tb_e expression for ,t'he .chordwise vortex distribution at 
+hat  section, 
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Wings of finite aspect ra t io  may be tapered and in such cases, if the aspect ratio is large, the 
sweep angles taken, viz., voc, 9T, ~o~, %, etc., are those of the mid-chord lines of the appropriate 
wing panels. As the aspect ratio gets smaller, however, there is a tendency for the  sweep effect 
to become less and this may be allowed for by  defining a new angle of sweep, namely t he '  effective 
sweep,' % (see Ref. 6). Since the different wing panels have different mid-chord sweeps', their 
effective sweeps will also be different and must be worked out separatdy.  ~0~ is thus different 
from 9 .... which represents an overall mean sweep iof the whole wing. For any wing panel, a 

isuitable approximation to ~o, is the sweep of the line joining the aerodynamic centres at t h e  
inboard and outboard edges Of the panel. These aerodynamic centres m a y  be calculated using 
the mid-chord sweep angles and the relation x~ c ----- ½(1 -- n). %,~is then also definedin terms of the 
aerodynamic centres, namely the sweep of the line joining the  aerodynamic centres at root and tip. 

For wings without cranks; % is the same over the whole wing (and equal to %,,), and can be 
approximated by : 

%-{ < )y  1 +  aoCOSg,, 
aA 

For cranked wings no such simple relation can be given since the aerodynamic centres on any 
panel may depend on the wing geometry outside the panel. % is used instead of the mid-chord 
sweep in all loading calculations for wings of fairly small aspect ratio. 

As a numerical example, an nncranked, constant-chord wing of 45-deg sweep would have the 
following effective sweeps : 

A = 3 , % = 4 2 " 6 d e g  
2 ,  % = 40.5 deg 
1, % = 34.2 deg.  

The difference between effective and mid-chord sweeps on a cranked wing will be greatest on 
wings of M and W plan-form: In the calculations for such wings described in section 7, mid-chord 
sweep angles have been used. If % had been used, the sweep of each wing panel would have been 
reduced by 4 to 6 deg. 

Now that  n is known from equation (23) we can go on to find the chordwise loading A Cp(x). 
As in Ref. 6, it is assumed that  at each spanwise position 

AC,(x )  : _ s i n ~ z n  c L ( l  - -  " . . . . . . . . . . . . .  (24) 
~ n  ~. J X 

where CL is the local lift coefficient. This relation can be deduced, for the neighbourhood of the 
crank, from the formulae of section 2. The relation between y(x) and A C / x )  now has to t ake  
account of the effect of the centre, crank and tip on the sweep of the vortex lines. As before, 

y(x) (10) 
G(x)  = - 2 YT0 cos  . . . . . . . . . . . .  . . . .  

and near an isolated centre or tip, a reasonable approximation is : 
cos  ~0 

cos ~ov -- sin ~no ' 
where 

 0=1-1+ + 
2 

(see Ref. 7). When a crank is also present, we apply the interpolation factor used in section 2 
so tha t  

cos [~, % + ~ °  1 
A c , ( x )  = " 2Y(x) cos~o. ~' 2 . . . . . .  (25) 

V0 sin ~no cos [ao~. 9] . . . .  " 
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~o is the mid-chord sweep or effective sweep of the particular wing panel being considered. At an 
isolated centre or tip, 4or. = 0 and we return to equation (10) : at an isolated crank, 4or. = 1 
and sin ~n0 sin 1 = ~ = 1 and we return to equation (13). If there is more than one crank between 
the ~entre and the tip, equation (25) becomes 

[4 ~'+%1 cos L or. 2 
ACp(x) = - - 2 Y ( X )  cos~ /7 

Vo sin ~n0 cos [4cr. 9] ' 

where/7  is the product of: the terms cos [4o~. ½(9~ + %)//cos [4~,.. ~] from all the cranks. 

Combining equations (24) and (25), for a single crank between centre and tip, 

CL Vo sin ~n sin ~no COS [4cr._ ~] y(X) - -  . . , , 

2 ~, ,  cos ~ [4 ~' + ~ o ; ] .  ~ 
cos I °~ ~ -J 

Thus equations (24), (25) and (26) give the relationship between ~ (x), A @(x) and CL on a single- 
cranked wing. CL still has to be found from t h e  spanwise loading, and before that  can be 
calculated the effect of finite aspect ratio on the sectional lift slope, a, must be considered. 

When the aspect ratio is so small that  fundamental assumptions based on the flow past a 
cranked wing of infinite span are no longer valid (i.e:, below about 6), then the effective incidence 
e, is taken to be 

o~ = ] e~o (x) dx (x is dimensionless with the chord), 
d 0 

i.e., the mean value over the chord of c~,0(x), which is the effective incidence of a wing having 
the same chordwise vortex distribution as the finite wing, but extending t o  infinity on each 
side of the section considered. We can thus follow a similar development to that  of section 2 
and use the results derived there. The downwash equations (4) for a kink section and (5) for 
a crank section Call be generalised for any section by replacing the factors to ~(x), viz., tan 9 
( =  1/tan ~no) and tan 9"  ( =  1/tan ~n0*), by 1/tan ~no', where no' is given by equation (22). 
This gives the following downwash equation for the present wing. 

V. 1 { f f  ° _ d x ' _  ~ } 
~.o(X) - -  Vo - -  2~Vo 7(x') x - -  x'  + tan ~no' 7(x) . . . . . . .  (27) 

Substituting for r (x) 

~,°0(~) - 

from equation (26), 

CL sin nn sin nno 
4n ~n cos ~o 

f i~°0(x) dx 

CL sin ~n sin ~n0 
4~ ~n cos T 

CL sin ~no 
2n ao cos 

cos [4~. ~] [ ~ 

c o s ~ / ~  ~ ~01--(sin-~n ()can :rct~ 

cos [&,.. ~] I ~ 

[~ ~o~ + %] ~.sin~n 
c o s  or. 2 

(~ cot ~ - - ~ c o t  ~0' )  ~ }  

cos [~_~. ~j {1 - 

cos I/cr. 
~n (cot,~n - -  ~n0')}. 
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on pu t t ing  2= = a0. Therefore the sectional lift sIope at  any  spanwise position on a th in  c ranked  
wing of finite aspect  rat io is 

C~ ~" 2 a - -  . .  (28) 
O~ e COS [~cr. ~0] 

2n cos 

--  a0 1 --  =n(cot =n --  cot =n0') sin =n0 

a0 is the  two-dimens iona l  lift slope of the  aerofoil section and is 2~ for a th in  wing. However  
thickness and  viscosity effects can be allowed for by  tak ing  a0 = k.2~ {1 + (0.8 @)/cos @, 
where  k is a factor  to take  account  of the  reduct ion in lift due to the b o u n d a r y  layer  1~ : k ~-~ 0.9.  
{1 3- (0.8 t/c)/cos@ is a factor  to allow for the  thickness of the  wing, t/c being the  thickness/  
chord rat io in the  wind  direction. At the  crank itself, a0 changes discont inuously from its value  
wi th  9 = % to its value wi th  9 = 9°. Normal ly  the  two values will no t  differ by  very  m u c h  
and  the a r i thmet ic  mean  m a y  be used at  the  crank. I t  will be not iced t ha t  in the  limits when  
the  crank becomes a sheared wing section (i.e., ~0~ = %) or a k ink section (9~ = --  %), the  lift 
slope equat ion  becomes the same as those given in Ref. 6 for the  two cases. In  the  former,  
½(9~ + ~0o) = ~0, ~0" = 0, no = no' ---- ~,1 and  

2n cos 9 (equation (78) of Ref. 6). 
a = ao 1 --  ~n co t  ~n 

~ o ~ + % _ 0 ,  ~ o * = 9 ,  n o = ½  and I n  the  la t te r  case, 2 

214, 

a = ao 1 - -  =n(Cot =n - -  cot =n0') " 

We  can now go on to calculate  the  spanwise loading using equat ion (16) of Ref. 6 • 

2b o~ + ~ , ,  b~,~. ~,,~ . . . . . . . . . . . . . . .  (29) 
~ , ,  b , , +  = o J  ,~=l 

(notat ion as in Ref. 6). 

In  this equat ion  a~ is found from equat ion  (28) above, a n d  the downwash  factor ~o is found from 
equa t ion  (89) of Ref. 6 in which  ~0 is the  angle ~0,,, of the  c ranked  wing, i.e., 

1 . (3o) 
( . 0  ~ 2 - 1 " "  " ° " "  ' ° * 

{ ( 7} I @ a o COS ~ , ,~  4(i+1%~I/~) 

$/:A ' 

Owing to the  presence of the c rank-and  the  more rapid  spanwise vaxia:tions of CL which it intro-  
duces, it m a y  be advisable to-calcula te  a 31-point solution ins tead of the more  usual  15-point 
solution. The spanwise positions of the  pivota l  points and the  Mul thopp coefficients for m = 31 

are given in Ref. 4. 

The  chordwise load ing  a t  any  section-is obta ined  f rom equat ion  (24). n is given by  equa t ion  
(23) and  CL = a~,. e~ is the  difference be tween  the  geometr ic  incidence of the  section and  the  
induced  incidence from the  trail ing vortices, which  follows from the  spanwise loading calculat ion.  
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The chordwise pressure distribution is given by a similar equation to (20). However, the 
incidence term must be modified to take accofifit of-the-.finitd-a's~6ct"--fatio andcentre and tip 
effects, since ~(x) is given by equation (26) instead.of eqtl~ti.o-n:(7).as for an infinite wing~ Then 
the chordwise pressure distribution at the crank beconfes.:. .. i.-:- ' 

~ C,(x) ---- I:- I • .~ 

cos _~ ÷ cos ~o S}~ _ cos ~ 4- *) 
. cos , - -  2 2 I 

, • < i i 

s:t -bY -Cz sin ~n (1 zix~" (/1. 4- cos ~, :+.~C ~_.: 

' : " ~ cos ~, 2 i % S ' t ' / + s ] h  9~ + ' 

• " " " S (3):.,. " "  . . . . .  

4 ~n cos~o v k  x - cos ~ ~-~-° 
" _ - 2  . 

, , . .  . - . . . . . . . .  .-" . . . . . . . . . . . . .  . . . . . . . . . . . . . . . .  : : , < .  ( 3 1 )  

5.2. Cambered Wfngs.--The method described in Ref. 7 for ca~lculating the loadings and 
pressure distributio,n over  swept wings with cambered sections, m a y  be- easil3~ applied to erafiked 
wings wi th  cambered sections. This .method is strictly applicable.only to wings.for which-low 
a-spect~rat-i0 correcti0ns can be neglected (i,e,, A - ~  about 3). The family of camber lifies-of 
Ref., 7 and their aerodynam{c characteristics were derived from the same type of downwash 
-equation as equations (4), (5) and  (27) of the present report, • and thus the, results may  be applied 
idireetly t o cranked wings : " - . .  . . . . . .  

-. Consider first a given c rankedwing  with .a Cambered section. The'spanwise loading is dal, 
culated asexplained: in section 4.1 of Ref. 7. In the present case however, the. lift;slope, a~ is 
obtained, from equation-(28), a n d  ~o from equation..(30}. The only-remaining:parameter to be 
in:ser¢6d.in t-he spanwise loading equation "(equati0n(58) of Ref, 7 is equivalent tb. equation (29) 
of this report when the ~o term has been included) is the equivalent incidetme0f tlle damber Iifie; 
A e, at the various pivotal points. Thiscan be read directly from Figs. 6~and 7 of Ref,. 7 as before : 
but  in the case of a cranked wing: the  quanti ty  ~¢- agai/ast which-:A~rf={s plotted becomes 
EZ~ = ~o ~, 4- ~ ~ 4- ~o,.. ~0". This is" necessary because, on a cranked wing, centre, crank and 
tip effects may overlap even at fairly high aspect ratios. The chordwise.loading at any spanwise 
position is calculated from equation (32) °and secti6rl 4.t .3:  o f  Re£ 77 The:ch6f'dwise pressure 
distribution at the crank may be obtained from" eq%ation (31) of the present_report with the 
damber effect added : . . . . . . . . . . . . . . . . . . .  .i . . . . . . . . . . . . .  
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G(~) = I- 
f s,,., A 

1 +  cos + . 2 / 

× 

cOS~vlv(x), 1 +  + 9 o  +V(x) 
± 12V---~ c ° s~  2 

• f(~*) S. <2)] 

+ cos c~,o -- 2 2 

( ' )  ,l} sin ~v Fv 1 + 
T ~ L' (x)o cos ~' + 90 + v(x) 

2 

7 
+ cos 2 C~.o tan 2 ~ +2 % (S'(~) + S'(4))~] . . . . . . .  (32) 

, . d  

~.o is used because fairly high aspect ratio is assumed. 

v(x)., the vortex distribution due to incidence is given by equation (7) or by equation (26)t 
with n = no*, and V (x)i, the vortex distribution due t o camber, is given by • 

( ) ~ , ( x b = 2 V o . 4 ' s a . c ( m ) . f  1 - x  × X 

[ 1 Sill n n (  1 - - 1 )  ( I - - X )  "-~] (33) 
× ~m(cot ~m -- cot ~n) sin ~rn ~m(cot ~m -- cot zn) x 

from equation (28) of Ref. 7. 

S, C~) is the slope of the camber-line and in the notation of Ref. 11, S, C~) = (D,/a,)v.s.. 

I t  has already been pointed out in section 2 that,  physically, a crank has the same sort of effect 
on the pressures and loadings on a wing as has the kink of a swept-back or swept-forward wing. 
If, as is usual, the sweep decreases towards the tips, the effect will be similar to a swept-forward 
kink. There will be high suction peaks near the nose of the crank section and the chordwise 
loading will also be concentrated near the nose. If these peaks are to be eliminated without loss 
of lift, camber and twist must be applied to the basic aerofoil section in the neighbourhood of 
~he crank. The camber and twist should be properly matched to each other to give the required 
chordwise loading, and to do this the procedure of section 4.2 of Ref. 7 can be followed. For 
instance, on a thin high aspect rat io wing with symmetrical section and one crank, the chordwise 
loading at the crank is 

AC,(x) = --4[o~,o]~.sin~no*cos 9~ + % ( 1 - - 2  x x )  "°* 

I t  should be noted that C~ ill equation (26) is the local lift coefficient due to incidence only. 
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Suppose we want to incorporate camber and twist so tha t  the chordwise loading at the crank 
is like that  on a sheared wing of symmetrical section and sweep equal to ½(9~ + 9o) at an effective 
incidence [~,0]~: This would eliminate the excessive suction peaks at the crank and produce a 
smooth spanwise pressure distribution. The required loading is 

and 

~, + ~o. ( 1 - - 2  x x )  1/~ 

y(x) = 2V0 [0~oJ~ ( 1 - - x )  1 / ~ x  

The Suffices or. and s refer to the crank and sheared wing conditions respectively. 

Following the method of section 4.2.2 of Ref. 7, the required camber line at the crank is given 
by : 

[Z(i~)]or" cot;Y'~n0* I~ l = ~ ~ " [a,o]s (1 -- 2x) -- sin -1 (1 -- 2x) + V{1 -- (1 -- 2x)"} 

and the required effective incidence at the crank by : 

[ e0 or. = 1 + co t  

I t  should be noted that  z is measured positive domlwards.  

If the basic section itself has a camber the more general results of section 4.2.2 of Ref. 7 may 
be similarly applied. 

Hitherto in this section it has been assumed that  the wing has an aspect ratio of about 3 or 
greater. The effect of low aspect ratio on the camber characteristics derived in Ref. 7 is not yet 
known, but  an estimate of the loading and pressure distribution of a cambered cranked wing 
with A < 3 could be made on the basis of the high aspect ratio characteristics. That  is, equation 
(32) would still be used for the chordwise pressure distribution with ~,0 replaced by c~ from 
section 5.1, n given by equation (23) and ~,(x)~ by equation (26). 

6. Comparison Between Experiment and Calculation.--6.1. Constant-chord, Cranked Wing, 
A = 5 (Wing I ) . - -A test was made in the No. 2, l l½-ft × 8½-ft Wind Tunnel at the Royal 
Aircraft Establishment in September, 1951, on a constant-chord cranked wing of aspect ratio 5. 
The crank was at a spanwise position ~ ---= y.c/½b = 0.5 (i.e., y = 1.25), the sweep of the 
inboard panel being 45 deg and that  of the outboard panel 0 deg. A sketch of the plan-form 
is given in Fig. 2b. The wing was modified from Wing C of Ref. 13 and thus near the centre 
section it had camber and twist applied to the basic symmetrical section, RAE 101, t/c = O. 12. 
This camber and twist modification decreased rapidly away from the centre and had become 
zero by y = 1.00, i.e., at 0.25c from the crank section. Thus the flow conditions at the crank 
were not l ikely to be affected. 

The test consisted of static-pressure measurements by means of flush holes on both surfaces 
of the wing at the crank section, at incidences from -- 2.2 deg to + 11.1 deg. These pressure 
distributions were integrated to give the local normal force coefficients at the crank. 

The chordwise pressure distribution at the crank and the chordwise and spanwise loadings 
have been calculated for Wing I, using the formulae developed in section 5. The experimental 
data are compared With the calculations in Figs. 3 to 11. Fig. 3 shows the experimental and 
calculated chordwise pressure distribution at zero incidence. The agreement is good enough 
to justify the suppositions made in deriving the expressions for the velocity increments due to 
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wing thickness in section 3. Pressure distributions at incidences up to 11.1 deg are shown in 
Fig. 4. The agreement between experiment and calculation is good at ~ -~ 2.2 deg, but  becomes 
less good as the incidence increases. Over most of the section the pressure becomes greater 
than calculated and over the last 5 to 10 per cent of the chord it becomes less than calculated. 
This is consistent with the effect of viscosity. The boundary layer effectively reduces the inci- 
dence and on the greater part of the section the upper surface pressures are correspondingly 
increased. At the rear of the section the pressure is no longer constant through the thick boundary 
layer and is less than the potential-flow value. This is noticeable even at zero incidence (Fig. 3) ; 
it is of the same order but somewhat greater than one would expect on a two-dimensional 
section because of the steeper adverse pressure gradient which thickens the boundary layer. 
Moreover, at the crank section the spanwise boundary layer flow characteristic of swept wings 
may combine with the chordwise flow over tile unswept panel to thicken the boundary layer. 

Fig. 4 shows that  the flow separated at the rear of the section at the higher incidences. This 
separation is just starting at g---- 8"8 deg and extends over the rear 30 per cent of the chord 
at 11.1 deg. 

The chordwise loading at the crank (i.e., Cp~.s.- CpL.s. = dCp) at a = 2.2 deg is plotted in 
Fig. 5 and compared with calculations by thin-wing theory and the more complete thick-wing 
method. It  can be seen that  both methods give reasonable agreementl with tile thick-wing 
distribution rather more accurate. The effective incidence used in the calculations included 
the factor k = 0.92 to take account of the overall viscosity effects on a corresponding two- 
dimensional wing at CL = 01"' 14. Even so, some additional viscosity effect is still noticeable near 
the rear of the section, which means that  k must be less than 0.92 at the crank. 

Fig. 6 shows the chordwise loadings at the crank and at a 45-deg sheared wing, plotted so 
that the effects of viscosity may be clearly seen. The experimental results are extrapolated to 

= 0 deg, thus eliminating those boundary-layer effects which vary non-linearly with lift. 
The factor k = 0' 92 was used in both calculations and the values of CL/o~ obtained by chordwise 
integration show that  it gives good agreement in the case of the sheared wing, but that  it 
underestimates slightly the viscosity effect at the crank. It can be seen from the figure that the 
discrepancy occurs at the rear of the section where the boundary layer must be thicker than 
on the sheared wing. A value of k = 0.90 is appropriate to the crank section. 

Fig. 7 shows the chordwise loadings at ~ ----- 8.8 deg and ~ = 11.1 deg. Here the discrepancies 
between calculated and experimental values are much greater, even though the factor k ---- 0.92 
is again included in the calculation. This indicates the effect on k of the thickening of the 
boundary layer with lift, but an accurate estimate of k is not possible since an experimental 
spanwise loading is not available. A rough estimate, however, shows that the boundary layer 
thickens more rapidly with lift than on the two-dimensional wing of Ref. 12 and at approxi- 
mately the same rate as on the sheared part of a 45-deg swept wing 15. There is a slight increase 
in lift at the rear of the section at ~ = 11.1 deg due to the separation, which can be clearly seen 
in Fig. 7. The separation is just starting at c~ = 8.8 deg. 

The high loading near the nose of the crank section is well shown in Fig. 8, in which experi- 
mental values of d Cp/~ (extrapolated to ~ = 0 deg) are plotted for tile crank section and for 
the centre-section and sheared part of a 45-deg constant-chord swept Wing of aspect ratio 5 
with 12 per cent RAE 101 section (Wing A of Ref. 13). The calculated distributions for these 
sections are also shown. The calculated peak at the crank section is not plotted but is approxi- 
mately equal to 60, i.e., nearly four times as great as the peak on the 45-deg sheared wing. 
Admittedly the difference in sweep between inboard and outboard panels on the present model, 
viz.i 45 deg, is considerably greater than has been usual up to the present, but it is not excessive 
Compared with the M, W, and A plan-forms being investigated for str-uctural reasons ~'2'~6. 
The existence of such large local suctions and forces must therefore be recognised when these 
plan-forms are being considered. 
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The calculated spanwise loading of Wing I is plotted in Fig. 9, along with the calculated loadings 
for the corresponding unswept and fully-swept-back (45-deg) wings. The spanwise variation 
of lift slope is plotted in Fig. 10 and the local induced drag in Fig. 11. 

Fig. 9 shows that,  as one would expect, the local lift coefficient changes gradually from roughly 
the swept-wing value at the centre towards the unswept-wing value near the tip. The only 
experimental point is the CL at the crank section obtained by integrating the chordwise pressure 
distributions. (As c~--+ 0, Cze---* CL). As with the chordwise loading, the spanwise loading 
calculation includes the two-dimensional viscosity factor, k = 0.92, to the local lift slopes, and 
the discrepancy between the experimental and calculated CL at the crank is due to the boundary 
layer being thicker than on a two-dimensional wing. As seen above, ]~ = 0.90 at the crank. 

Since decrease of sweep near the tip is often considered as a possible means of alleviating tip 
stalling, Fig. 9 poses the question whether any real improvement is likely to come about by this 
means. I t  has already been shown in Ref. 14 that  leading-edge separation may take place first 
near mid-semi-span on a swept wing. On the present wing, the local lift coefficient is higher there 
than elsewhere and the chordwise pressure distribution is very ' peaky, '  so that  separation is 
likely to occur first at that  section. Moreoever, the breakdown of flow may still spread outboard 
rapidly as in Ref. 14, since the CL values outboard of the crank are higher than on the fully 
swept wing, and may offset the flatter pressure distribution on the unswept panel. The data 
from Wing I, however, probably present too pessimistic a view of the problem owing to the 
constant chord near the tip. 

If camber and twist were applied to the crank of Wing I to restore a sheared-wing chordwise 
loading, as described in section 5.2, the amounts of camber and twist required would be 

and 

f } Zor. = -- 0"2504 [e,]s ) (1 -- 2X) -- sin -1 (1 -- 2x) + V/[1 -- (1 -- 2x) 2] 

[c~,]~.,.. = 0" 214 [~,]~. 

The camber is positive in the usual sense, since z is measured positive downwards. If [~0]s = 2 deg, 
the camber required ~-~ 1 per cent. 

Fig. 11 shows the spanwise variation of local induced drag. The high value at the crank may  
be offset in the low incidence range by the reduction in the drag induced by the bound vortices, 
owing to the ' p e a k y '  pressure distribution. In the present example there is in fact a thrust  
at the crank instead of a form drag. This thrust is the same as that  found at the tip of a fully- 
swept wing, and counterbalances the form drag at the centre-section, since there can be no net 
drag or thrust  force in potential flow. 

6.2. Double-cra~eked I/Vi~g (Re./. 17).--The spanwise loading has been calculated for the wing 
of Ref. 17 which has two cranks between cemtre and tip and an aspect ratio of 4. The change 
of angle of mid-chord sweep in each case is of the order of 10 deg so that  the crank effects are 
much more gentle than in the case of Wing I. The calculated loading is compared with the 
experimental local lift coefficients in Fig. 12, the agreement being quite good. Owing to the 
small changes of sweep however, the spanwise loading does not differ much from that  of a wing 
of constant sweep, as can be seen from the calculated loading for a wing swept at an angle of 
19.6 deg, which is the sweep of the middle panel of the cranked wing. A similar calculation using 
the mean sweep, %, = 21.3 deg was not significantly different. Even though the spanwise 
loadings are nearly the same, the chordwise loadings near the cranks will be appreciably different 

f r o m  those calculated on the basis of a uniformly swept wing. They have higher suction peaks 
further forward, and one can expect viscosity effects to be rather more noticeable. 
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7. Comparison with Other Caic~latlon Methods.--Two recent American reports l'~ have dealt 
with the calculation of the spanwise loadings of wings having M, W and A plan-forms. Both 
of these methods replace the wing by a series of horseshoe vortices, each of which is centred 
on the quarter-chord line. The downwash due to these vortices is calculated on the intersection 
of the three-quarter-chord line with their axes of symmetry. Three of the wing plan-forms 
considered in Ref. 1 have been calculated by the method of the present report and the results 
are given in Figs. 13 and 14. Fig. 13 shows the most extreme cases of N and W plan-form likely 
to occur, and Fig. 14 shows a wing with similar sweep characteristics to Wing I (section 6.1) 
but  with the crank at ~ = 0" 3 instead of 0.5, and a taper ratio of 0.5 instead of 1.0. 

I t  is clear that  as far as the results of these spanwise loading calculations are concerned there 
is little to choose between the present method and that  of Ref. 1. With regard to the aerodynamic 
centre, the simple approximations of Ref. 1 seem to be inadequate for predicting the spanwise 
variations, and discrepancies up to 0" 05c are apparent between the two methods. 

Apart from specific examples, however, the method of Ref. 1 is not well founded in theory, 
since the ' three-quarter-chord theorem,' developed initially for two-dimensional aerofoils, 
has been applied beyond the limits of its validity to estimate not only the effect of bound vortices 
of finite length but  also the effect of trailing vortices at many spanwise positions. The method 
cannot be used to predict the chordwise loading. I t  is applicable only to thin wings and cannot 
predict the pressure distribution. Similarly the effect of camber cannot be taken into account. 
Finally, the calculation is much longer and more cumbersome than the one described in this 
report. 

The present method, which is based on the approach to swept wing problems described in 
Refs. 5 and 11, can provide the spanwise and chordwise loading and the pressure distribution 
on a cranked wing in incompressible flow. The calculation can be performed quite rapidly, 
even for 31 spanwise pivotal points. I t  can readily be extended to cambered aerofoil sections 
(Ref. 7). Hunn 9 has  shown recently how the spanwise loading calculation method presented in 
Ref. 5 and followed in the present report can be extended to the case of elastic wings. Since 
cranked plan-forms may be contemplated primarily because of aeroelastic considerations, this 
last feature is an important  advantage. 
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NOTATION 

Sectional lift slope, CL/o~ 
Two-dimensional lift slope, CL/o:~o 
Local chord 
Camber, in terms of the chord 
A function of sweep which appears in the expressions for the velocities 

near a crank or kink 
Chordwise distance of the local aerodynamic centre from the leading edge 
Chordwise distance of the local aerodynamic centre from the quarter-chord 

point 
Reduction factor to the lift slope due to the boundary layer 
Chordwise loading parameter due to camber 
Chordwise loading~parameter:due to incidence 
n near the centre or tip of a wing of very large aspect ratio 
n near the crank of a wing of very large aspect ratio 
n on a finite wing for which low aspect ratio effects need not be considered 
Chordwise source distribution (strength per unit area) to represent wing 

thickness 
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q*(X) 

t/c 

Vx, Uy, Vz~ 

Vx, VyJ 

X, y ,  z 

A 

G(x) 

ci. 
Ci. 

CDi 
CD, 

K~ 

E 
S(1), S c~),,S(~), S(~) 

V 

1170 
X , Y  

Ct 

0' e 

~e0 

A,¢ 

v(x) 

= 

~o 

q)* 

9v  

co 

N O T A T I O N - - c o n t i n u e d .  

Source distribution along X-axis at the crank of a wing 

Thickness/chord ratio 

Velocity increments along the x, y, z, X and Y axes respectively 

Rectangular axes : x in direction of free steam, y spanwise to starboard 
and z vertically downwards: co-ordinates non-dimensional with the 
chord 

Aspect ratio 

A function of m plotted in Ref. 7 

Pressure coefficient = p - -  Po/½P Vo 2 

Chordwise loading = difference of Cp on the two wing surfaces 

Sectional lift coefficient 

Overall lift coefficient 

Sectional induced drag coefficient 

Overall induced drag coefficient 

Induced drag factor ----- /~ -~  

Normal force coefficient 

Source strength per unit length -- q(x) cos 9 ,  dx 

Functions of the wing profile 

Total  velocity at a point ----- V'{(V0 + v~) ~ + vy ~ + v~ ~} 

Free-stream velocity 

Rectangular axes:  X in direction perpendicular to the line of sweep, 
Y parallel to the line of sweep: co-ordinates non-dimensional with 
the chord 

Geometric incidence 

Effective incidence 

Effective incidence of an infinite wing 

Equivalent incidence due to camber 

Chordwise distribution of vorticity representing lifting effect of wing 

Non-dimensional spanwise co-ordinate = y .  c/½b 

Spanwise interpolation function 

Angle of sweep (usually of mid-chord line) 

tan -1 ½(tan ~o -- tan ~,) 

Mean sweep angle of the vorticity vectors 

Mean sweep angle of complete wing 

Effective sweep 

Induced downwash factor 
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Sufixes 
x, y, z, X ,  Y 

C, T ,  c r .  

U . S . ,  L . S .  

N O T A T I ON ~contlnue)l. 

In the x, y, z, X and Y directions respectively 

At the centre, tip and crank of a wing, respectively 

£ :~:At the  sheared part of a wing 

: ~ Due to ihci?tence ~: 

i Due to camber 

:;} Indicating chordwise and spanwise pivotal points 

Referring to the inboard side of a crank 

o Referring to the outboard side of a Crank 

0 Refer r ing  to an infinite wing 
or 

Referring to the free stream 

Upper surface, lower surface respechvely 

No. Author 

1 F . W .  Diederich and W. O. Latham 

2 G.S.  Campbell .. - 

3 V .  M. Falkner . . . .  '. . . . . . .  
r - 

4 H. Multhopp . . . . . . . .  

5 D. Kfichemann . . . . . . . .  

6 D. Kfichemann . . . .  

k 

7 G.G.  Brebner . . . .  

8 J. Weber, D. A. Kirby and D. J. Kettle 

9 B.A.  Hunn . . . . . . . .  

10 D. Ktichemann . . . . . . . .  

REFERENCES 

Title, etc. 

Calculated aerodynamic loadings of M, W and A w~ngs in incom- 
pressible flow. N.A.C.A. RM.L51E29. August, 1951. 

A finite-step method for the calculation of span loadings of unusual 
plan-forms. N.A.C.A. RM.LSOL13. July, 1951. 

The solution of lifting plane problems by vortex-lattice theory. 
R. & M. 2591. September, 1947. 

Die Berechnung tier Auftriebsverteilung von Tragfltigeln. Luft-  
fahrtforschu~cg, Vol. 15, 1938, p. 153. Translated in A.R.C. 8516. 

A simple method for calculating the span and chordwise loadings 
on thin swept wings. R.A.E. Report Aero. 2392. A.R.C. 13,758. 
(Unpublished.) 

A simple method for calculating the span and chordwise loadings 
on straight and swept wings of any given aspect ratio at subsonic 
speeds• R. & M. 2935. August, 1952. 

The application of camber and twist to swept wings in incompressible 
flow. C.P. 171. March, 1952. = 

An extension of Multhopp's method of calculating'the spanwise 
loading of wing fuselage combinations: R. & M. 2872.- November, 
!951. 

method 02 estimating the loading on an elastic airframe. J . R .  
. Ae. Soc., Vol. 56, p. 261. April, 1952. 

Wing iunction, fuselage and nacelles for swept-back wings. R.A.E. 
Report  Aero. 2219. A.R.C. 11,035. (Unpublished.) (Some 
material f rom this is containe~l in R. & M. 2908. March, 1953.) 

24 



No. A ut.hor 

11 J. Weber . . . . . .  

REFERENCES--continued. 
Title, etc. 

.. A simple method for calculating the chordwise pressure distribution 
on two-dimensionM and swept wings for aerofoil sections of finite 

thickness. R.A.E. Report Aero. 2391. A.R.C. 13,757. (Un- 
published.) (This has since been replaced by a much more com- 
prehensive paper published as R. & M. 2918. July, 1953.) 

12 G.G.  Brebner and J. A. Bagley .. 

13 J. Weber and G. G. Brebner- 

D. Ktichemann, J. Weber and G. G. 
Brebner. 

14 

15 D. Ktichemann . . . . . . . .  

16 R .W.  Herr . . . . . . . .  

17 U . R .  Barnett and R. H. Lange .. 

18 S. Neumark . . . .  

19 R .T .  Jones 

20 F. Urse11 .. 

Pressure and boundary-layer measurements on a two-dimensional 
wing at low speed. R. & M. 2886. February, 1952. 

Low-speed tests on 45-deg swept-back wings. Part  I :  Pressure 
measurements on wings of aspect ratio 5. R. & M. 2882. May, 1951. 

Low-speed tests on wings of 45-deg sweep. P a r t  II  : Balance and 
pressure measurements on wings of different aspect ratios. 
-R. & M. 2882. May, 1951. 

Some methods of determining the effect of the boundary layer on 
the lift slope o f  straight and swept wings. R.A.E. Tech. Note 
Aero. 2167. A.R.C. 15,245. (Unpublished.) 

Preliminary experimental investigation of flutter characteristics of 
M and W wings, N.A.C.A. RM.LblE31. August, 1951. 

Low-speed pressure-distribution measurements at a Reynolds 
number of 3-5 × 106 on a wing wi th  leading-edge sweep-back 
decreasing from 45 deg at the root to 20 deg at the tip. N.A.C.A. 
RM.L50A23a. July, 1950. 

Velocity distribution on straight and swept-back wings of small 
thickness and infinite aspect ratio at zero incidence. R. & M. 
2713. May, 1947. 

Subsonic flow over thin oblique airfoils at zero lift. N.A.C.A. Tech. 
Note 1840. June, 1947. 

Notes on the linear theory of incompressible flow round symmetrical 
swept-back wings at zero lift. Aero. Quart., Vol. 1, p. 101. 
May, 1949. 

25 



TABLE 1 

Pressure and Normal Force Coefficients at the crank of Wing I (Fig. 2b) 
C~ 

c)  .< 

¢¢/ 

r$  

~Z 

oq 

;z 

© 

x ~ (deg) 

c - -2 .2  --1-1 0 1-1 2.2 3.3 4.4 5.5 6-6 8.8 11-1 

0.95 
0.85 
0-75 
0-65 
0.50 
0.35 
0.225 
0.15 
0.08 
0.03 
0.01 
0 
0-01 
0.03 
0.08 
0.15 
0-225 
0.35 
0-50 
0.65 
0.75 
0.85 
0.95 

0-117 
0"064 
0"027 

--0.033 
- -0 .109 
--0.214 
--0-263 
--0"2S6 
--0-186 
--0.001 

0-309 

--1 .002 
--0.834 
--0.629 
--0.520 
--0.450 
--0.328 
--0.169 
--0.056 

0.003 
0.058 
0.120 

0.122 
0-062 
0-022 

--0.044 
--0.125 
--0.245 
--0.311 
--0 .322 
--0.294 
--0.184 

0-034 

--0-599 
--0.567 
--0.507 
--0.452 
--0.400 
--0.298 
--0"150 
--0.044 

0-011 
0-059 
0-121 

0"120 
0.058 
0.016 

--0.053 
--0.142 
--0.288 
--0.363 
--0.396 
--0-414 
--0"390 
--0 .292 

0.990 
--0 .229 
--0.347 
--0 .389 
--0-377 
--0.349 
--0.281 
--0.131 
--0-036 

0.012 
0.059 
0-120 

0.121 
0-058 
0.011 

--0.058 
--0.157 
--0-304 
--0-419 
--0.472 
--0.536 
--0.609 
--0-658 

O" 992 
O" 096 

--0.142 
--0.273 
--0-303 
--0-296 
--0.243 
--0.118 
--0.026 

0-019 
0-064 
0.120 

0.120 
0.057 
0.006 

--0-067 
--0.174 
--0.333 
--0.468 
--0.548 
--0.646 
--0.834 
--1.044 

0.994 
0.373 
0.043 

--0.166 
--0.232 
--0.245 
--0.210 
--0.100 
--0-015 

0.024 
0.065 
0"117 

0"121 
0.057 
0"001 

--0"074 
--0-191 
--0"362 
--0.523 
--0.629 
--0.788 
--1-153 
- -1 -467  

0.692 
0.615 
0.226 

--0.055 
--0-158 
--0.191 
--0.174 
--0.103 
--0.006 

0.029 
0.068 
0.118 

0.121 
0.057 

--0.001 
--0.077 
--0-204 
--0-387 
--0.566 
- -0 .686 
--0-837 
--1.321 
--1.835 

0-058 
0-780 
0-374 
0:040 

--0.093 
--0.144 
--0-145 
--0-078 
--0.003 

0.036 
0-069 
0.114 

0.115 
0.055 

--0-004 
--0-079 
--0.215 
--0.413 
--0.621 
--0.757 
--0-969 
--1"624 
--2.516 
--0.604 

0-902 
0-502 
0.135 

--0.030 
--0.099 
--0.117 
--0.057 

0.005 
0-037 
0.066 
0.107 

0"082 
0"055 

--0.001 
--0.078 
--0"222 
--0-436 
--0"663 
--0.833 
--1.070 
--1.875 
--3-027 
--1.913 

0.969 
0.622 
0.221 
0-033 

--0-051 
--0.086 
--0.039 

0.012 
0.038 
0-066 
0.O99 

0"054 
0.024 

--0.011 
--0-071 
--0"221 
--0"464 
- -0 .743 
- -0 .977 
- -1 .359 
--2-470 
--4 .288 
--3-562 

0.941 
0.793 
0.388 
0.159 
0-044 

--0-025 
--0-006 

0.027 
0.044 
0-058 
0.073 

--0.090 
--0.113 
--0"109 
--0.115 
--0 .197 
--0.450 
--0-800 
- -1 .076 
--1.587 
--2-964 
--5-342 
--6.047 

0.754 
0-900 
0-527 
0.269 
0.134 
0.033 
0.029 
0.044 
0-047 
0.047 
0.038 

--0.149 --0-080 0.077 

C~ 
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