
. . . .  ' . ' , , , . ,  . 

~ : : R.  & M. N o .  3 0 0 0  
: i : : ::i : . . . . . .  O_a, oo~) 

, A.R.R Technical Repo~ 

.:} r l ,  " . , . , " ' ' " r " ' ' " r 

A E R O N A U T I C A L  RESEARCH COUNCIL 
{REPORTS AND MEMORANDA 

: . . , r . ' 

" '  • " i " r  , ' ' ' " . " " ' " r 

. . . . , 

' ' ' r " , " . " ' 

f: " . . , ' . 

. . . . .  " r 

• !.~ :i,-: . .An/-Analysis. of ,Available "-Data on, the 
",:Local Aerodynamic, Centres of Aerofoils 
[ in-Two-and Three-Dimensional Flow 

r . 

~!ii, / i  :ii' ' ~ ~ r r 

. . .  , , . 

, ' , '  • . ' 

, f  

. . . . .  ~ r 

' , . '  , 

. " " ~ '  " " B y  ' " ~ ' ~ ' " i 

A. S. rTAYLOR, M.Sc., A.F.R.A~.S.~ 
• . r 

• . , . 

'i': / . , .  ) : - ~  : Cry8: C o p y r i g l l t  R e s e r v e d  • ":'r I~ 
• = -  r 4 '  " " " 

, . . . • 

r 

~ r  i '. . ' "  ' i r 

)N:  r H E R  MAJESTY'S STATIONERY OFFICE 

. . . .  I'957 
F I F T E E N  S I t , I L L I N G S  N E T  

• . - , , . .  , 

r ' . . , .  . 

, , . . • 

:i::: : ~  ir • : , ;  " '  f ' i  ~ " r " ? ~ '  

. , i , . +  ~ " . • " 

. ,  , ' :  . , . . - "  

~ ' ~  ~ : .  ' " r  " : ' ' ' ~  ' ' " ~ • " ~  . " • " ~ "  ~ i  ~ " ' i  " ~  ~ 7 : " 7  ' ' " '  



An Analysis of Available Data on the 
Aerodynamic Centres of Aerofoils in 

and Three-Dimensional Flow* 

Local 
~WO- 

A. S. TAYLOR, M.Sc., A.F.R.A~.S.  

COMMUNICATED BY THE DIRECToR-GENERAL OF SCIENTIFIC RESEARCH (AIR), 
MINISTRY OF SUPPLY. 

Reports and Memoranda No. 

]aTlclary, 1 9 5 I 

3ooot 

Summary.---This report reviews existing information regarding the behaviour of the local aerodynamic centres of  
aerofoils, with a view to exposing the more important gaps in our knowledge, and, indicating the lines along which 
future research might most profitably be directed. 

Starting with the two-dimensionM aerofoil in incompressible, viscous flow, for which aerodynamic centre position 
may be correlated with lift slope, the report passes on to examine the behaviour of the two-dimensional aerodynamic 
centre in compressible flow. Experimental data which have been analysed (relating to the subsonic and lower transonic 
rdgimes) are not in agreement with the predictions of potential flow theory; this suggests that the Reynolds number 
and transition position effects, associated with viscous flow, exert a powerful influence on the aerodsalamic centre. 

Considering next the locus of aerodynamic centres for wings of finite aspect ratio, the report discusses the various 
incompressible potentiM flow theories and their extension to the subsonic and transonic rdgimes of compressible flow, 
and collects in a series of figures, the published results of calculations by various investigators. A brief mention is 
made of supersonic theory. A further set of figures presents experimental data. 

No prescription Call be given for determining exactly the behaviour of the local aerodynamic centres of a given wing, 
but in the concluding section of the report it is suggested how the reader may use the assembled data to make a 
reasonable guess. 

1. Introductio~¢.--In a recent report 1 Gates has surveyed the present imperfect state of 
knowledge regarding movements of the overall aerodynamic centre of wing shapes likely to be 
used for transonic operation. Movements of the overall aerodynamic centre occur as the result 
of changes in the chordwise distribution of pressure--and hence of the local aerodynamic centre-- 
at each section of the wing. In considering the basic stability of all aircraft (neglecting the effects 
of structural deformability) a knowledge only of the overall aerodynamic centre and not of the 
local aerodynamic centres of the wing is required. In general, however, within the speed range 
for which important movements of the overall aerodynamic centre occur, there 'will also be 
appreciable aero-elastic effects, to investigate which it is essential to know the loci of local aero- 
dynamic centres, for the various incidence distributions (basic and incremental) relevant to the 
estimation of the various aerodynamic derivatives under consideration. 

In the past it has been customary--for most numerical, work, at least--to assume a fixed 
position for the aerodynamic ' axis ' (or locus of aerodynamic centres) corresponding to a constant 
ch0rdwise position for the local aerodynamic centre, often identified with the quarter-chord point. 

* Footnote, 1957. This analysis was made in 1950. No attempt has been made to incorporate data that have.accrued 
since that date. 
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As long as wings remained unswept, and flight Mach numbers were wee below the critical for the 
wing sections used, this assumption represented, in most instances, an acceptable approximation, 
al though for certain wing sections the (low-speed) aerodynamic centre could differ from the 
quarter-chord point by  as much as 0-05c. 

When we come to consider wings of the shapes likely to be used for transonic operation we must, 
on theoretical and experimental grounds, reject the above assumptions. For, on the one hand, 
it  will no longer be even approximately true that  the aerodynamic centres of all sections lie at 
the same percentage of the locM chord, While on the other hand, considerable movements of the 
aerodynamic ' ax i s '  will occur as the flow progresses from incompressible, through subsonic, to 
supersonic. 

Ample theoretical or experimental evidence exists to support these general conclusions, but  at 
the moment, theories are insufficiently developed and the experimental data too widely and 
unsystematical ly scattered over a vast  field, to provide a sound basis for a method of predicting 
the position of the aerodynamic ' ax is '  of a wing of given geometry under specified conditions 
of flight. In the present note, therefore, it is proposed only to indicate the general nature of the 
problem, to discuss the effects of some of the more important  parameters involved, to examine 
the existing experimental data and to show where lie the more important  gaps in our knowledge. 
The note should thus provide a basis for further discussion, and an indication of the lines along 
which future research in this field might most profitably be directed. 

The problem can conveniently be considered in two parts : 

(a) movements of the aerodynamic centre of an aerofoil in two dimensions, 
(b) the effects of plan-form on the aerodynamic axis of a finite wing. 

2. Movements of the Aerodynamic Centre of an A erofoil in Two Dimensions.--2.1. A ero@namic 
Centre of an Aerofoil Section in Incompressible Flow.--In a recent note s, inspired by  the pioneer 
work of Preston 3 at the National Physical Laboratory, Thomas has correlated the position of the 
aerodynamic centre of an uncambered or moderately cambered aerofoil with the rate of change 
of the lift coefficient with incidence. He obtains a relation of the type 

(1-  h~)= F(~)(1- aa;) . . . . . . . . . . . . . .  (1) 
where h is the position of aerodynamic centre, expressed as a fraction of aerofoil chord, and 

measured from the leading edge 

al is the rate of change of lift coefficient with incidence 

is the trailing-edge angle of section 

suffix r denotes the inviscid flow values of derivatives, with the Kutta-Joukowski circulation, 

and the function F(~) is independent of the type of aerofoil section, Reynolds number and 
transition point mo4cement. 

A curve of al r against thickness/chord ratio t/c is reproduced by  Thomas from Ref. 4 and the 
ratio al/al r may be calculated using an experimental value of a~ if known; alternatively, curves 
of a~/a~r against ~ for various Reynolds numbers and transition point positions, reproduced 
from Ref. 5 may be used. 

A curve of F(~) against ~ has  been established from an analysis of American experimental 
results. F(~) is shown to increase with ~ and to be positive for T > 3 deg, although recent N.P.L. 
tests suggest that  the curve should in fact, pass more nearly through the origin. Since a~/al r is 
always less than unity, it follows that  h is less than hr;  i.e., the aerodynamic centre in viscous 
flow is always ahead of its position in inviscid flow. 



hr can be shown to be given by a relationship 

where h r ' =  0"25 or 0.25 + 0.28(t/c) ~, according as , (degrees) is greater than or less than 
lOOt~c, and where a, b are functions of maximtlm thickness position, which can be calculated from 
data given by Thomas, and shown to be positive for the usual range of positions of maximum 
thickness (0.25c to 0.50c). 

From this work of Thomas, section thickness a n d  trailing-edge angle, together with Reynolds 
number and transition position, emerge as the important  parameters governing the aerodynamic 
centre position in two dimensional incompressible f low.  The analysis leads to the following 
general conclusions : 

(a) Scale and transition movement effects on aerodynamic centre are more marked for an 
aerofoil with a large trailing-edge angle than for an aerofoil with a small one, and 
transition movement effects are more important  at low Reynolds number 

(b) For a given t/c and a fixed transition position, the aerodynamic centre moves rearward 
as the Reynolds number increases 

(c) For a given t/c and Reynolds number, the aerodynamic centre moves back as the 
transition position moves back. 

As a corollary to (a) it may be deduced that  

(d) Scale and t ransi t ion movement effects are small in the case of aerofoils with concave 
trailing edges. 

In examining the behaviour of the aerodynamic centres of a series of aerofoils as t/c increases, 
at given Reynolds number and fixed transition position, there are two opposing influences to be 
considered. On the one hand, since the coefficients a and b in equation (2) are positive, the 
theoretical aerodynamic centre position (inviscid flow) moves back as t/c increases. On the other 
hand, the effect of viscosity is to move the aerodynamic centre ahead of its theoretical position 
by an amount which is very small for small trailing-edge angles, but  increases with increasing 
trailing-edge angle (and hence with increasing thickness for a given series of aerofoils). The net 
result may therefore differ according as the series under consideration has convex or concave 
trailing edges. Thus for the NACA symmetrical sections with convex trailing edges, considered 
later in this report (see Fig. 2) the low-speed aerodynamic centre moves forward with increasing 
t/c, while for the NACA 63-series aerofoils with concave trailing edges (see Fig. 11), it moves 
rearward. 

A parallel investigation to that  of Thomas has been made by Bryant,  Halliday and Batson G, 
using recent N.P.L. experimental results as a basis for curves of h/hr against a~/a~r, for various 
trailing-edge angles. Although these curves do not exhibit the linearity of Thomas's correlation 
(equation (1) above), their application to aerofoils of practical importance leads to aerodynamic 
centre positions substantially in agreement with those obtained by Thomas's method. 

2.2. Aerodynamic Centre of an Aerofoil Section in Compressible Flow.--2.2.1. Theoretical. 
(a) Subsonic (shock-free).--According to Glauert's approximate thin-aerofoil theory, generalised 

in the ' N '  similarity laws discussed by Dickson in Ref. 7) both C,,~ and CL are increased in shock- 
free compressible flow by  the factor (1 -- M~) -1/~ and therefore there should be no effect on 
aerodynamic centre. Karman's formulae 8 for the pressures in compressible flow would indicate 
some movement of the aerodynamic centre with increasing Mach number but  in most cases this 
would be small (see Ref. 9). A theoretical s tudy by Kaplan I° also indicates that  little shift is to 
be expected at sub-critical Mach numbers. 
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(b) Transonic.--The ' N '  similarity laws mentioned under (a) apply for sub-critical Mach 
numbers only, but  another similarity law, applicable to transonic speeds, both below and above 
M = 1, can be formulated, and is discussed, for instance, by  Spreiter in Ref. 11. This law, in 
its two-dimensional form, states that  if we know the characteristics of one aerofoil of thickness- 
chord ratio (*0) as functions of M, in a transonic range, we can establish those of an aerofoil 
whose ordinates are those of the first multiplied by ~1/*0 in a corresponding range of speeds. 
.Corresponding speeds a re  given by  

/~1,3 ~0 /~0,3 where /~ = (I 1 -- 1)1/". 

According to the theory (an essential assumption for which is tha t  all the thickness/chord ratios 
involved should be small), the aerodynamic centres of the two sections at corresponding lVlach 
numbers should lie at the same percentage of the respective chords from their leading edges. 

(c) Superso~ic.--For supersonic Mach numbers sufficiently in excess of M = 1 to make the  
assumptions of the linear perturbation theory valid, tha t  theory shows the aerodynamic centre 
of a two-dimensional flat-plate aerofoil to lie at the half-chord point. 

For aerofoils of finite thickness, the second-order theory of Busemann may be used to predict 
the position of the aerodynamic centre. Hilton discusses the limitations to the use of this theory 
in Ref. 12 and from the Busemann force coefficients quoted there*, it may  be deduced tha t  for 
doubly symmetrical aerofoils (as most commonly used for supersonic designs) the aerodynamic 
centre lies approximately at 

c l ½ -  (area of sec t ion)0 .6M ~ -  (M ' ~ -  1~ / 
t c a (M ~ -- 1)a/2 ~ " 

In particular, for a double-wedge of thickness ratio ~, it is approximately at 

{ ½  - -  ~ 0 " 3 M ~  _ 0 . 5 ( M  , _ (M 1) c 

(see Ref. 13). 

I t  will be remembered that,  in incompressible flow, the aerodynamic centre is near to the 
quarter-chord point and that  according to theory, little or no shift is to be expected in subsonic 
(shock free) compressible flow. Accordingly, to bring the aerodynamic centre back to its 
theoretical position, near the half-chord point in supersonic flow, a net rearward shift of approxi- 
mately 0-25c must  occur in the transonic range. No theory has been advanced whereby the 
manner of the transition from the subsonic to the supersonic position can be predicted, although 
the transonic similarity law (see (b) above) provides a method of predicting the shift for a given 
aerofoil over a given Mach number range when the shift for a corresponding aerofoil over a 
corresponding Mach number range is known. 

2.2.2. Presentation of experimental data.--The distance of an aerofoil section aerodynamic 
centre aft of a specified reference point in the section is given, as a fraction of tile aerofoil chord, 
by  the partial derivative -- ~C,,J~Cc, where the pitching-moment coefficient C,,, is related to the 
given reference point. The parameters to be held constant in the differentiation are Mach 
number, Reynolds number and transition position. There has been a tendency in the past to 
regard the C,,c--Cc relationship as a purely linear one, giving a constant value of the derivative 
~C,~/OCL and hence a unique position of the aerodynamic centre for a given Mach number, Reynolds 
number and transition position. In actual fact, C,,, vs. CL curves are seldom linear over more 

* There appears to be an error in Hi l ton 's  paper ;  the integrals 11, I2, etc., should be rendered non-dimensional  by  
subs t i tu t ing  x/c for x. , ,  



than a very restricted CL range and therefore in general, any quoted position for an aerodynamic 
centre is meaningless unless the associated value of CL is given. In general, therefore, the aero- 
dynamic centre position of a given aerofoil section must be regarded as a function of four 
variables: Mach number ,  Reynolds number, lift coefficient and transition position; if the 
Reynolds number is sufficiently large, the influence of transition position is negligible (see section 
2.1) and tile number of variables is reduced to three. 

Experimental data appertaining to the position of the aerodynamic centre in compressible 
flow, which have been examined in the present investigation, exist in varying forms, from 
which the aerodynamic centre position can be obtained with varying degrees of accuracy. 

Data are derived in some instances from force and moment measurements and in other cases 
from pressure-plotting experiments. Some of the reports have  presented curves of dC,,/dCL 
against Mach number, others have given C,, vs. CL curves at various Mach numbers, while in a 
few cases, only the pressure distribution diagrams have been given, and it has been necessary to 
evaluate pitching-moment coefficients from these. In general, data have been available only in 
diagrammatic, and not tabulated form, and in view of the small scale of many  of the diagrams, 
and of the inherent difficulty of measuring the slopes of curves accurately, no great accuracy can 
be claimed for the calculated aerodynamic centre positions. 

The author has so far discovered no simple, and at the same time useful, method of correlating 
the data and it has thus seemed best to detail, in tabular form, the various sources of information, 
giving leading particulars of the aerofoil sections considered, the nature and conditions of the tests, 
and the form of presefltation of the results. Th is  has been done in Table 1, while the derived 
data on aerodynamic centre are presented in Figs. 1 to 21". A discussion of the results follows 
in the next paragraph, but  before proceeding to this, it  is perhaps pertinent to observe tha t  
accurate agreement of the experimental results with the theory of section 2.2.1 is hardly to be 
expected, inasmuch as the theory relates to thin aerofoils in inviscid flow, whereas the experimental 
results relate to aerofoils of finite thickness and are subject to the influence of the Reynolds 
number and transition position effects associated with viscous flow. Thomas's paper ~ has shown 
how closely bound up is the aerodynamic-centre position in incompressible flow with the slope 
of the lift curve, which is itself much influenced by Reynolds number and transition position. 
Accprdingly, when we consider compressible flow, any idiosy~lcrasies of behaviour of the lift slope 
are likely to be accompanied by corresponding idiosyncracies of behaviour of the aerodynamic 
centre. In this connection, it  is unfortunate that  in practically all the experimental work in 
this field, Mach number and Reynolds nmmber have been varied simultaneously while no steps 
have been taken to define precisely the transition point. 

2.2.3. Discussion of experimental data.--The only previous a t tempt  to correlate experimental 
data, of which the author is aware, was that  of Polhamus in Ref. 14. He selected thickness/chord 
ratio as the most influential parameter controlling the variation of aerodynamic centre location 
with M, and examined data for each of the three t/c ratios 6 per cent., 9 per cent., 12 per cent. 
Aerodynamic centre positions were determined from the slopes of the C,,, vs. CL curves in the 
low CL range, all data being obtained at Reynolds numbers less than 2 × 106 with free transition. 
Shifts of aerodynamic centre relative to the position for M = 0.4 were plotted against M for 
each t/e ratio, and two curves were drawn through the origin to define the limits of the measured 
shift for that  t/c. From his results (Fig. 1 of Ref. 14, reproduced as Fig. 1 of the present pape r )  
Polhamus concluded that  : 

(a) Forward or rearward movements of the aerodynamic centre as large as 12 per cent of 
the chord may occur 

* N o t e  : Aerodynamic-centre positions have usually been estimated for a specific Cz, approximately equal to the 
design Cz for the section, or as a mean value for a small range of Cz about this value. In many cases the estimated 
points showed a considerable degree of scatter, but to avoid confusion, only faired curves are shown in the figures. 
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(b) For 6 per cent. thi~k aerofoils, the aerodynamic centre moves rearward with increasing 
Mach number while for thicker aerofoils (9 per cent and 12 per cent) it  moves forward 

(c) Aerofoils having thickness ratios of 7 per cent or 8 per cent might be expected to 
experience the least variations of aerodynamic centre with Mach number. 

Polhamus's data appear to have been selected from a rather restricted field, excluding, for 
instance, the low-drag type of aerofoil with concave trailing edge. Moreover, the Reynolds 
number for many  of the tests (e.g., those of Refs. E.19 and E.20) was rather low. By no means 
all of the data examined in the present investigation fall within the appropriate boundaries of 
Fig. 1 and it must be questioned whether Polhamus has not at tempted an over-simplification oI 
the problem by exhibiting results in terms of the single parameter tic. Such parameters as 
camber, position of maximum thickness, and trailing-edge shape appear to have a decided effect 
on the absolute position of the aerodynamic centre at a given Mach number, while the variation 
with Mach number certainly does not appear to be independent of those parameters. Accordingly 
the data analysed in the present report have, as far as possible, been cast into three main groups 
to show the effect of separately varying each of the parameters 

I Thickness/chord ratio (t/c) 
II  Position of (t/C,)max 

I I I  Camber, 

while group I has been subdivided into aerofoils with convex and concave trailing edges respec- 
tively. A fourth group has been reserved for data obtained from reports dealing with comparative 
tests of miscellaneous collections of aerofoils, exhibiting no systematic variation of the above 
parameters. 

The range of experimental data faming into each group is shown in tabular form (Tables 2 to 5), 
each table being followed by  a general discussion of the salient points emerging from an examina- 
tion of the relevant figures. For fuller details of the aerofoil sections and of the conditions of 
test, reference should be made to Table 1; the various aerofoil notations involved therein, are 
explained in Ref. 15. 

TABLE 2 

Experimental Data Illustrating the Effect of Thickness-Chord Ratio 

Item Thickness Source of data Results given No. Type of aerofoil range (t/c) Reference in Fig. 

(a) Aerofoils with convex trailing edge 

1 E.18 NACA Symmetrical; position of (t/c)m~x constant .. 6% to 18% 

2 NACA Cambered; camber and position of ( t / c )~  9% to21% 
constant. 

3 NACA 16~Series. Several cambers; position of (t/c)m~ 6% to 21% 
constant 

E.17, 15, 16(b), 
17(b) 

E.1 

2 , 3 , 4  

5 ,6  

4 RAF 69 and 89. Camber and position of (t/c)m= 20 .7%and25% E.8 8 
constant. 

(b) Aerofoils with concave trailing edge 

5 NACA 63-Series; camber and position of (t/c) .... 6% to 12% 16, E.4 10, 11 
constant. 

6 H.S.1 and H.S.2; camber and position of (t/c) .... 15% and 12% E.5 9 
constant. 



Discussion.--An examination of the figures indicates that  in general, the aerodynamic centres 
of aerofoils with convex trailing edge tend initially t O move forward as the Mach number increases, 
the forward trend being more pronounced, the thicker the aerofoil. These displacements are 
not in accordance with the linear Prandtl-Glauert theory or with the other theories mentioned 
in section 2.2.1, and as GSthert remarks in Ref. E.18b, it is evident ' tha t  the formation of the 
boundary layer is decisive in causing the observed displacement of the aerodynamic centre ' 

Figs. 2 and 5 suggest tha t  for the thinner aerofoils (up to 12 per cent. thick) the forward trend 
will be reversed at, or about, the critical* Mach number, and the aerodynamic centre will move 
rapidly backwards. For the thicker aerofoils (as for instance the 15 per cent. and 18 per cent. 
thick symmetrical aerofoils of Fig. 2) a rapid forward movement may persist beyond the critical 
Mach number. From GSthert's pressure distribution diagrams it is clear that  this divergent 
behaviour is due to the different ways in which the compression shock develops E'lSb. GSthert 
anticipates, however, that  the forward trend will eventually be reversed even with the thicker 
sections, and that  at very high subsonic velocities the aerodynamic centre for all sections will 
have shifted to a position near the mid-chord point. Confirmation of the probability of an 
ultimate rearward shift is given by the results for NACA cambered aerofoils (Fig. 5). which 
bring out the additional fact, however, that  further reversals of trend may occur, and give rise 
to large fluctuations of aerodynamic-centre position over quite small ranges of Mach number. 
Thus, for instance, the aerodynamic centre of the 23015 section, having initially moved forward 
from 0. 215c at M ---- 0.3 to about 0. 195c at M ---- 0.65, moves back to 0- 3c at M = 0. 775, then 
forward to about 0.08c at M ---- 0.82, and back again to 0.47c at M ---- 0.85. 

The profound effect of the boundary layer, which  invalidates the Prandtl-Glauert theory, is 
emphasised by an examination of Fig. 3 which shows the variation of lift slope, aCL/ao:o~, with 
Mach number, for the five aerofoils under consideration. While the curves for the thinner 
aerofoils follow the theoretical curve fairly closely UP to the critical Mach number, the curves 
for the 15 per cent and 18 per cent sections lie wholly below i t ;  the 18 per cent section in fact 
shows a continuous decrease in aCL/ao~oo with increasing M. 

An alternative method of presenting results for shift of aerodynamic centre (somewhat similar 
to tha t  of Polhamus--Fig.  1) is illustrated in Fig. 4 for the NACA symmetrical aerofoils. Here 
tile quant i ty  plotted against Mach number is the shift of aerodynamic centre relative to t h e  
position in incompressible flow, as calculated by the method of Ref. 2, using for al values extra- 
polated from the experimental results. 

I t  will be noted that  these results of GOthert in particular, and those relating to Table 2 in 
general, do not appear to be in very good agreement with Fig.  1 (Polhamus's correlation). 

The analysis of the data appertaining to the cambered aerofoils (Item 2 of Table 2) provided 
an interesting check on the accuracy to be expected when aerodynamic centre positions are 
calculated from small-scale pressure distribution diagrams such as are given in Refs. E. 16(a) and 
E.17(a). In the first instance, information on the 23009 and 23012 sections was available to the 
author only in the form of these pressure distribution diagrams, and C,,~ vs. CL curves were 
obtained by graphical integration, aerodynamic-centre positions then being estimated by 
measuring the slopes of the curves. Subsequently, Refs. E.16(b) and E.17(b) came to hand, and 
it  was possible to compare the present author.'s estimates with those of GOthert which should, 
of course, be the more accurate. The results of these independent estimates are compared in 
Fig. 6. There is reasonably good agreement as to the shape of the curves, but  there are differences 
of as much as 0.05c in the absolute position of the aerodynamic centre. 

The NACA 16-Series aerofoils for which results are given in Fig. 7, are divided into three sets 
for each of which the design CL, and hence the camber, is constant ; the design Cz's are 0.1, 0 .3 
and 0-5 respectively and the corresponding cambers 0.55 per cent., 1.65 per cent. and 2-76 per 
cent. These results do not extend far beyond the critical Mach numbers, but  generally speaking, 

* The critical lVfach number  is here defined as the Mach number  at which sonic velocity is just reached locally on the 
profile. 
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within the Mach number ranges considered, the broad trends observed above are followed. 
The behaviour of the 16-315 and 16-515 sections appears somewhat anomalous, however, in tha t  
the initial trend of the aerodynamic centre with increasing M is rearward instead of forward. 

The results for the two thick aerofoils RAF 69 and 89 (Fig. 8) confirm the opinion that,  although 
for such thick aerofoils, the initial forward trend of aerodynamic centre may persist beyond the 
critical Mach number, there will eventually occur a rapid rearward movement. 

The two items of Table 2 which relate to aerofoils with concave trailing edge provide insufficient 
information upon which to base any definite conclusions as to the behaviour of such aerof0ils. 

The C,,, vs. CL curves for the NACA 63-Series low-drag profiles, to which Fig. 10 relates, were 
somewhat undulatory in character with, in most cases, no substantial linear portions, and in 
these circumstances it was decided to use the mean slope over the range -- 0.2 ~< Cc ~< 0-6 in 
determining the aerodynamic centre position. According to calculations by the  method of 
Ref. 2, the aerodynamic centres of these aerofoils would, in incompressible flow, be expected to 
lie at about 0.26c. While at the lowest Mach number of the tests (M = 0.3) the aerodynamic 
centres of the 6 per cent and 12 per cent sections approximate to this position, the aerodynamic 
centres of the 8 per cent. and 10 per cent. sections lie much further back (0.33c and 0.305c • 
respectively). There is no apparent explanation for the discrepancy; nor are these results 
supported by  low-speed tests on aerofoils of the 63-Series, results of which are reproduced from 
Ref. 16, in Fig. 11 of this report. 

Reverting to Fig. 10, it is seen tha t  as M increases, the curves for the four profiles gradually 
converge to a value around 0.30c at about M = 0.7, beyond which the aerodynamic centres for 
all sections move rapidly rearward (with no reversals) to positions behind the mid-chord point. 

I t  will be noted that  for these aerofoils the aerodynamic centre was never ahead of the quarter- 
chord point in the Mach number range considered (0.3 ~< M ~< 0.85). 

The high-speed aerofoils H.S.1 and H.S.2 which are respectively 15 per cent and 12 per cent 
thick, and have cusped trailing edges, exhibit practically no variation in position of the aero- 

'dynamic centre throughout the sub-critical Mach number  range (see Fig. 9). At M -'- 0.7, there 
is evidence of a movement rearwards from the quarter-chord position, for both sections, but this 
is quickly reversed (M ----- 0.74) for the thicker aerofoil, while at M ----- 0.78, the aerodynamic 
centre of the 12 per cent thick section also begins to move rapidly forward. At the highest Math 
numbers of the tests (M = 0.78 and 0-80 respectively) the aerodynamic centre of each profile 
lies at about 0.17c. At still higher Mach numbers, the aerodynamic centres would presumably 
move rearwards again. 

I t  will be observed that  although groups 5 and 6 consist of aerofoils which are very similar, 
apart from the t/c range, the behaviour of the two sets of aerofoils appears to be quite different. 

TABLE 3 

Experimental Data Illustrating the Effect of the Position of (t/c) ..... 

Item Range of positions Source of data Results given 
No. Type of aerofoil of (t/c)=~x Ref. in Fig. 

1 NACA symmetrical, 12 per cent thick . . . . .  30%c to 50%c E.14 12 

2 NACA symmetrical , 9 per cent. thick . . . .  20%c to 60%c E.19 13 



Discussion.---Besides differing in thickness, the two sets of aerofoils also differed as regards 
leading-edge radius, which was given in the case of the 12 per cent sections by o/c ~ O" 55(t/C)max ~, 
and for the 9 per cent sections by e/c = 1. l(t/c)~ax 2. Since, in the case of the 12 per cent thick 
sections, many of the relevant C,, vs. CL curves (Fig. 15 of Ref. E.14) were markedly non-linear, 
it was decided to base ' m e a n '  aerodynamic centre positions for both sets of aerofoils, on the 
average rate of change of C,,, over the range 0 ~ CL ~< 0.3. 

From Fig. 12, it will be seen that  for the thicker aerofoils, pushing the maximum thickness 
rearward results in a more forward position of the aerodynamic centre at the lower Mach numbers, 
and also causes a more rapid forward movement with increasing M up to the value for which the 
reversed (rearward) trend sets in. 

The same general tendencies are in evidence in Fig. 13 for the 9 per cent thick aerofoils. At 
least, this is true for the sections with (t/c) .... at 0.3c, 0.4c and 0" 5c; but  some qualification is 
necessary as regards the extreme positions of 0.2c and 0.6c, for which the relevant curves are 
respectively further forward and further aft than would have been anticipated on the basis of 
extrapolation from the intermediate curves. 

Qualitatively at least, the effect of rearward movement of (tiC)max is similar to tha t  of increasing 
(t/c)~ax at a fixed chordwise position. This suggests that  trailing-edge angle may be the most 
influential parameter entering the problem. The importance of trailing-edge angle in determining 
the form of the C,. vs. CL curves, and hence the position of the aerodynamic centre, is confirmed 
by the results of some German tests (quoted in Ref. E.10) on three aerofoils, derived from the 
same basic section NACA 00012-0-55 50, by modification of the trailing portion so as to give 
trailing-edge angles r = 31.2 deg (normal section), 17-1 deg and 6-8 deg respectively. The 
pitching-moment curves, which relate to a single Mach number (M = 0.5) are reproduced in 
Fig. 14. I t  will be observed that  the non-linearity of the pitching-moment curve m the region 
of CL = 0, which is so pronounced for the normal section (r = 31.2 deg), is substantially reduced 
for the intermediate section (~ ~- 17.1 deg) and has practically disappeared for the section with 
smallest trailing-edge angle (~ ---- 6 .8 deg)'. The aerodynamic centre at low CL, which is well 
forward for the nornlal section, moves progressively rearward with decreasing trailing-edge angle. 
The difference in aerodynamic centre position, as between the normal and the intermediate 
sections, is roughly the same as that  between the normal section and the section 0 0012 0.55 30 
whose (normal) trailing-edge angle is approximately equal to that  of the intermediate 
0 0012 0.55 50 section (see Fig. 12). 

I t e m  
No. 

TABLE 4 

Experimental  Data Illustrating the Effect of Camber 

Camber  range Source of d a t a  
Type  of aerofoil  (per cent) Ref. 

NACA " (t/C)m~ = 12 per  cent a t  40 per cent  c . .  

NACA 16-Series; var ious  ( t / C ) m a x  at  50 per  cent c . .  

O t o 4  

O t o 4  

E.11 

E.1 

Resul ts  given 
in Fig.  

15 

16 and  17 

Discuss ion . - -Al though it is evident from Figs. 15 to 17, that  the effect of camber on the 
variation of aerodynamic-centre position with Mach number, is considerable, it is difficult to 
perceive anything systematic in the manner in which the curves vary with increasing camber. 
In this connection it should be noted that  in comparing sections of different camber (and hence 
of different design CL's) some doubt must exist as to the most reasonable choice of CZs on which 
to base the comparison. 

The 12 per cent. thick aerofoils tested in Germany and discussed in Ref. E. 11 are compared in 
Figs. 15a and 15b for low C~ (0 to 0.2) and for moderately high CL (0.4 to 0-6). The differences 
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between the curves for the various cambers are more pronounced (particularly in the sub-critical 
range) at the low Cc than at the higher CL ; the critical Mach numbers, it will be noted, are more 
widely spaced in the former case than in the latter. 

A CL range from 0.2 to 0.4 was selected for the comparison of the 9 per cent and 12 per cent 
thick NACA 16-Series aerofoils (Fig. 16) since this seemed to avoid the grosser non-linearities of 
the relevant C,,, vs. CL curves. Fig 17a deals with the NACA 16-X15 aerofoils over the same 
CL range; in this case, the non-linearities were not so consistently avoided--a  fact which is 
reflected in the extremely wide variations of aerodynamic centre position exhibited in this figure. 
In Fig. 17b the 15 per cent aerofoils are again compared, the aerodynamic centre positions for 
each aerofoil being derived in this case from the mean slopes of the G,, vs. CL curves in the CL 
range extending 0.1 on either side of the design CL for the section. In this way the worst non- 
linearities were avoided and the excursions of the aerodynamic centre correspondingly restricted. 

TABLE 5 

Miscdlamous Experimental Data 

Item 
No. 

Type  of aerofoil 

Mustang low-drag aerofoit . . . .  

0 0012-0 .55 50 and E.C. 1250 . . . .  

Miscellaneous collections of unre la ted  N.A.C.A. 
aerofoils. 

Remarks  

Compara t ive  R.A.E.  and  
N.P.L.  tests .  

These sect.ions are to all 
in tents  and  purposes,  
identical .  

Source of d a t a  
Ref. 

E.6 

E.12 
E.9 

(a) E.2 
(b) ~.3 

Resul ts  given 
in Fig. 

18 

19 and  20 

21(~) 
22 (b) 

Discussior~.--Items 1 and 2 have been included mainly to illustrate the difficulties which 
beset the would-be correlator of data on aerodynamic centre when such data are collected from 
a variety of sources. 

The curves of Fig. 18 relating to the Mustang low-drag wing section* were derived from 
independent sets of pressure distribution measurements made respectively at the R.A.E. and 
N.P.L. In the R.A.E. tests the Reynolds number was kept nearly constant at 2 × 106 while 
in the N.P.L. tests, it varied from about 1"1 × 106 at M = 0-4 to 1.8 × 106 at M--- -0 .8 ;  
transition occurred at 0.3c on the R.A.E. model and at 0.6c on the N.P.L. model. As will be 
seen from the figures, the two sets of tests indicate quite different characteristics for the aero- 
dynamic centre vs. M curve. 

A comparison of the ordinates of the two sections listed as I tem 2, shows them to be, to all 
intents and purposes, identical, but although both sets of results afford qualitative confirmation 
of the deductions made in the discussion of Table 3 - - tha t  a large trailing/edge angle is conducive 
to a forward position of the aerodynamic centre at low M, and to a rapid forward movement  
(initially) with increasing M-- the re  are quantitatively large differences in the behaviour of the 
aerodynamic centre (Fig. 19) and of the lift slope (Fig. 20). The large differences between the 
aerodynamic centre curves of each aerofoil for CL = 0 and CL = 0.2 respectively, are due to the 
marked  non-linearity of the C,,~ vs. CL curves near CL = 0, a feature previously observed for the 
0 0012-0-55 50 section in the discussion of Table 3, where the effect of reduced trailing-edge 
angle in eliminating such nonqinearities was also noted (see Fig. 14). 

* l~odels for both the R.A.E. and the N.P.L. tests were copied from templates of the full-scale wing which differed 
considerably from the ideal section. 
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Beyond emphasising how widely divergent may be the behaviour of the aerodynamic centres 
of different types of aerofoil, Figs. 21a and 21b provide no information of particular significance. 
I t  should be noted that  aerodynamic centres for the set of aerofoils featured in Fig. 21a were 
derived from the curves of ~C,,~44/~C,, vs. M given in Fig. 55 of Ref. E.2, on the assumption that,  
for the low values of CL considered, the difference between ~C,,~:4/~C,, and ~C,,,~/~/~CL would be 
negligible. 

2.2.4. Experimental data for the transonic and supersonic rdgimes.--Most of the tests discussed 
in the preceding section have extended beyond the subsonic r6gime into the lower end of the 
transonic r6gime. Few, if any, however, have been carried up to Mach numbers sufficiently near 
1.0 for the transonic similarity law of section 2.2.1(b) to hold. At any rate, such groups of 
related aerofoils as the NACA 63-Series, for which results are given in Fig. 10, do not appear to 
behave in accordance with the law over the highest part  of the Mach number range considered; 
the curves are in fact, less widely spaced than would be predicted. 

There seem, as yet, to be no reliable experimental data appertaining to the upper part of the 
transonic rfgime or to the supersonic r~gime. 

° 

3. The Locus of Aerodynamic Centres for Wings of Finite Aspect Ratio.--3.1. Incompressible 
Potential Flow Theories.--The exact theoretical determination of the locus of local aerodynamic 
centres for a wing of finite aspect ratio in non-viscous, incompressible flow, forms part  of the more 
general problem of determining the load distribution for such a wing. This involves the solution 
of a difficult three-dimensional potential flow problem which has for many years occupied the 
attentions of numerous investigators. Before the advent of the swept-back wing, Prandt l  had 
introduced the conception of the ' lifting l ine '  in an a t tempt  to avoid some of the difficulties, but  
while lifting-line theory c a n  cope, without undue loss of accuracy, with nearly straight wings of 
fairly large aspect ratio, it is quite inadequate in dealing with present-day wing shapes. In 
presenting his own approximate solution of the problem, Multhopp 1~ has briefly reviewed other 
methods of approach, of which we may here mention those of Schlichting and Kahlert  18, 
Falkner19, ~0. ~1 and GarneP 2, ~, together with that  recently put  forward by Kiichemann% 

Although it represents a step towards the true lifting-surface conception, the method of 
Schlichting and Kahlert  is virtually only a modified extension of the lifting-line conception, 
involving the replacement of continuous vorticity by a number of kinked lifting lines distributed 
chordwise, and each having a continuous spanwise load distribution ; the downwash singularity at 
the kink of a typical vortex line, whose vorticity is expressed by a Fourier series, is dealt with by 
adding a ' middle funct ion '  to the Fourier expansion. This approach has given promise of 
providing a reasonably accurate and not too laborious method of predicting the chordwise load 
distribution (and hence local aerodynamic-centre position) of straight and swept wings, but  the 
ultimate development of the method is at present held up by  difficulties concerning the ' middle 
function '* 

The principles of Falkner's vortex-lattice theory were introduced ill Ref. 19, and the methods 
by which they may be applied to the cMculation of the aerodynamic loading of wings by lifting- 
plane theory, are described in detail in Ref. 20, which introduces the so-called P functions into 
the loading formula for the vortex sheet representing the wing, to cope with the sudden changes 
of direction of the leading and trailing edges of a tapered wing at the centre-line. The scope of 
the latter paper is limited to the application of the general principles, to symmetrical incidence 
solutions and to symmetrical and anti-symmetrical wing-twist solutions. A set of solutions for 
a delta (equilateral triangle) wing is given. In a further reporP% Falkner has collected together 
the aerodynamic loadings due to incidence of a number of straight and sweptback wings, as 
calculated by the method of Ref. 20. 

* .Footnote added 1957. 
The position regarding the Schlichting method is unchanged. Following the successful introduction of the Nulthopp 

method (R. & M. 2884), attempts to resolve the difficulties which had arisen with the former method were discontinued. 
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Garner and Multhopp have both at tempted to operate with a continuous lifting surface, avoiding 
some of the physical or mathematical  assumptions which characterise the other approaches, but  
whereas the former's method is far too laborious to use for routine calculations, Multhopp's is 
reasonably economic as regards computor labour. The proposals put  forward by Garner in 
Ref. 22 have been applied by him, in Ref. 23, to the calculation of the aerodynamic load distribu- 
tion on a delta wing, while Multhopp's method is set out in full with worked examples in Ref. 17. 

In Ref. 26, Kiichemann has put forward a semi-empirical solution of the problem, which entails 
only a fraction of the computer-labour involved in the other methods. As a method of calculating 
the locus of local aerodynamic centres, it must be treated with some reserve, since it empirically 
'specifies the chordwise loading for each spanwise station of the wing at the outset. Thus, the 
chordwise loading over the middle of the semi-span of a wing of sweep angle ¢, is assumed to be 
that  of a flat plate, with a local lift slope a = 2~ cos $, while at the centre, a formula for the 
chordwise loading, depending on sweep angle, but  independent of aspect ratio, is derived from an 
analysis of the infinite aspect ratio wing with constant spanwise loading. The local lift slope 
and aerodynamic centre are then also expressed in terms of sweep angle only. The tip region is 
assumed to behave like the centre portion of a swept-forward wing and accordingly, the results 
for the centre are applied, with the sign of the sweep reversed. Finally, to link up the results 
for the centre and tip with those for the middle of the semi-span, an empirical curve, based on a 
number of experimental results of pressure plotting on swept wings, is used. 

From examples quoted for wings of aspect ratio 3 and upwards, the method would appear to 
give good agreement with experiment, and reasonable agreement with other methods of calcula- 
tion. For very low aspect ratio, however, loci of aerodynamic centres derived by  this method 
would evidently not agree with those deduced by Falkner (see Fig. 22). Nor would this method 
predict the shape of the aerodynamic centre loci, obtained by other methods of calculation, for 
distributions of twist at zero lift (see Figs. 27, 28 and 29d). 

3. l. 1. Numerical results.--Results of calculations by the methods mentioned above, which are 
relevant to the present investigation, are collected together it/ Figs. 22 to 28, upon which the 
following comments may be offered. 

(a) Constant-chord wings at uniform incidence : Falkner's calculations (Figs. 22 and 23) indicate 
the following points: 

(i) For an unswept wing of fairly large aspect ratio, the local aerodynamic centre lies very 
close to the quarter-chord point at the wing root, but  shows a continuous forward 
tendency on moving outwards towards, the tip, where it may be some 4 per cent of the 
chord further forward 

(if) As aspect ratio is decreased, the locus of aerodynamic centres moves bodily forward, 
while retaining the same general shape 

(iii) Sweeping a wing back, while maintaining constant aspect ratio, tends to send the local 
aerodynamic centre further back at the root and to bring it forward at the tip. 

(b) Delta and cropped deltct wings at uniform incidence : Fig. 24 gives the results of Falkner's 
calculations for a triangular wing of 90-deg apex angle (aspect ratio = 4) and for wings of aspect 
ratio 3 and 2. 309 respectively, obtained from it by cropping the tips. Reduction in aspect ratio 
(which also, of course, involves a change of taper) tends to bring tile local aerodynamic centre 

' forward over the whole span, but  tile effect is most pronounced towards the tip. 

Garner, Multhopp and Kiichemann have also made calculations for the cropped delta of aspect 
ratio 3.0 and their results are compared with Falkner's in Fig. 25, which indicates reasonable 
agreement except near the tip. 

Fig. 28 gives Falkner's results for a delta wing of 60-deg apex angle, while Fig. 26 gives the 
results of calculations carried out in Sweden by Berndt and Orlik-Rfickemann ~ for delta wings 
of apex angles 64 deg, 45.2 deg and 28.2 deg, and also for cropped delta wings of taper ratio 
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0-303 derived therefrom. The method used is that  of Falkner, employing a basic layout of 126 
vortices with six control points, two additional control points in the root section being introduced 
for the calculation of a correcting distribution which allows for the discontinuity of the leading 
edge. 

From Fig. 26a it is seen tha t  for the delta wing of largest aspect ratio considered (A = 2.50), 
the local aerodynamic centre moves forward on going from the root towards the tip, this tendency 
being reversed, however, over the last 20 per cent or so of the span. Reduction of aspect ratio 
(and apex angle) moves the whole locus rearward and accentuates the rearward-moving tendency 
towards the tip. 

For cropped deltas (Fig. 26b) there is less difference between the loci for the different aspect 
ratios and unlike the pure deltas, there is no rearward-moving tendency towards the tips. 

(c) Wings with linear distribution of twist at zero lift : In many  aero-elastic problems, we are 
concerned with a basic lift distribution corresponding to uniform incidence, together with an 
incremental lift distribution (of zero total  lift) corresponding to an arbi trary mode of twist. 
The locus of aerodynamic centres for the twist distribution will be quite different from that  
corresponding to uniform incidence, as can be seen from Figs. 27 and 28, which give the results 
of calculations for uniform incidence and linear twist, carried out by  the methods of Multhopp* 
and Falkner respectively, for a tapered swept-back wing and a delta wing of apex angle 60 deg. 
I t  will be seen tha t  the loci corresponding to the twist distributions exhibit infinite discontinuities 
towards the mid-semispan, the inboard and outboard branches running off to infinity in the 
forward and rearward directions respectively. 

3.2. Extensidn of the Theories to Subsonic Coml~ressible Plow.- -With in  tile limitations of the 
linearised theory, the incompressible flow theories of section 3.1 may  be extended to tile subsonic 
r6gime of compressible flow, by  application of the three-dimensional form of the similarity laws 
mentioned in section 2.2.1. This states 7 tha t  the compressible flow (1Kach number M) round a 
wing A corresponds to an incompressible flow round a wing B whose longitudinal dimensions 
are those of A, but  whose lateral dimensions are in the ratio /~ : 1, whilst the normal dimensions 
are in the ratio /~N-1 : 1, to those of A (/~ = 1/(1 -- M2)). The local aerodynamic centre at a 
given spanwise location of wing A, at Mach number M, will thus lie at the same percentage of the 
local chord as does the local aerodynamic centre at the corresponding spanwise location of wing B 
in incompressible flow. 

The results of applying the similarity law to wings of various plan-forms are shown in Fig. 29, 
in the derivation of which, use was made of some of Falkner 's  results. Tile general effect of 
compressibility on the locus of aerodynamic centres for wings at uniform incidence appears to be 
to move it rearwards at the root and to increase the (negative) slope from root to tip. These two 
factors exert opposing influences on tile aerodynamic centre at the tip which accordingly, may 
in some cases be further forward in compressible flow than in incompressible flow, and in other 
cases further aft. 

The one case of twist for which results are given (Fig. 29d) indicates a forward movement of 
the inboard branch of the locus and a rearward movement of the outboard branch, due to 
compressibility. 

3:3. Bdmviour in the Transonic Range.--The similarity law of the preceding section applies 
for sub-critical Mach m~mbers only, and it is thus not possible to make a direct calculation of 
aerodynamic-centre positions for a given wing at transonic Mach numbers. If, however, the locus 
of aerodynamic centres for a certain wing is known for specified Mach numbers within the 
transonic range, then by application of the three-dimensional form of the transonic similarity law 
mentioned in section 2.2.1, the locus, can, in theory, be determined for an infinite family of 
related wings at transonic Mach numbers corresponding to (but not identical with) the original set. 

* Fig.  27 also shows Kt ichemann ' s  resul ts  for the  uniform incidence case. 

13 



The family of equivalent wings may be defined as follows 11 : 

Let A, ~ be the aspect ratio and thickness/chord ratio respectively, of a member of the family 
whose aerodynamic characteristics are known at a certain transonic Mach number M and let 
rio--(/1 -- M~l) 1/~ Then if M '  be a second (arbitrary) transonic 5iach number and 

I1 -- M"~I) ~)2, the member of the family corresponding to  this Mach number is obtained t ' - - \  
by multiplying the normal and lateral dimensions of the first wing by (/3'//3)3 and/3//3' respectively. 
The aspect ratio A'  and thickness/chord ratio ~' of the second wing are thus given by 

and its aerodynamic characteristics at Mach number M' may be deduced from those of the first 
wing at Mach number M. In particular,the chordwise position of the local aerodynamic centre 
at a given spanwise location will be the same for the two wings at the corresponding lVfach numbers. 

3.4. Superso~¢ic Theory.--In Ref. 1, Gates has referred in some detail to Puckett 's  and Stewart's 
supersonic conical solution for the lift distribution of wings with pointed tips, and in Fig. 9 of 
his paper (reproduced as Fig. 30 of the present report) he gives the loci of local aerodynamic 
centres, appropriate to the external* solution, for wings of various plan-forms. 

From Fig. 30 it is seen tha t  for pointed wings, operating with conical flow inside the 1Viach 
cone, the local aerodynamic centre lies at the mid-chord point at the root, and tends to a position 
one-third of the chord behind the leading edge towards the tip. At intermediate spanwise 
positions, the aerodynamic-centre location depends on the value of the parameter ~ defining the 
wing shape (see figure); it moves progressively forward as ~ increases from negative values 
(lozenge-shape wings), through zero (delta wing), to positive values (arrow-head wings). 

3.5. Experime~ctal Data.--It  will be evident that  in order to provide a satisfactory experimental 
check on the validity of the theories discussed in sections 3.1 to 8.4, it would be necessary to carry 
out comprehensive pressure-plotting tests over a wide speed range on a variety of wing shapes, 
embracing all those combinations of aspect ratio, taper ratio and sweepback, likely to be en- 
countered in practice. At the same time, calculations would have to be performed on the same 
set of wings in accordance with the relevant theories. No such complete programme of work has 
so far been undertaken, nor, with available resources, is it likely to be. The N.P.L. has embarked 
on a modest programme of work on a family of arrow-head wings with quarter-chord line swept 
back 45 deg. The basic half-wing model with pointed tip, corresponding to aspect ratio 6 for 
the complete wing, will be so constructed tha t  the span may be progressively reduced to give 
aspect ratios of 3.82, 2-64 and 1-71 for the complete wing?. The wing section is to be RAE 102 
with maximum thickness of 10 per cent at 0.35 chord. Experimentally determined load distri- 
butions will be compared with those calculated by the various theoretical methods .  

Existing experimental data on the locus of aerodynamic centres for wings of finite aspect ratio 
are collected together in Figs. 31 to 42 and are commented on in sections 3.5.1 to 8.5.4. As in 
the case of the two-dimensional data, it must be stressed that  complete agreement of the experi- 
mental  results with the theoretical is hardly to be expected since the theory relates to thin 

* There are two rdgimes for conical flow over a delta wing; one, in which the Mach cone is outside the wing surface 
is called the external solution, the other, in which the Mach cone intersects the surface, is called the inter~al solution. 
These solutions can be applied to more general shapes with pointed tips, provided that the Mach cones springing from 
the tips and the rear end of the root chord do not cut the wing. 

At the time this report was written, the external solution appeared to be the more important for practical design 
application and no at tempt was, therefore, made to calculate aerodynamic-centre positions corresponding to the more 
complicated internal solutions. 

In the notation of Ref. 1, the four wings are given by (~, ~) = (3/4, 0), (3/4, 2/9), (3/4, 7/18) aitd (3/4, 5/9 
respectively. 
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aerofoils in potential flow while the experimental results relate to aerofoils of finite thickness, and 
are subject to the influence of the Reynolds number and transition position effects associated 
with viscous flow. With regard to compressibility effects in the subsonic r6gime, we have already 
seen how, in practice, large movements of the two-dimensional section aerodynamic centre occur 
in contradiction to the linear theory. Accordingly it would be surprising if, in three dimensions, 
movements of the local aerodjolamic centres were to be strictly in accordance with the similarity 
law of section 3.2. 

3.5.1. Low-speed tests of constant-chord swept-back wings (Figs. 31 and 35).--(a) Fig. 31 gives a 
comparison of experimental and theoretical results for two constant-chord swept-back wings 
tested in the No. 2 ll½-ft Wind Tunnel of the R.A.E. E~1,~2 at low Mach number. Agreement is 
tolerably good, bearing in mind that the effect of finite thickness on the two-dimensional section 
aerodynamic centre is to move it forward of the theoretical (thin aerofoil) position. 

For the wing of aspect ratio 5 and sweepback 45 deg (Fig. 31a), the experimental locus of 
aerodynamic centres is somewhat flatter over the middle portion of the semispan than the 
theoretical curve derived from Falkner's calculations, but agrees rather better with Kfichemann's 
calculation. 

For the smaller aspect ratio wing of sweepback 53.1 deg (Fig. 31b) an interesting feature is the 
way in which the experimental locus for the wing with square tip departs from the theoretical 
curve towards the tip. The pronounced rearward trend towards the tip is ascribed by Weber E~ 
to an '  end-plate effect ' associated with the assumption of a vortex sheet which runs up the edges 
of the wing. This feature is not exhibited by the wing with rounded tip, at the lift coefficient 
considered, but Weber suggests that in this case the effect will show at larger incidences. 

(b) Fig. 35 gives the results of a comparison carried out by Holme E~3 in Sweden, between two 
constant-chord wings of aspect ratio 4.5, one unswept and the other swept back at 40 deg. 
Experimental results are compared with the results of calculations based on Holme's own 
approximate solution of the lifting-surface problem, which replaces the wing by two discrete 

vortices along the ~c and ~c-lines and determines their strengths by the condition of zero normal 
velocity at points on two control lines, at ½c and ~c respectively. It  should be noted that the 
figure presents the loci of centres of pressure which, since the aerofoil section is symmetrical, 
should differ little from the loci of aerodynamic centres. 

3.5.2. Low-speed tests of delta wings (Figs. 25, 26, 32 and 33).-- 

(a) On Fig. 25 are shown experimental points, deduced from the unpublished results of 
pressure-plotting experiments at the N.P.L., on the cropped delta wing of apex angle 90 deg and 
aspect ratio 3-0, which was the subject of the comparative calculations mentioned in section 
3.1.1 (b). Agreement with theory is very good over the inboard half of the semispan, but towards 
the tip, the forward trend predicted, in varying degree, by the various theories, is not reproduced. 

(b) Another delta wing of aspect ratio 3, but with apex angle 84 deg,has been tested in the 
5-ft Open Jet Wind Tunnel at the R.A.Efi 24, and results for local centres of pressure at two 
incidences are reproduced in Fig. 32 together with the local aerodynamic-centre positions deduced 
therefrom, and also a theoretical curve estimated by interpolation in the results of Refs. 21 and 
25 (Falkner). The experimental points exhibit a fair degree of scatter, and the mean curves of 
centre of pressure for the two incidences differ considerably from one another and also from the 
locus of aerodynamic centres deduced from them and the corresponding spanwise lift distributions. 

(c) Of the delta and cropped delta wings which were the subj ects of the calculations reported in 
Ref. 24, two have been tested in a wind tunnel, and results are shown in Fig. 26 for comparison 
with the calculated values. Agreement is seen to be fair over the inboard half of the semispan, 
but to become progressively poorer towards the tip, where the experimental aerodynamic centres 
lie well behind the calculated positions. 
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(d) Ref. E.25 gives section lift curves and the spanwise variation of local centre of pressure 
over a wide range of angles of at tack for a triangular wing of aspect ratio 2.0 (apex angle 53 deg 
8 mill) tested at low Mach number in America. From these results, curves of spanwise variation 
of aerodynamic centre have been deduced for mean lift coefficients (CL) of 0.2 and 0.5 respectively, 
and these are reproduced in Fig. 33, which also shows the theoretical curve for an equilateral 
triangle (aspect ratio 2.31, apex angle 60 deg), as given in Fig. 28. The experimental curve for 
CL = 0.2 lies fairly close to the theoretical curve, the greatest discrepancy being at the root 
where the experimental_ aerodynamic centre is about 0.40c ahead of the theoretical. At tile 
higher lift coefficient (CL ----- 0-5), the complete locus has moved rearwards by  a considerable 
amount, while towards tile tip, the usual forward trend of aerodynamic centre is reversed, and 
a marked rearward movement is observed. 

3.5.3. Low-speed tests of arrow-head wings (Figs. 34 and 36).--  

(a) Ref. E.26 gives tile results of Swedish pressure-plotting tests on a 2 : 1 tapered wing 
of aspect ratio 4.5, with quarter-chord line swept back at 40 deg. The results are in the form 
of local normal force coefficients C,, and local centre of pressure positions over a wide range of 
incidence. The centre of pressure positions for c~ ---- 5 deg are plotted in Fig. 34 of the present 
report, together with an approximate assessment of local aerodynamic centres, at a mean lift 
coefficient CL ~ 0-2, deduced from the slopes of C,,~ vs. C,, curves derived from the given data. 
The centre of pressure curve is of the general shape predicted by  theory for such a wing (compare 
Fig. 27 which relates to a wing of somewhat similar proportions); the locus of aerodynamic 
centres is rather erratic in comparison. 

(b) Ref. E.27 gives local lift and pitching-moment coeffÉcients at a number of spanwise stations 
of a 4 : 1 tapered wing of aspect ratio 3.61 and sweepback 59 deg, obtained from pressure- 
plotting experiments in the No. 2 ll½-ft Wind Tunnel of the R.A.E. From these, the locus of 
aerodynamic centres shown in Fig. 36, for a mean lift coefficient CL ~ 0.1, has been derived. 
Tolerably good agreement is shown with the theoretical curve of Falkner ~, and rather better 
agreement with Ktichemann's results% 

3.5.4. High-speed tests and compressibility effects.-- 
(a) According to the Similarity Law of section 3.2, the 59-deg sweptback wing illustrated in 

Fig. 36, which was the subject of low-speed tests, reported in Ref. E.27, is the equivalent in 
incompressible flow, of a 4 : 1 tapered wing of aspect ratio 5.87 and sweepback 45 deg in com- 
pressible flow at M ~ 0.8. Such a wing has been tested in the R.A.E. High Speed Tunnel at 
Mach numbers up to about 0-91, and the unpublished results include local C,,, vs. CL curves for 
four spanwise locations on the wing at various Mach numbers and also curves showing the 
variation of local centre of pressure position with Mach number, for each section, at two angles 
of attack. From the slopes of the C,,, vs. CL curves for M ----- 0- 8, the locus of aerodynamic centres 
at a mean lift coefficient CL ~ 0.1 has been deduced and is compared in Fig. 37 with the low speed 
curve for the equivalent* wing, taken from Fig. 36. Agreement is seen to be quite good, except 
very near the tip. 

The C,,~ vs. CL curves for Mach numbers above M ~ 0.8 are completely non-linear and no 
at tempt  has therefore been made to derive aerodynamic-centre positions from them. Fig. 40, 
however, presents the spanwise variation of centre of pressure at small incidence (c~ ---= 2.1 deg) 
for Mach numbers from 0.6 to 0.915. Up to M = 0.872, the effect of increasing Mach number 
is to increase the general slope of the locus of centres of pressure by  moving it rearward over the 
inner part  of the semispan and forward over the outer par t ;  movements are relatively small. 
This increase in slope is in qualitative agreement with predictions based on the subsonic similarity 
law (see Fig. 29c) although theory indicates a rearward movement with increasing Mach number 
over the whole span. The crossing over of the experimental curves for different Mach numbers 

* The two equivalent wings have the same thickness-chord ratio so tha t  the relevant value of N in the similarity 
law (see section 3.2) is N ---- 1. 
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is, in fact, similar to that  calculated for a constant-chord wing (see Fig. 29b). Above M = 0.87, 
much larger shifts of centre of pressure occur than would be predicted using the similarity law* ; 
these presumably correspond to the large shifts of section aerodynamic centre which occur in 
two-dimensional flow at Mach numbers above the critical. 

(b) The delta wing of Fig. 25 (A = 3, apex angle 90 deg) has, in association with a body, been 
pressure plotted in the High-Speed Wind Tunnel of the R.A.E. at Mach numbers from 0.40 to 
0.92E~t Curves of local aerodynamic-centre variation deduced from these experiments are given 
in Fig. 38 which also shows Falkner's theoretical curve for the wing alone, in incompressible flow. 

(c) Fig. 39 shows the approximate spanwise variation of aerodynamic centre for a 2o : 1 tapered 
wing of aspect ratio 6 with half-chord line unswept, as deduced from American tests ~--Q at various 
Mach numbers. The curves shown, which relate to a mean lift coefficient CL ~ 0.2, appear 
somewhat erratic and no systematic variation with Mach number is discernible. 

(d) Fig. 41 relates to American tests ~-3° of a wing which, when unswept, has an aspect ratio of 
9.0 and a taper ratio of 2.5 : 1-0. In conjunction with a typical fuselage, the wing was tested 
with no sweep, and also with 30 deg and 45 deg of sweepback and sweepforward, at Mach numbers 
from 0.60 to 0.96. Sweep was obtained by rotating the wing semispans about a point in the 
plane of symmetry;  pressure-plotting stations, which lay perpendicular to the quarter-chord line 
of the unswept wing, rotated with it. The various test configurations are illustrated in Fig. 42. 
In Ref. E.30, test data are given in the form of normal force coefficients (c,/) of sections perpen- 
dicular to the unswept quarter-chord line, and twisting-moment coefficients (ct) of such sections 
about that  line. The ' aerodynamic-centre '  positions plotted in Fig. 41 relate to sections perpen- 
dicular to the unswept quarter-chord line and have been derived from the expression 

h~ = 0"25  Act 
A c~, 

where h,c, is the distance of the point in question behind the leading edge of the section, the chord 
of which is denoted by % and Act, Ac~/ are increments of twisting-moment and normal-force 
coefficients corresponding to a given increment A c~, of wing angle of attack. 

In general, therefore, the point in question is not a true aerodynamic centre ; in the case of 
the unswept wing (if the difference between normal force and lift coefficients at moderate incidence 
is neglected), it represents a mean aerodynamic centre corresponding to the angle of at tack 
increment A~. 

Nevertheless, h, is quite a convenient parameter to employ in a comparison of the effects of 
compressibility on chordwise pressure distribution for wings of various sweep angles. 

Fig. 41a shows that  for the unswept wing of large aspect ratio, the locus of aerodynamic centres 
which, at M = 0.6, varies little from a mean position of about 0.21c across the span, has moved 
bodily rearwards by some 0.20c at M = 0.89 ; further increase of M to 0. 925 produces relatively 
little change. 

Figs. 41b to 41d illustrate how such rearward movement of the aerodynamic centres may be 
delayed by  sweeping the wing either forward or back. The wing of 45 deg sweepforward exhibits 
the smallest variations of aerodynamic-centre position over the range of Mach numbers from 
0-6 to 0"96. 

For the wing of 45-deg sweepback, the ' aerodynamic centre '  appears surprisingly far back 
towards the tip ; this is probably accounted for by the fact that  at the higher of the two angles 
of at tack (10 deg) on which the derivation is based, the tip sections of the wing were stalled. 
Data  for an intermediate angle of at tack were not available. 

* This statement has not been checked by detailed calculations for the equivalent wings appropriate to the higher 
Mach numbers, but there can be little doubt of its t ru th  having regard to the small differences in plan-form of these 
wings. 
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3.5.5. Experimental data for the transonic and supersonic rdgimes.--Some of the tests mentioned 
in the preceding section have extended into the lower end of the transonic rg.gime and it has been 
observed how, as the Mach number approaches 1-0, the locus of aerodynamic centres eventually 
moves back by amounts in excess of what would be predicted by  the subsonic similarity law. 
As far as the author is aware, however, no transonic experimental data exist in a form which 
could provide a check on the transonic similarity law of section 3.3. 

As regards the supersonic r6gime, few reliable experimental data have so far been published 
and discussion of them would perhaps better be postponed until  more information has accumulated. 

3.6. The Effect of Wing Section orb the Locus of Aerodynamic Centms for a Wing of Given Plan- 
form.--In Section 2 we have observed the widely differing behaviour of the aerodynamic centre 
for aerofoil sections of the same family, but  with different thickness ratios, and also for aerofoils 
of the same thickness, but  of different families. I t  must be expected therefore, tha t  the behaviour 
of the locus of aerodynamic centres of an actual three-dimensional wing will be influenced by the 
shape of the wing section. 

Two distinct effects are involved in this connection; firstly there is the effect of  the finite 
thickness distribution, which is present whether the flow is inviscid or viscous, and secondly there 
is the boundary-layer effect associated with viscous flow. In Ref. 27, Weber has presented a 
method of calculating the chordwise pressure distribution on the surface of a thick two-dimensional 
aerofoil section in potential flow, and she has extended the method to the infinite sheared wing 
and to the centre section of swept wings, so that  in association with Kfichemann's method ~°, 
i t  may  be used to calculate the pressure distribution over the whole surface of a thick swept wing 
in non-viscous flow. Since in practice, however, section thickness and viscosity effects are 
inseparably combined, this work will be of little help in bridging the gap between the potential 
flow solutions for thin aerofoils and the practical solutions for wings of finite thickness in viscous 
flow. At the same time, the quant i ty  of three-dimensional experimental data which has accumu- 
lated, is quite inadequate to serve as a basis for empirical corrections for the effects in question, 
and we must therefore fall back on the two-dimensional data to give us an indication of the 
effects of wing section on the three-dimensional problem. 

In order to a t tempt  any quanti tat ive assessment on the basis of the two-dimensional data, it is 
necessary to examine the velocity distribution over the wing in relation to the critical Mach 
numbers appertaining to three characteristic sections of the wing-- the  central ldnk section, the 
tip section and a section in what  Neumark ~8 calls the ' regular region '  of the wing (i.e., a section, 
as a considerable distance from both the kink and the tip, where the flow approximates to tha t  
of an infinite sheared wing). Provided tha t  the wing under consideration is of fairly large aspect 
ratio and moderate taper, Neumark's  work* may be used to estimate roughly, for the kink and 
regular sectionst, ranges of ' two-dimensional equivalent '  Mach numbers corresponding to a 
given range of free-stream Mach numbers. The effect of thickness and viscosity on the local 
aerodynamic centre at either characteristic section, for a given free-stream Mach number, may 
now be assumed to be the same as for the appropriate section in two-dimensional flow at the 
' two-dimensional equivalent '  Mach number. Conditions at the tip are so dependent on the 
precise shape of the tip tha t  it is hardly worth while at tempting a similar analysis there, and in 
most practical cases it should be good enough to apply the regular region correction right out to 
the tip. Corrections for sections between the kink and the regular region may be obtained by 
judicious interpolation. 

The above procedure is described in somewhat greater detail, and illustrated by a worked 
example in Appendix I. I t  should be emphasised tha t  it  represents a tentative proposal for 
dealing with the problem rather than an established method, and tha t  it  might need modification 
in the light of experience. Generally speaking, we may expect the method to be most reliable 
for wings of large aspect ratio ; there are some indications tha t  it may  overestimate the corrections 
when the aspect ratio is small. 

* Strictly applicable only to mltapered wings. 
"~ N . B .  Sections normal to the mean direction of the isobars. 
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4. Concluding Remarks.--From the foregoing review of existing theoretical and experimental 
information, it will have become apparent that  there are large gaps in our knowledge of the 
behaviour of the local aerodynamic centre of aerofofls in two and three dimensions. 

Theoretical work relating to three-dimensional flow has been confined almost exclusively to 
th in  aerofoils in inviscid flow, and there is, as yet, no established method of allowing for the 
Reynolds number and transition position effects, which are associated with viscous flow about 
aerofoils of finite thickness, and which the two-dimensional experimental data have shown to 
be so important. 

On the experimental side there has accumulated somewhat haphazardly, a fairly large quant i ty  
of two-dimensional data, relating to the subsonic r6gime and to the lower end of the transonic 
r6gime ; for three-dimensional aerofoils, these regions have been very inadequately explored, 
part icularly as regards the effect of section thickness, while both for two-dimensional and three- 
dimensional aerofoils, the upper parts of the transonic, and the whole of the supersonic rfgimes 
remain almost completely unknown territory. 

For two-dimensional flow, existing theories completely fall to predict the large shifts of 
aerodynamic centre that  may, in fact, occur in tile subsonic r6gime. Except possibly for very 
thin aerofoils (tic of the order 6 per cent or less) such shifts are Usually in the forward direction 

• and tend to increase with increasing thickness. Although it is evident that,  as Mach number 
increases, the aerodynamic centre must ultinlately move back towards its supersonic position 
near the mid-chord point, experimental data for the transonic region are such as to suggest tha t  
the mode of translation will remain unpredictable. 

For three-dimensional aerofoils in the subsonic rfgime, potential  flow theories give results 
which are usually in reasonably good agreement with experiment, at least qualitatively, although 
there appears to be a tendency for theory to predict a more pronounced forward trend of the local 
aerodynamic centre towards the tips of swept-back wings, than actually occurs in practice. An 
assessment of the two-dimensional characteristics of the wing section(s), should indicate tile 
direction, if no t  the magnitude, of the corrections which should be applied to allow for the effects 
of finite thickness and viscosity. 

In the circumstances summarised above, it is clearly impossible to give a prescription for 
determining exactly the behaviour of the local aerodynamic centres of a given wing in the three 
r6gimes of compressible flow. At the same time it is evident that,  while it would be relatively 
:simple to draw up a comprehensive programme of research designed to close the remaining gaps 
in our knowledge, such a programme would be impossible of achievement with the resources 
available. Lest this report should end on too pessimistic and inconclusive a note, however, we 
may suggest a scheme, whereby the assembled experimental data, examined against the theoretical 
background, may be used for an approximate assessment of aerodynamic-centre positions,, and 
also indicate where any immediate research effort might most usefully be concentrated. 

J 

4.1. Suggested Procedure for Estimatir~g Local Aerodyrmmic Centre Positions for a Wing of 
Specified Pla~c-form a~d A erofoil Section(s).--Apart from quoting results of Puckett 's and Stewart's 
external  supersonic conical solution for wings with pointed tips (section 3.4 and Fig. 30) this 
:report has not at tempted to cover the supersonic r6gime, and the calculation procedure now 
outl ined applies only to Mach numbers less than 1-0. 

Procedure.--(i) Obtain the flat-plate incompressible potential flow solution for the given plan- 
-form using one of the methods (Falkner, Multhopp, or Ktichemann) discussed in this report*, 
and  also by use of the ' equivalent wing '  concept, obtain corresponding solutions for a range of 
subsonic Mach numbers. 

* I t  should be noted that  the methods of Falkner and Multhopp give local aerodynamic centres based on the 
assumption that  tile two-dimensional aerodynamic centre lies at the quarter-chord, whereas Khchemann's  method 
gives tile displacements of the local aerodynamic centres from the position in two-dimensional flow. 
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These results need some correction to allow for the effects of finite thickness and viscosity. 
As suggested in section 3.6, the direction and approximate magnitude of these corrections m a y  
best be determined from two-dimensional experimental data. Thus:  

(ii) For incompressible f low : Calculate the aerodynamic-centre position of the chordwise 
section(s) of tile wing by  Thomas's method (Ref. 2). Use this value either to correct the flat-plate 
solution (if obtained by Falk.ner's or Multhopp's method) or, in conjun.ction with Kiichemann's 
method, to obtain the absolute positions of the local aerodynamic centres in viscous flow. 

(iii) For compressible flow : For each value of M, apply the incompressible flow correction of  
(ii) above, to the appropriate flat-plate potential flow solution obtained as in (i). Then 

(a) Consider two sections*, one in the kink and the other in the regular region of the w i n g  
and for each, determine in the manner described in Appendix I, the ' two-dimensional 
equivalent '  Mach numbers corresponding to .the free-stream Mach numbers under  
consideration. 

(b) For each section, use the experimental data of this report to estimate the shifts of aero- 
dynamic centre from the incompressible flow position, at each of the appropriate 
' two-dimensional equivalent '  Maeh numbers, and plot the shifts against the corre- 
sponding free-stream Mach numbers. In general, it will be necessary to examine in~ 
turn the influence of 

Section thickness: see Table 2 

Position of section maximum thickness: see Table 3 

Camber: see Table 4. 

Apply the Calculated shifts as additional corrections to the flat-plate solutions, interpolat ing 
between the values at the kink and regular sections for intermediate sections. The shape of the  
basic ' f lat-plate '  curve should provide sufficient guide to the mode of interpolation. In view 
of the uncertain conditions prevailing at the wing tips, i t  is suggested (see section 3.6) that  the: 
regular region correction should be applied right out to the tip. 

The above procedure has been applied in an illustrative example Worked out in Appendix I ;: 
the results suggest tha t  the method may tend to overestimate the corrections to be applied. 

4.2. Suggestions for  Future Researcht . - -Great  interest attaches to the behaviour of local 
aerodynamic centres in the transonic rfgime, but experimental investigation must await the 
development of a satisfactory transonic test technique.,+.. Meanwhile any immediate research 
effort must, of necessity, relate to the subsonic or supersonic r6gillles, in tile latter of which, 
progress must be handicapped by inadequate tunnel facilities. 

As regards subsonic research, efforts would perhaps be most usefully directed towards correlating 
the theoretical (flat-plate--potential flow) methods of calculation with experimental results, and 
establishing a reliable method of correcting for finite thickness and viscosity. This would 
necessitate : 

(a) Systematic calculations by  the various methods, for families of practical wing plan-forms§. 

* Normal to tt)e mean direction of the isobars. 
t Footnote added 1957. 
Developments in test facilities and techniques, and changes in aircraft design philosophy which have occurred during 

the past seven years might suggest revision of this section in one or two respects, but broadly speakhlg, the recommenda-- 
tions still stand. 

++ The ' transonic bump ' and ' wing flow ' techniques offer perhaps the best hope for the immediate future in that they 
require only the adaptation of existing equipment rather than fhe development of essentially new apparatus. 

§ Some work of this nature has already been started at tile R.A.E. and at tile N.P.L. 
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(b) Pressure-plotting tests, over a wide range of subsonic Mach numbers, on some or all of 
these plan-forms, all test wings to have the same aerofoil section, which should preferably 
be of a type for which the variation of aerodynamic centre with Mach number (sub- 
critical) is known to be small. 

(c) Additional pressure-plotting tests on at least two of the above plan-forms (one of large, 
and one of small aspect ratio) associated with one or more alternative aerofoil sections 
which are known to exhibit large variations of aerodynamic centre with Mach number. 

The limited facilities for supersonic research might be devoted to providing experimental checks 
on the external conical solution for pointed wings (section 3.4 and Fig. 30). A delta wing has 
already been pressure plotted in the R.A.E. 9-in. square Supersonic Wind Tunnel. 
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A P P E N D I X  I 

Application of Two-dimensional Experimental Data to Determine the Effect of Finite Thickness 
and Viscosity on the Aerodynamic Centres of Wings of Finite Aspect Ratio 

1. General Technique.--The fol lowing t r e a t m e n t  is i n t e n d e d  to  a p p l y  on ly  to  wings of f a i r ly  
l a rge  aspec t  ra t io  a n d  m o d e r a t e  taper .  Fo l lowing  N e u m a r k ' s  m e t h o d  ~8 of dea l ing  w i t h  cr i t ica l  
M a c h  n u m b e r s  for  swep t  wings,  we m a y  cons ider  t h e  w ing  to consis t  of a cen t r a l  k i n k  region,  a t ip  
reg ion  and  an  i n t e r m e d i a t e  ' r egu la r  ' r eg ion  w h e r e  t h e  flow m a y  be  cons ide red  iden t i ca l  w i t h  

• t h a t  on an  inf in i te  shea r ed  wing  of t h e  s a m e  profile a n d  sweep  angle.  B e h a v i o u r  in t h e  t ip  reg ion  
is so d e p e n d e n t  u p o n  t h e  precise  shape  of t h e  t ip  a s  to  m a k e  de ta i l ed  analys is  of th is  region .  
h a r d l y  w o r t h  while,  a n d  for our  purpose ,  we shal l  a s sume  t h a t  a n y  cor rec t ions  de r i ve d  for  t h e  
r egu l a r  region a p p l y  r igh t  ou t  to t h e  t ip.  W e  are  t h e r e f o r e  r e d u c e d  to  cons ider ing  two  cha rac t e r i s t i c  
sec t ions  of t h e  w ing  : 

(i) A sec t ion  in  t h e  r egu la r  reg ion  

(ii) T h e  cen t r a l  k i n k  section.  
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In view of the approximatena ture  of this investigation, we ignore the effects of the (moderate) 
wing taper, and measure the angle of sweepback $ at the quarter-chord; we further assume tha t  
the isobars in the regular region are swept back at the angle ~. For each characteristic section 
we now assume tha t  the combined effect of thickness and viscosity at a given free-stream Mach 
number M0 i s t h e  same as for the given section in two-dimensional flow at a certain equivalent 
Mach number Me, which we now determine. 

2. ' Two-dimensional Equivalent '  M a t h  Numbers for  the Regular Sect ion.- - I t  is clear from 
Neumark's  work (Ref. 28, sections 2 and 3) that  if the wing has a chordwise section of thickness/ 
chord ratio ~, and we are concerned with a free-stream Mach number Mo, then we have in effect, 
to consider a section with thickness ratio ~ sec ~ at a ' two-dimensional equivalent '  Mach number 
Me = 5/o cos ¢. 

3. ' Two-dimensional Equivalent '  Maeh Numbers for the K i n k  Section.--For the kink section, 
we shall define the ' two-dimensional equivalent ' Mach number corresponding to a free-stream 
Mach number M0, as the free-stream Mach number Me such that,  in two-dimensional flow around 
the given profile at Mach number M~, the maximum local Mach number is the same as the 
maximum local Mach mlmber for the kink section in three-dimensional flow at Mach number M0. 
I t  follows from this definition that  fhe ' two-dimensional equivalent ' of the critical Mach number 
for the kink section is itself critical for the two-dimensional case. 

Employing Neumark's  notation, we have tha t  the maximum velocity in the kink section of a 
wing of sweepback ¢ in Compressible flow at speed U = Moao is 

~H'  
V~ax : Moa0 (1 + ~/'(1- Mo~)) 

where H '  is the value of H (the maximum super-velocity ratio per unit  thickness ratio) corre- 
sponding to the angle of sweep ¢'  of the ' ana logous '  (G6thert) wing in incompressible flow 
[tan 6'  = tan $~/(1 -- Mo~)]. Values of H as functions of $ for various aerofoil sections have 
been tabulated by Neumark in Ref. 28. 

The local speed of sound (a) corresponding to Vm~x is given by 

) , - -  1Mo2ao ~ + ao2_ 7 - 1Vmax~ + a ~ 
2 2 

2 M°2a°~ + ~/(1 -- M0~)J + 

o r  a ~ ' ao 2 {.1 
2 M°~ , , v / ( ]  - Mo ~) + 1 - -  M o V / "  

The local Mach number is therefore 

Mmax - -  V . . . .  M o  
a 

vQH' 1+  
V ( 1  - r ag )  

2 M ° 2 k V ( 1  - -  M o  ~) + 1 - -  Mo~/J 

= M ( ¢ )  

since H '  is a function of ¢. 
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The corresponding local Mach number in two-dimensional flow would be 

M'~a~ ---- M(0) : M0 [1 -- 7 -- 1 

L 2 

1 +  oH(O) 
v (1 - M:) 

_ _  Mo2( 2 H(0) 
- -  Mo ) + 1  Mo JJ 

If we plot Mm~.~ and M'  .... as functions of Mo, as in Fig. 43a, and join the two curves by a hori- 
zontal line, the abscissae of its end-points A, B give one pair of corresponding values of M0 and Me, 
the ' two-dimensional equivalent ' 1Viach number as defined above. This process yields a curve 
of Me against M0 as in Fig. 43b. 

4. Illustrative Example.--The tapered swept-back wing (A ---- 5.87, ¢~14 ---- 45 deg) for which 
experimental results are given in Fig. 40, has been used for this example. The aerofoil section 
was HS6 scaled up to 14 per cent thick (at 31 per cent c), the trailing-edge ang l e ,  being about 
14 deg. The aerodynamic centre of this section in incompressible flow at the test Reynolds 
number of 1.5 x 10" has been estimated by Thomas's method (Ref. 2) to lie at 0.235c. Using 
this result ill conjunction with Ktichemann's method (Ref. 26), the loci of aerodynamic centres 
were calculated for M = 0.6, 0 .8 and 0.872, using the equivalent wing concept, and ignoring the 
variation of thickness and viscosity effect with M. The results are shown in Fig. 44 (broken lines), 
together with experimental points* from Fig. 40. 

To correct for thickness and viscosity, the variation of ' two-dimensional equivalent '  Mach 
numbers with free-stream Mach number, for the regular and kink sections was computed in the 
manner indicated in sections 2 and 3 above (see Figs. 43a and 43b). These equivalent Mach 
numbers were then used, in conjunction with Fig. 4 (employing interpolation with respect to 
rather than t/c), to derive the corrections to aerodynamic-centre position for thickness and 
viscosity, which are shown in Fig. 43c. These corrections were now applied to the uncorrected 
results of Fig. 44, a rough interpolation being made between the kink and regular section results, 
for intermediate sections; the corrected loci are shown by the full lines of the figure. 

Discussion.--Apart from the two points in mid-semispan at M = 0.6, the corrections appear 
to be of correct sign, but  except near the tip, they are too large to give agreement with the 
experimental results. I t  is not possible to draw general conclusions from this single example, 
but  it is suspected that  the proposed method of correction, based on two-dimensional data, will 
result in over-correction, particularly at the lower aspect ratios. 

From Fig. 43c, it will be noted that  at M -- 0.87, there is a reversal of the forward-moving 
tendency of the kink-section aerodynamic centre due to thickness and viscosity effects, which 
for M > 0.87, cause a rapid rearward movement;  meanwhile the regular-section aerodynamic 
centre continues to move forward due to these effects. At these high Mach numbers, for which 
the local flowis already supersonic over parts of the wing, it is no longer permissible to apply the 
' equivalent wing '  concept in assessing the effect of plan-form, but assuming that  this effect 
suffers no sudden change at M -- 0.87, it may be concluded that  above this Mach number, the 
kink-section aerodynamic section should move rapidly rearward, while in the regular section, 
the aerodynamic centre should, if anything, move slightly forward. This agrees roughly with the 
observed experimental behaviour, as evidenced by the curves of Fig. 40 for M ---- 0.893 and 
0.915. I t  thus appears that  two-dimensional data, applied in the manner suggested in this 
appendix, should give a reasonable qualitative indication of behaviour at the lower end of the 
transonic r~gime. 

* Note that the experimental points are actually centres of pressure, not aerodynamic centres. 
section is symmetrical, however, there should, by linear theory, be no difference. 
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T A B L E  1--Sources of 

Item 
No. Report No. Ref. 

No. 
Aerofoil 

section(s) Type of section and remarks 
tic 

(per 
cent) 

Position 
of (#C)m= 
(% chord) 

Camber 
(per 

cent) 

Trailing 
edge 

N.A.C.A./ 
T.N.1546 

10 

N.A.C.A,/ 
T.I.B./1344 

N.A.C.A./ 
T.I.B./1365 

N.A.C.A./ 
T.I.B./1501 

R.A.E. Report 
Aero. 1811 

R.A.E. Report 
Aero. 1948 

R.A.E. Report 
Aero. 1985 

8 A.R.C. 7203 

9 A.R.C. 8395 

R.A.E. Tech. 
Note Aero. 1684 

E.1 

E.2 

E.3 

E.4 

E.5 

E.6 

E.7 

E.8 

E.9 

E.I( 

24 NACA 
16 Series 

NACA : 
23015 
16-212 
66, 2-015 ~l  
66, 2-215 ~1 
65 (216)418,11 

NACA : 
0015 
4415 

23015 
65~-215 ? 
66, 2-215 

NACA: 
63-206 
63-208 
63-210 
63-212 

H.S.1 
H.S.2 

l~ustang wing 
section 

N.A.C.A. 23021 

High-speed sections (particularly 
for propeller applications)• 

Various amounts of camber 

Older conventional 
High critical speed 

Low-drag .. 

Conventional symmetric . .  
Highly positive cambered con- 

ventional. 
Forward cambered conventional 

Low-drag . . . . . .  

Sections having uniform load 
type mean camber line (design 
G = 0.2). 

Designed for high Mo~t~ with 
satisfactory Cz ... .  

Low-drag (Models copied from 
templates of full-scale wing). 

Older conventional 

RAF 69 Thick, moderately cambei'ed ..  
RAE 89 

Low-drag. Very similar to 
NACA 00012~0.55 50 (see 
Item No. 12). 

EC. 1250 (with 
25 per cent 
control). 

NACA 0 0012- 
0.55 50 with 
various T.E. 
shapes. 

Symmetrical; T.E.'~ 31.2 deg 
angles ~ = ~- 17.1 deg 

J 6.8 deg 

6 to 30 

15 
12 
15 
15 
18 

15 
15 

15 
15 
15 

6 
8 

10 
12 

15 
12 

14-5 

21 

20'7 
25 

12 

12 

50 

30 
50 

• 45 
45 
40 

30 
30 

30 
40 
45 

35 
35 
35 
35 

"/40.6 
f4o.6 

40 

30 

50 

50 

to 5.5: Convex 

1.84 Convex 
1.1( Convex 

° I 1.1( ,Concave 
2.21 

0 Convex 
4 Convex 

1-84 Convex 
1.5( Concave 
1-48 Concave 

1.10 
1.10 Concave 
1.10 
1.10 

:1.0 Concave 
:1.0 

1.2 Concave 

1.84 i Convex 

1-91.9 }Convex 

Convex 

Convex 
0 

Concave 
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Two-Dimensional Experimental Data 

Trailing 
edge 

angle z 
(deg) 

Type of 
measurement 

Mach number 
range 

Reynolds number 
range 

Method of presentation 
of results in reference 

report 

Results given in 
this report 

Figure 
No. 

14"7 
(6%) 

48.7 
(21%) 

Force 
measurements 

0 . 3  to 0 . 8  

19 "5 
29 
12 "85 
12 "85 
8"8 

19.5 ]. 
19.5 f 

19"5 1 

1218@ 

24 

0"85 X 106 to2  X l0 G 

0.7 x 106 t o l . 8 x  106 

3.2 
4"1 
4 .9  
5"7 

7.6 
6.2 

7.3 

Pressure 
distribution 

Force 
measurements 

Pressure 
distribution 

Force 
measurements 

Force 
measurements 

Pressure 
distribution 

Pressure 
distribution 

O. 34 to 0.75 

0.3 to 0.85 

0.3 to 0.875 

0.2 to 0.8 

R.A.E. tests : 
0.3 to 0-8 

N.P.L. tests : 
0.3 to 0.83 

0.4 to 0.75 

Force 0.45 to 0.80 
measurements 

30 0.3 to 0.85 

M = 0 . 5  

Pressure 
distribution, 
integrated to 
give lift and 

pitching 
moment 

31 "2 
17"1 
6"8 

106 to 2 X 106 

106 to 2 X 106 

0.97 X 106to 1.11 X 106 
0.83 X 106to 1.10 X 106 

--~-2 X 106 

1"1 X 106a tM = 0 " 4  
1.8 X 1 0 6 a t M =  0"8 

2 X 10 ~ 

- -1 .9  X 106 

Cm¢14" VS. C Z c u r v e s  a t  
v a r i o u s  M .  

Cm44. and C~ curves at 
varmus M (obtained 
by integration). 

Curves of ~Cm44/~C~ 
vs. M are given. 

C,,44" vs. C~ curves at 
various M. 

C,~44" vs. C~ curves at 
various M. 

C~44. vs. C~ curves at 
various M. Mean 
values of dC,,/dC~ for 
C ~ = 0  to 0.2 are 
tabulated. 

CL, C~ carpets for 
R.A.E. tests. 

C~. carpet and C~ vs. M 
curves at various c~ for 
N.P.L. tests. 

Cz carpet, and C,, vs. M 
curves for various ~. 

(i) Effect of tic on vari- 
ation of a.c. with M. 

(ii) Effect of camber on 
variation of a.c. with 
M. 

Variation of a.c. with 
M (low C~). 

Variation of a.c. with 
M. (0 ~< C~ ~< 0.4) 

Effect of tic on varia- 
tion of a.c. with M. 

Variation of a.c. with 
M. 

Comparative curves of 
a.c. v~/riation with M 
(R.A.E. and N.P.L. 
tests). 

Variation of a.c. with 
M (compared with 
9%, 12% and 15% 
sections). 

7 

16 andl7 

21a 

21b 

10 

9 

18 

C~ carpet, and C~ vs. c~ Variation of a.c. with 8 
curves for various M. M. 

Curves of variation of 
a.c. and ~CL/~c~ with 
M, compared with 
corresponding curves 
for I tem 12 

Cmo]4 vs. C~ curves and 
derived a.c. positions 

Curves : 
Cz vs. M ) f o r  various 
C~ vs. M f c~. 
Cz vs. ~ ) . for  various 
C,,vs.~ f M 

C,, 4~ vs. Cz curves 

19 
20 

14 

29 



T A B L E  1 

Item 
No. 

11 

12 

13 

14 

15 

16(~) 

(b) 

17(a) 

(b) 

18(~) 
(b) 

19 

20 

Report No. 

R.A.E. Tech. 
Note Aero. 1685 

R.A.E. Tech. 
Note Aero. 1915 

R.A.E. Tech. 
Note Aero. 1931 

R.A.E. Tech. 
Note Aero. 1987 

A.R.C. 11059 
(D.V.L./U.Si. 

1259/3) 

A.R.C. 11,539 
and 

D.V.L./U.~. 
1259/2 

A.R.C. 11,550 
and 

D.V.L./U.IVI. 
1259/1 

IF" 1B~i90 

N.A.C.A. 
Report 492 

Ref. 
No. 

E.11 

E.12 

E.13 

E.14 

E.15 

E.16 

E.17 

E.18 

E.19 

Aerofoil 
section(s) 

NACA : 
0 0012-0.55 40 
1 3512-0.55 40 
2 3512-0.55 40 
4 3512-0.55 40 

NACA : 
0 0012-0.55 50 

NACA: 
0 0012-0.55 30 

NACA: 
0 0012-0.55 30 
0 0012-0.55 40 
0 0012-0.55 50 

NACA 23015 

NACA23012 

NACA 23009 

NACA: 
0 00 06-1.1 30 
0 00 09-1.1 30 
0 00 12-1.1 30 
0 00 15-1.1 30 
0 00 18-1.1 30 

NACA 13 Re- 
lated symmetri- 
cal, and 3 
cambered. 

Type of section and remarks 

Symmetrical; (t/C)mDx at 40%c 
1% camber at 35%c 
2% camber at 35%c 
4% camber at 35%c 

Symmetrical; (t/c) .... at 50%c 
very similar to EC. 1250 (see 
Item No. 9). 

Symmetrical; (t/c)m~x at 30%e 

30%c 
Symmetrical; (t/c) .... at 40%c 

5O%c 

Older conventional 

Older conventional 

Older conventional 

Symmetrical with (t/c) .... at 30 
per cent chord 

Various . . . . . .  

l f 12 

12 

t/c 
(per 

cent) 

12 

I 12 

15 

12 

9 

6 
9 

12 
15 
18 

6 
9 

12 

Position 
of (t/e) .... 
(% chord) 

40 
40 
40 
40 

50 

Camber 
(per Trailing 

cent) edge 

0 
1 I Convex 2 c 
4 J 

0 Convex 

30 0 Convex 

30 0 
40 0 Convex 
50 0 

30 1.84 Convex 

30 1,84 Convex 

30 1"84 Convex 

30 t 0  }Convex 

N.A.C.A. 
%1.B./951 

E.20 24 sections most- 
ly NACA sym- 
metrical and 
cambered. 

Various . . . . . .  4 to 15 

Re~orts used by Po lhamus  in  the 

Various 
(20 to 60) 

0 
2 
4 

Various 

Convex 

Convex Various 
(3o to 4o) 

30 



continued 

Trai l ing 
edge 

angle 
(deg) 

20"9 

15"8 

T y p e  of 
measurement  

Mach number  
range 

15"8 
20 "9 
30 

Pressure 
d is t r ibu t ion  

0 .3  to 0 .85  

19.6 

15.6 

11.7 

8 
11.9 
15.7 
19-5 
23 .5  

Pressure 
d is t r ibu t ion  

Pressure 
d is t r ibu t ion  

Pressure 
d is t r ibut ion  

Pressure 
d is t r ibu t ion  

Pressure 
d i s t r ibu t ion  

Pressure 
d i s t r ibu t ion  

Pressure 
d is t r ibu t ion  

0 .3  to 0 .87  

0"29 to 0- 79 

0 . 4  to 0 .865 

0 . 3  to 0 .87  

0 .29  to 0 .88  

0 .29  to  0-88 

0 . 3  to 0 .88  
0 .3  to 0.866 
0-3  to 0 .84  
0 -3  to 0 .84  

O. 3 to 0.809 

:orrelation of Re f. 14 (in addition to 1 above) 

Various 

Various  

Force  
measurements  

Force  
measurements  

O- 35 to O" 87 

0- 65 to 0 .94  

Reynolds  number  
range 

2 . 3  X 1 0 6 t o 4 " 6  X 106 

3 .4  X 106 to 6 .5  X 106 

2 . 3  X 106 to 6-2 X 106 

2.1 × 1 0 6 t o 4 . 5  × 106 

2 X 106 to 4 . 6  × 106 

2 . 1 5 ×  1 0 6 t o 4 . 6  X l0 G 

3"2 X 106 to 6"5 X 106 
(approx.) 

0 .35  X 106to0"75  X 106 

0-34 X 106 to 0-42 X l0 G 

Method of p resen ta t ion  
of results  in reference 

repor t  

Curves of d/C,,o/~/dC~ 
vs. M at  two Cz's 

Curves of d/C,,,,14/dCz 
vs. M for var ious  CL 

Pressure d i s t r ibu t ion  
curves only are given 

Cm44. vs. Cz curves for 
var ious  M 

Curves of 8C,,,ol~lDCz vs. 
M for var ious  C~ 

Pressure d is t r ibu t ion  
curves only are given 

Pressure d is t r ibu t ion  
'curves only are given 
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