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Summary —The incompressible flow past an aerofoil with a thin jet emerging from its lower surface somewhere near
the trailing edge is considered. Based on unpublished work of Gates, Maskell and Spence, a simple method is
described for calculating the pressure distribution over wings of non-zero thickness. The effects of finite aspect ratio
and of camber are included and the method can be used for design purposes. The possible effects of sweep are briefly
discussed. It is pointed out that a saddleback chordwise loading is typical for aerofoils with jets and that this is the
basic reason for many of the aerodynamic advantages of the jet-flap system. '

1. Introduction.—The ‘ jet-flap * system, as recently described by Davidson®, has been treated
in its physical aspects by Maskell and Gates (unpublished); and thin-aerofoil theory has been
applied by D. A. Spence?* to ‘calculate the circulation and the chordwise loading for a thin flat
aerofoil with a thin shallow jet emerging from the trailing edge. The latter results can be used
to devise a simplified method for calculating the pressure distribution, if the external lift force
and the jet momentum are known. Such an extension of the existing method is worthwhile if
the effects of non-zero thickness and of camber can be included and if it can readily be
extended to wings of finite aspect ratio and to swept wings. Further, the method should be
simple enough to serve as a basis for a rational jet-flap wing design. It is the aim of the present
paper to describe such a method, which incorporates the jet flap as a special case in the general
aerofoil theory of Refs. 4 and 8. * A

The considerations in this note are restricted to incompressible and inviscid flow although some
viscosity effects are briefly mentioned. Further, only the forces on the external surfaces of the
aerofoil are considered. This leaves out the flow phenomena near the exit nozzle as well as all
the problems connected with the propulsive efficiency of the system and the integration of the
- lift and propulsion units. In particular, internal forces and energy losses are not considered (for
these see, for example, Ref. 9). Questions concerning the stability and control of such aerofoils

are also ignored.

2. Lift and Drag Forces on a Wing at Zero Incidence without Jet—As a preliminary study,
consider the problems of how a lift force can be produced by a wing at zero angle of incidence
and how the induced drag can be accommodated. The circulation associated with the lift force
must differ from the Kutta value (which is zero) and it must be such that the rear stagnation
point is displaced forward from the trailing edge by the same amount as the front stagnation
point is displaced downstream from the leading edge. This may be considered as a special case

of the ‘ Thwaites flap®’.
*R.A.E, Report Aero. 2573, received 2nd June, 1956.




We realise that, by dropping the Kutta condition, the solution for the chordwise loading of a
flat wing of infinite span is no longer unique. The solution /(x) with x = 0 at the leading edge
and x = 1 at the trailing edge, of the downwash equation:

fzx_x 0
) )

whereas the second term on the right-hand side of the last equation vanishes if the Kutta condition
{(+ 1) = 0 1is applied.

now takes the general form:

2

{(x) = const

For a flat wing of infinite span, the chordwise loading for a given lift force can be seen at once
as being the sum of two ‘ flat-plate ’ distributions, as in Fig. 1, each of them being a solution for
the flat plate at incidence. Whereas /,(x) produces a uniform downwash, «,; = C.,/2xn, along
the chord, Z,(x) produces a uniform upwash «,, = — C.,/2%, of the same amount so that the
plate at zero incidence is, in fact,-a streamline. Thus, for ¢ = «,; + «,, = 0, we have C;; = Cy,.
The first component distribution is given by the well-known relation due to Birnbaum :

Lx) = — AC,(x) = + _z o (1 — x)1/2

X

(1)

where 4C, is the difference between the pressure coefficients C, = (p — p,)/(3p V) on the upper
and lower surfaces of the aerofoil. The second component distribution is then:

zmp#m—ﬁzg%Géﬂm.” Lo

The overall 1ift coefficient :
1
CL:J.OZ(x)dx:CLl_}_CLZZZCLI s “ .. .o . (3)

can be freely chosen.

The chordwise loading /; + 7, is shaped like a  saddleback ’, as shown in Fig. 1. There is a
suction force at the leading edge, to which only /,(x) contributes:

Cps® ___ C? .

CTI:_Z—TE——S—TE—J .o . . . “e ‘e (4)

and another suction force in the other direction at the trailing edge, to which only /,(x) contributes.
This is equal and opposite to Cr, so that there is no overall drag.

In contrast to the aerofoil of infinite span, the wing of finite aspect ratio possesses streamwise
vorticity components, both on the wing surface and in the wake, and these together induce a
downwash over the wing-surface. If the aspect ratio of the wing is large, this downwash is
constant along the wing chord and if we assume further that the plan-form is such as to give the
smallest induced drag, this downwash is constant along the span also, z.¢., it is constant over the
whole wing surface. It is then possible to put the wing at the same incidence, namely:

v, 1
OC—-OCi_Vo nACL .. .. .. .. .. .. (5)
as is induced by the streamwise vortices. The same lift is then obtained as on the corresponding
wing of infinite span at zero incidence, with the same saddleback chordwise loading and with
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elliptic spanwise loading. This means that the suction forces at the leading and trailing edges
still cancel one another; but there is now a drag component from the pressure forces normal to
the surface, which is equal to:

CD¢=CL0C=C—LOCi=1—CL2 .. . .. . . (6)
wA

by equation (5), as it should be for the wings considered, in the absence of a jet.

If the wing of finite aspect ratio is required to remain at zero incidence, the existence of a
downwash contribution from the streamwise vorticity components means that the bound vortices
l,(x), which on the two-dimensional aerofoil had to produce all the downwash needed, can now
be weaker and are required to contribute only part of the downwash, as indicated in Fig. 2.
The vortex distribution Z,(x) is thus no longer equal to /;(1 — #). This implies that the chordwise
loading becomes asymmetrical and that the suction forces at the leading and trailing edges do
not cancel one another any more. In fact, C, is smaller than Cy, and it is in this manner that

the induced drag occurs, in theory.

That the difference between leading-edge and trailing-edge suction has indeed the same value
as the ordinary induced drag can be seen as follows. Consider an unswept wing of not too small
an aspect ratio, so shaped as to give constant C, values along the span and minimum induced
drag. The overall tangential force is the sum of two components:

= Cpt , Cu?
Cr=Cn+Cn= _E%'I“ 21;:
by equation (4), so that:
- 1 :
CTZ%(CL]_"{_ CL2)(CL2_CL1) . Ly .o e .. . (7)
On the other hand, the boundary condition on the wing reads «,, + «,, 4+ «; = 0, where:
C C '
ocel=2—jzlandoc52=‘——2—: .. .. .. .. . .. (8)
are the downwash angles belonging to the two bound vortex distributions and:
di—a . . e . . .. .o . . (9)
with €, = C, = C,, + Cy,, is the downwash from the streamwise vortices. This leads to:
clegéL'(l-f%) and cu:%c}(1+%) a0
so that, by equation (7):
~ 1 2= 1 =,
CT-—%CLZCL—HCL .. .. .. .. .. .. (11)

as before. Accordingly,the same result is obtained for an aerofoil at any angle of incidence with
any position of the stagnation points, which follows directly also from momentum and energy

considerations: :

The main advantage of producing a lift force with a saddleback chordwise distribution lies in
the fact that, for an aerofoil of non-zero thickness, the velocity distribution is more uniform
than it normally is with the aerofoil at an angle of incidence. For instance, the velocity peaks
at the leading and trailing edges of the aerofoil are only about half as high as the single velocity
peak at the leading edge of an aerofoil at incidence, at the same overall C; value. The subsequent
adverse pressure gradient behind the front peak can be slightly less steep for the aerofoil at zero
incidence if it has about twice the lift. This implies that any breakdown of the flow associated
with laminar-flow separation and subsequent bubble formation close to the leading edge, and
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possibly loss of lift, should be delayed on the aerofoil at zero incidence (i.e., with saddleback
loading) until the lift is about twice that reached on the aerofoil at incidence. Thus the value
of C;mex should be about twice as high for aerofoil shapes of moderate thickness-chord ratio
(class B of Ref. 7). Further, the drag increment due to a breakdown of the flow at the leading
edge, involving the loss of the suction force there, is also less since the suction force is only a
quarter of that occurring at the wing at incidence with the same lift, by equation (4). However,

“there is also the possibility of a flow separation from the trailing edge, even if it is rounded and
this is why such a flow never occurs in practice unless some external help is provided. Such a
means is a jet which emerges from the lower surface near the trailing edge in that it makes it
possible to maintain such a circulation at zero incidence. At the same time, the jet makes the
solution unique and fixes the value of the circulation.

3. Jet Effects on Thin Unswept Wings.—Consider now the case of an aerofoil with a jet
emerging from its lower surface somewhere near the trailing edge. The effects of such a jet on
the circulation round the aerofoil and on the forces on it have been discussed in detail by
D. A. Spence?. For the present purpose, we remind ourselves that the two principal effects of
the jet are:

(a) It can establish an asymmetric flow and thus the natural circulation (as for the Thwaites
flap), which would otherwise not be obtained because of viscosity effects

(b) It can increase the circulation beyond this value by virtue of its higher energy.

This is illustrated in Fig. 8. In the case of an aerofoil of elliptic section shape, say, any value
of the circulation around the aerofoil at zero incidence is possible in an inviscid stream in the
absence of the jet (Fig. 3a). In a viscous stream, a flow separation at the rear end is likely to
prevent such a circulation altogether (Fig. 3b). A jet will at least help to establish the ‘ natural
circulation * which belongs to the rear stagnation point being at the jet exit. In fact, the jet
may produce a ‘ supercirculation ~ above the natural circulation (Fig. 3c), if the momentum of
the jet is large and if flow separations are avoided. In the case of an aerofoil with a small flap,
the natural circulation in inviscid flow (Fig. 3d) is likely to be reduced by viscosity effects (Fig. 3e),
whereas a jet suitably discharged and making use of the Coanda effect may establish the natural
circulation or even more (Fig. 3f). :

In an analytical treatment of the inviscid flow past an aerofoil with jet, the jet may be replaced
by a distribution of sources and vortices. These induce a velocity component normal to the
aerofoil and, for the aerofoil to remain a stream surface, a vortex distribution along the aerofoil
surface is required to cancel this upwash. The overall vorticity so added corresponds to the change
in circulation and in lift force beyond the values which correspond to a position of the rear
stagnation point at the jet exit. Now, it can be shown that the contribution of the sources to
the upwash and hence to the pressure forces on the aerofoil is very small, except in the immediate
neighbourhood of the jet exit. To a first approximation, the sources may, therefore, be ignored
and the vortices only considered. Further, the jet may be assumed to be thin and the static
pressure in the exit to be equal to the undisturbed pressure, p,, so that the momentum of the air
in the jet, M,, remains constant along the jet. In that case, the aerofoil experiences a tangential
force (parallel to the chord-line, 7.e., a thrust) along its external surfaces* (excluding the duct)
of the magnitude:

T
Cr=pym——Cl—cosa), . ... ... (19

as shown by Maskell and Gates by means of the momentum theorem. Drag forces are called
positive ; 7 is the discharge angle and :

M;

C,= 21
J %onzc

(13)

* The forces considered throughout this note are always those acting along the external surfaces of the aerofoil,
i.e., they do not include the direct lift and thrust components of the jet, unless otherwise stated.
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the jet momentum coefficient. The lift force, on the other hand, cannot be determined by the
momentum theorem as it depends essentlally on the penetration of the jet into the stream.
It can be calculated numerically by the more detailed method of Spence who obtained for the
lift force on the external surfaces of a thin aerofoil at zero incidence:

Cr

-?zmmym~ngqu—c, L (14a)
for small values of C; and:
%:3-54CJi/2—O°675C]+0-156CJ3/2 o . . .. (14b)

as an approximation for C; values up to about 10. The chordwise distribution of this load and
the vorticity distribution along the jet can also be determined in Spence’s method.

In the following, we shall establish two simple approximate methods for calculating the
chordwise distribution of the lift, as a supplement to Spence’s more complicated method. The
first is the simplest and only the overall lift can be made right whereas there is no external thrust
force. In the second method, the thrust force given by equation (12) is also accurately represented.

The simplest approximation is obtained by assuming the lift distribution still to be symmetrical
fore and aft, as in the case without jet. All the jet is supposed to do is to fix a certain circulation
and thus a lift coefficient which can be taken from equation (14). In that case

) = L(x) +b®) e e (18

as in equatlons (1) and (2), with C,; + C., = C, and Cp; = Cy,, whereas Cr = 0. The shape
of the stagnation streamlines and the chordwise lift distribution obtained in this way are shown
in Fig. 4 (case b) and compared with the results from Spence’s linearised theory (case a) for a
typical example. It will be seen that even this crude approximation gives reasonable answers,
considering that the behaviour of the solution from linearised theory in the region of the tralhng
edge is not qu1te correct either®.

To obtain a more refined solutlon the chordwise loading must be asymmetric fore and aft so
that the suction forces at the leadlng and trailing edges are no more equal and opposite but leave
room for fulfilling the thrust condition (12). The simplest way of achieving the required asym-
metry is to leave the two partial solutions /; and /, as they are and to add a third solution /.
The latter must then be such that the downwash induced by it exactly compensates for the upwash
induced by the jet vortices. It will suffice for the present purpose to assume that this upwash,
«;;, is constant along the wing chord. The third partial solution is then: ‘

1 — x\/? '
It is of the flat-plate type, as /,(x). The downwash induced by it is constant along the chord
and ha,s the value Cp3/2=n. Hence o, = Cy3/2n = — «,;. The total loading is then:
Ux) = Lx) + L) +L®), .. .. .. . ..o (17)

with /,(x) from equation (1), /,(x) from equation (2) and /;(x) from equation (16).

* The correct behaviour of the velocity near the trailing edge is proportional to (¥ = 1)*~1, with § <{ # < 1, depending
on the discharge angle v, 7.c., n = a/(v - =), for the case of a jet emerging at the trailing edge. In contrast to this,
the symmetrical loading (case b) always gives # = } ; and the linearised theory gives a logarithmic infinity. The
differences in the chordwise loading are similar to those found by Keune® for the case of a thin derofoil with a hinged
flap between the linearised solution of Glauert” and the exact solution.
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It remains to determine the coefficients Cy, C;, and Cp,. This is possible without actually
knowing how large «,;; is. We use the streamline condition:

o= o, + oy ooy ooy =0, .. o .. .. (18)
which leads to «, -+ @, = 0 since o, = — a;;. By equation (8), «, + o, = (Cp/2n) —
(Cref2m) = 0, and thus: '

CL]_:CLg, .. .. . . e "' .« .. (19)

i.e., I, + I, is still symmetrical fore and aft and represents a pure circulation. Further, for the
overall lift :

CL:CL1+CLZ+CL3) .. .. .. . ..V . (20)
where C, may be taken from equation (14) or from experiment. Hence:
CLI - CLZ == %‘(CL — CL3) . .. .. .« . .. (21)

and it remains to determine C;;. This can be done by considering the suction force at the leading
edge:

Cot Cwt 1 | |
-—(L%Z—L—?')=—8—7Z(CL+CL3)Z, @
which is not now equal and opposite to the suction force at the trailing edge:
Ct 1 :
—2%=—8—7—E(CL—CL3)2. .. . . .. .. .. .0 (23)

We may now consider the extreme case where the nozzle is so shaped that the thrust from
equation (12) is all carried at the leading edge. Thus

Cr= — (1/87)(Cy + Cpo)* + (1/87)(C, — Cra)® = — C4(1 — cos 1),

which gives a relation for C, ; if the overall lift and thrust coefficients are known:

CL3=2ngl(1—cosr). .. ce e .. .. . (24)
L

C,, and C,, can then be calculated from equation (21) and hence the chordwise loading is known
by equation (17). We have thus obtained a solution for the chordwise loading, including jet
effects, without knowing the shape of the jet or the vorticity distribution along it. Stagnation
streamlines and vortex distribution within the wing chord are in reasonable agreement with
Spence’s solution, as shown in Fig. 4, case (c).

Now, the jet-induced upwash, implied in this calculation, is by equation (24):

aﬂz_%:—%:m%u_com... L @)

The jet may also induce a velocity component, v,;, parallel to the aerofoil chord. This will be
the same on the upper and lower surfaces of the aerofoil and it does not, therefore, contribute to
the lift force, to a first approximation. As the vorticity distribution along the jet is situated
behind and below the aerofoil, we may assume v,; to be smaller than «;;V,. Taking it to be
constant along the chord, we may put:

vy G
Vo " C:
with a factor » of the order of 1 or smaller than that. As v,/V, is a small term compared with

unity, its value need not be known very accurately, and for estimation purposes we shall put
» = 0 and, alternatively, » = 1 in later applications.

6
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Proceeding to unswept wings of finite aspect ratio, we may consider the principal effect of the
finite aspect ratio to be the existence of streamwise vorticity components both on the wing and
in the jet. Thus, another additional downwash contribution, «;, arises from the streamwise
vortices. This is constant along the wing chord, as in the theory of Ref. 4, if the aspect ratio of
the wing is large. We do not propose to go into any details here about how this downwash and
the lift on the aerofoil can be determined but make use of results which will be published later
by Maskell. Our aim is again to determine the chord and spanwise pressure distribution if the
overall lift and thrust forces are known. For the present purpose it is sufficient to take the
result of Maskell that the downwash has the value:

_CLTOTALA
= e OO ¢}

for unswept wings of moderate and large aspect ratios with minimum induced drag, where
Cprorar, (= C, for short) is the overall lift coefficient of the whole wing including the direct jet
lift. If we consider again the extreme case that the whole external thrust occurs at the leading
edge and not at the nozzle; and if we restrict ourselves to chordwise loadings of the type from
equation (17), then it can be shown that the factor Ci, of the jet-induced loading contribution
is still, to a first approximation, given by equation (24). Equation (21) for the coefficients C,,
and C,,, however, must now be amended because «; occurs as an additional term in equation (18).
Tn the case of wings of high aspect ratio with weak jet where C; < nA/[2, so that:

C
Oﬂizg—‘ﬁ, ) . .. .o . o0 a0 LX) (28)
equation (21) must be replaced by:
~ 2
Cp= %CL(I - Z) - %CL3

(29)
Cre

I

- 2
'%‘CL(1 +71> - %CLS

to take account of the finite aspect ratio. Cpy, Cps and C,; may be taken as being constant along
the span for unswept wings of minimum induced drag. )

This leads to an interesting answer for the special case of a wing with elliptic span loading an
a 90-deg jet (v = #/2 and C, = C,; C;= C;). The crudest form of the thrust-drag balance,
ignoring profile drag as well as any other additional drag, demands that the thrust, C;, must be
sufficient to overcome the induced drag which, in this case, may be approximated by :

G
N CDi:ﬂ_;I. . . e .. . « . .. P .. (30)
Hence C; = C,*/nA and:
9 _
CLg—'-ZCL " . - e .. » e . L) .. .8 (31)

by equation (24). We then find from equation (29) that Cpy + Crs = 1C, and Cp, = 3Cy, s0O
that the chordwise loading from equation (17) becomes:

z(x)zg(l_;_x)”ﬂ(lfx)mg, L3

7T
i.c., the chordwise loading is again saddleback and symmetrical fore and aft, as in the case of an
aerofoil at zero incidence without jet at the same overall C;. In other words: as expected, the
jet puts just as much thrust back on to the leading edge as the suction there had been reduced
to accommodate the induced drag (section 2). This result is of great practical importance for it
implies that the principal advantage, the saddleback chordwise loading, can be maintained on
wings of finite aspect ratio with jet.
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In all other cases where 7 < #/2, or where part of the thrust is carried at the nozzle, the suction
at the leading edge is less than that at the trailing edge, if the aerofoil is left at zero incidence
to the main stream. To obtain the benefit of the saddleback loading, it is then necessary to put
the aerofoil at a suitable positive angle of incidence. This should be one of the design conditions
of an aircraft with jet flap. ‘ '

The present approach has the advantage that it can easily be extended to wings of small
aspect ratio and to swept wings, when the need arises (for swept wings, see section 7), because it
can readily be incorporated into the theory of Ref. 4. Consider, for example, unswept wings of
small aspect ratio. The induced incidence, «; from equation (27), from the streamwise vortices
increases by a downwash factor w as the aspect ratio becomes smaller, with @ — 1 as 4 —
and o —2as A — 0. Whether «,; increases also has not yet been investigated. This is unlikely
to occur since «;; is a sectional property. For wings of small aspect ratio the index 1 in equations
(1), (2) and (16) must be replaced by a parameter #, the value of which depends on the aspect
ratio, with § <% < 1. Simultaneously, the effective incidence «, as induced by the bound
vortices is C;/a rather than C, /27, where « is the sectional lift slope which depends on the aspect
ratio of the wing ; and the suction forces at the edges become C;?/arather than C,?/2». This would
imply that the general conclusions are not affected by aspect-ratio effects although the numerical
values of the various parameters are different from those for wings of large aspect ratio. For
instance, the chordwise loading would remain saddleback but the suction peaks near the edges
would become sharper since equation (32) is replaced by:

5+ (e

and because # approaches unity as 4 — 0. This would detract from the benefits of the creation
of lift by means of a jet and, for this reason too, the jet-flap principle is more profitably applied
to wings of moderate or large aspect ratio,

¢ o o ¢ ¢ o csinn—%.«,-_

I(x) = Cr

Qmn

(33)

4. Effects of Aeroforl Thickness.—The relations derived so far apply to aerofoils of zero thickness,
thin flat plates as a rule, where tangential forces appear as infinitely high suctions on infinitely
small areas. In reality all such shapes must be rounded to avoid flow separations. The suction
in.then finite and distributed over a wider area, but the magnitude of the tangential forces is
not primarily affected by a non-zero wing thickness. It is the lift force that is affected in the
first place. ' : ’

The present results can feadily be extended to aerofoils of non-zero thickness if. the method
of Weber®, 1958, is used. If /(x) from equation (17) is considered to be the solution for the thin
aerofoil, then the pressure distribution along the surface of the thick aerofoil is given by :—

cos a'{1 4+ SM(x) + va/VO} -+ - : "2
(% + g sin )\/ (1 ) %J (r=%) §{1'+ S(‘”(x)}J .

SW(x), S®(x) and S®(x) are functions of the shape z(x) of the aerofoil. This relation is derived
from- equation (3.30) of Ref. 8. The term 1 + S®(x) + v,,/V, follows from linearised theory
for that part of the velocity increment which is the same on both surfaces, 4.e., it includes
the pure thickness effect without lift as well as the velocity increment v,;/V, due to the jet
(mainly mixing; see section 5 below). The term

(g2 52+ o) J(57) 4 52 ()

is the contribution of the vortex distribution along the chord for the thin aerofoil, as determined
before. The factor 1 4 S®(x) represents a second-order correction to the lift term due to
thickness, the full derivation of which has been given in Ref. 8. The denominator 1 - {S® (x)}?
is again a second-order correction due to thickness, which matters mainly near the leading

8
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and trailing edges and eliminates the infinite suction peaks which occur in thin-aerofoil theory.
For elliptic sections, these corrections are exact. o’ is the angle of incidence of the aerofoil in
two-dimensional flow. «’ may be interpreted as the effective incidence of a section on an unswept
wing of finite span, provided the aspect ratio is not too small. «’ is then given by the relation:

' 1 ’
oc.:2—7-z(oc—oci)aj, e e ce . .. (35)
where ' :
oC e ,
4 = (E%f)y ) RN € )

is the value of the sectional lift slope as determined for the thin aerofoil from Spence’s theory®.
v,; is given by equation (26) or equation (44), and «; by equation (27).

Equation (34) can be used in the following way for an unswept wing of moderate or large
aspect ratio. We assume C;, v and C; to be given. A calculation of the induced angle of incidence
«; then determines the spanwise loading® C.(y), the effective angle of incidence, o, = « — «;,
and also the geometric angle of incidence, «, which is needed to produce the required lift. From
the values of C.(y) and «,, it can be determined how much of this lift is due to the effective
incidence and how much due to the jet effect at zero incidence by using Spence’s result in the

form:

Coly) = Coler, = 0) £ Cay, oo oo e (8D)

with C,(x, = 0) = 4/(3:54C,)v as a rough approximation by equation (14) and C = a;.
‘Cy(x, = 0) is then the value to be inserted for C, into equations (21) and (24) and thus Cy, Crs |
and C,; can be determined, the values of which are needed in evaluating equation (34). This
procedure ensures that, although flat-plate distributions are used throughout as an approximation, -
the jet effects on the sectional lift and lift slope as well as on the induced downwash are properly
represented. Alternatively, the value of «’ in equation (34) may be so determined as to lead to
the required lift force, whereas C, is determined so as to give the required thrust force (this is
used in calculating the results in Fig. 9 below). '

For aerofoils of elliptic section shape, an exact solution can be given:
Cp=1— ' -

p b, Uy _
t 1 COSOL(I—I—E—{—T/—O)i

‘1+(Y~Q:&£— Co Co o o N H1—m | Cn t
o) T— (0 — 22| {(ber o Cos 4 i o — % 4 b _x_)( )
(_ )[(2n+2n+51n(x)\/( % )+2n\/(1—x l—l_c
where #/c is the thickness-chord ratio of the aerofoil. In equations (34) and (38) the different
signs in the numerator refer to the two different surfaces of the aerofoil.

An important effect of the non-zero aerofoil thickness is that the sectional lift, as obtained by
integration from:

(38)

1
Q:—me—ﬁmwx“ N ¢ )

is not the same as Cp + Cro + Crs + @y0, = Cp g for the thin aerofoil. For elliptic section
shapes:

Co=(142) Coma ()

* In such a calculation according to the method of Ref. 4, it is advisable to insert for the sectional liit slope, 4, the
value a, from equation (36) and to multiply the downwash integral by the factor 1/(1 + 2C,/mA) according to equation
(27). ' “ i '
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whereas the factor 1 4 /c becomes approximately equal to 1 + 0-8¢/c for sections with sharp
trailing edge. This means that the lift can be appreciably higher on the thick aerofoil than on
the thin aerofoil, in the absence of viscosity effects. This liff increase becomes even more im-
portant on swept wings where the factor 1 + #/c must be replaced by 1 4 {(¢/c)[cos ¢} which
is the exact value for the sheared wing of infinite span with elliptic section. The relations are
exact only when the chordwise loading of the thin aerofoil is of the type {(x) from equation (17).
They have been used as an approximation by Spence? for the different type of loading obtained
from linearised theory, but in view of the small difference between this loading and /(x), the

resulting error should be small. This is borne out by the experiment where the lift increase due
to thickness is evident.

5. Some Examples and Comparison with Experiment.—Before comparing calculated and
measured pressure distributions, we may briefly consider possible effects of the viscosity of the
stream. In the first place, the existence of a boundary layer along the aerofoil surfaces means
that the jet is enveloped in a wake of reduced energy. ~Thus the asymmetry of the flow (up and
down) may be affected and with it the circulation. We may expect this to influence mainly the
integrated lift coefficient C, for a given C, but not so much the chordwise distribution of the
load for a given C;, so that calculated loadings should agree reasonably well with the measured
ones if the overall C; is taken from experiment. Flow separations, on the other hand, can have
much more drastic effects. They may occur, on an aerofoil with a jet emerging from the lower

-surface near the trailing edge, immediately behind the leading edge and on either side of the

nozzle, since in each of these places a large adverse pressure gradient is predicted by inviscid-flow
theory. The effect of any such separation must be apparent as a deviation between calculated

-and measured pressure distributions. Thus the flow separation upstream of the nozzle, which is

likely to occur for any values of C;, v and «, must show up in that the calculated stagnation
pressure is never reached in practice. The flow separation at the trailing edge is likely to be the
more pronounced as r increases and to appear as a reduction of the calculated suction peak there.
This implies that it is very difficult to check on the behaviour of the chordwise loading near the
trailing edge by experimental means. A laminar separation near the leading edge is most likely to
result in the formation of a separation bubble and thereby produce large but easily recognisable
deviations between theoretical and measured pressure distributions. In practice, the existence of

a bubble near the leading edge implies that the suction force there is largely lost and this is
equivalent to a drag increment of the order:

Co=Gmatsy * e e e e (4D)

on wings of moderate or large aspect ratios. This would appear to be inadmissible on wings with
jet flap where one aspires to obtain high C, values.

Lastly, possible effects of turbulent mixing may be mentioned. These may reduce the pressure
in the immediate neighbourhood of the nozzle but the magnitude can be expected to be small

(see Ref. 9, p. 100). Experimental results with a cold circular jet suggest the following relation
for the pressure decrement or the velocity increment :

ap (V. LU _ V.,
m——~001(70——1),0r70_—}—0005(70 1), C (49

where I/, is the mean velocity in the exit. In the simplified case where the momentum is assumed

to be constant along the jet, C; as defined by equation (13) is related to the exit velocity ratio
V.[V, by:

5 (VA |
szz“c(’ﬁ,)’ R 7T
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8 being the width of the jet at the exit. Hence equation (43) becomes:
4p ) C; v, ) C; ) . ;
pie=0 01§J<26/) 1{ or 72 = + 0-005 J(m 1. 44

For a jet issuing from somewhere close to the trailing edge, such a velocity increment may be
expected to appear on both surfaces of the aerofoil, falling off slowly as the distance from the
trailing edge increases. Turbulent mixing may also be considered as a means of augmenting the
thrust but the range of useful application of such thrust augmentors appears to be restricted to
assistance at take-off (see Ref. 9).

or

The method for calculating the pressure distribution has been applied to two cases where
experimental results are available from tests by Dimmock®. The aerofoil section was an ellipse
with #/c = 0-125 and the exit was located on the lower surface about 1 per cent of the wing chord
upstream of the trailing edge, the nozzle width being about 0-002¢ and the discharge angles
nominally 30 deg and 90 deg (31-4 deg and 90-0 deg exactly). The model was so mounted that
the flow was very nearly two-dimensional. The results are reproduced in Figs. § and 6. Fig. 8
contains results from a French test on a NACA 0018 section which was shortened to 90 per cent
of its original chord, with a jet issuing at 58 deg again from the lower surface near the trailing
edge. All these tests were made at low speeds (M, < 1).

Equation (34) has been used for the calculation, equation (88) for the special case of the elliptic
section. In general, the results confirm the theoretical approach in that the shape is nearly
saddlebacked, there being no great difference between the two different methods of the present
paper nor between these and Spence’s solution®. The usefulness of this shape of the chordwise
loading, in comparison with creating the same lift by means of an angle of incidence and no jet,
is clearly demonstrated in Fig. 6d. The effect of the thickness of the aerofoil is quite considerable
as can be seen from Fig. 6¢ where the results from the full calculation are compared with what is
obtained from thin-aerofoil theory. The infinite suction peaks of the thin aerofoil especially
make any design work impossible and for this purpose the inclusion of thickness effects is vital.

The full lines in Figs. 5, 6 and 8 have been calculated on the assumption that the thrust C,
from equation (12) is carried at the leading edge, with C.; from equation (24). Dashed lines are
shown in Figs. 6d and 6e, which have been calculated on the assumption that the external thrust
acts.at the exit and not at the leading edge, i.e., C;; = 0. Fig. 8 has also, been computed under
this assumption, and the asymmetry (fore and aft) of the pressure distribution in this case is
entirely due to the thickness distribution z(x) which thus proves to be an important parameter.
In general it will be seen that the experimental results lie about half-way between the two
estimates (with and without C.;5) and do not, therefore, give a conclusive indication of which is
to be preferred.

The value of C; in equation (24) has been taken as the overall thrust measured on the balance.
This is considerably less than the value of the momentum coefficient quoted in the figures of
Ref. 10, especially in the case v = 90 deg. This thrust loss is obviously a consequence of flow
separations. Taking the full theoretical value of the thrust when determining C;; from equation
(24) must give the wrong answer for the pressure distribution, as it is seen to do in Fig. 5f.

The comparison between measured and calculated pressures gives some very clear indications
of the effects of flow separations. A typical case of a laminar separation from the leading edge,
with the formation of a long bubble, is shown in Fig. 6f. There is evidently little loss of lift but a
loss in the thrust component of the normal pressure force. On the other hand, the suction inside
the bubble (C, = — 3-5 in this case) is uncommonly high for a bubble of this length as compared
with what is normally found for aerofoils, at incidence (see, for example, McCullough and Gault”,
1951). This means that there is still some tangential force left and that the drag estimate
according to equation (41) may well be pessimistic. This effect may be explained from the
physical picture of the flow as suggested by Norbury and Crabtree®™. According to this, the
pressure coefficient C,;, in the constant pressure part of the bubble is such that the pressure
recovery through turbulent mixing is just large enough to bring the static pressure back to the
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ambient pressure, $,, or to some other value, C 2 1f the flow re-attaches to the surface. It is also
suggested that the pressure recovery coefficient :

o :Pz “.‘251 _ sz — Cp1
‘ %P Vlz [ — Cpl )
is of the order of 0-4. This is confirmed by the example of Fig. 6f where C,, = — 8:5 and
Cpe = — 17 (the station 2 being where the actual pressure distribution joins the one calculated
for attached flow, which is fairly well defined here). Hence ¢ = 0-40. The high suction in the
bubble is therefore to be explained by the relatively high value of C »2 Whichin turnis a consequence
of the saddleback loading for attached flow. Thus this special type of loading has a beneficial
effect even after the flow has separated from the nose in that it makes high suctions and thereby

shorter bubbles possible, compared with bubbles observed on aerofoils at incidence without a jet
where the bubble growth is much more rapid. :

Another beneficial effect of the saddleback loading, with its implied suction peak near the
trailing edge, is that greater thickness/chord ratios may be used than is possible on an aerofoil at
incidence. The latter suffers from its tendency towards rear separations and there is thus a limit
to the use of round-nosed or drooped-nose shapes because, even if the leading-edge separation is
thereby avoided, a rear separation will occur. ~In the case of the aerofoil with jet, the adding of
thickness, or camber, near the leading edge can be carried further because the rear separation
is postponed by the jet.

It is of interest to note in this context that evidence of a flow separation from the upper surface
near the trailing edge is consistently apparent for the case with 90-deg jet in Fig. 5. This reduces
the trailing-edge suttion but does not eliminate it, so that it still appears possible to use leading-
edge thickness and camber to delay the onset of the leading-edge separation further than on an

aerofoil at incidence (i.e., to more than twice the C, value); and to benefit from a slower growth
of the bubble, once separation has occurred. '

The effect of a flow separation on the lower surface upstream of the nozzle shows up in all
cases in that the main-stream stagnation pressure is never reached. However, there appears to
be a noticeable effect of the presence of the jet and of its direction. Whereas, on ordinary aerofoils
without jet, the pressure coefficient at the trailing edge normally reaches a value of about
C, = -+ 0-1 (it should have been - 1-0 again, in inviscid flow, for finite trailing-edge angles),
we find for the 30-deg jet values of about 4 0-2 and sometimes more : and for the 90-deg jet
still higher values up to about + 0-6. This remains to be investigated. However, neither
method can describe the conditions near the jet exit with any accuracy. For that, a different
approach is needed altogether.

The experimental results indicate quite clearly that the mean values of the velocities on the
upper and lower surfaces, at the mid-chord point, say, are not the same for the various jet thrust
values. Without jet, this-mean value depends only on the thickness distribution of the aerofoil
section, to a first approximation, if the aerofoil is in a uniform stream of velocity V,. With a jet,
a tangential velocity increment, v,;, may be induced, as explained above, and this has been taken
into account in equations (34) and (38) and in the examples in Figs. 5 and 6. Here, v,; has been
replaced by a mean value over the chord and this has been taken from equation (44). Fig. 7
confirms again that v,; does exist and that the estimates from equations (26) and (44) are of the
right order, if » = 1 in equation (26). However, only the empirical estimate based on a mixing
process, from equation (44), has a sound physical interpretation whereas the other has niot, since
» = 1 seems far too extreme. Thus the agreement with equation (26) may be considered as
fortuitous. The experiments, therefore, seem to indicate the existence of a small but significant
mixing process and this merits further investigation.

It would seem that the reduction of the pressures due to mixing is also responsible for the
discrepancies between measured values in Fig. 6d and values calculated by means of an electrolytic
tank by Malavard*. The latter are consistently below the measured pressures over most of the
chord and the discrepancy is of the same order as the reduction due to mixing shown in Fig. 7.

* These results have not yet been published and have kindly been put at our disposal.
12



Finally, a comparison has been made in Fig. 9 between a theoretical pressure distribution and
one measured on a wing of finite aspect ratio by Williams and Alexander®®. In this case, equation
(34) has been used and lift and thrust forces have been made the same as in the experiment.
Thus the effect of the finite span has been taken into account only by adjusting the component
distribution /,(x), as explained in section 2, 7.e., the effective angle of incidence has been reduced.
Fig. 9 shows that this procedure accounts for most of the observed effects. The suction peak
near the leading edge is considerably reduced whereas that near the trailing edge remains largely
unaltered. There is, however, a systematic discrepancy near the leading edge, the measured
loading being peakier than that calculated from two-dimensional flat-plate distributions. This
may well be a genuine effect of the relatively small aspect ratio of the model tested (4 = 2-75).
A peakier loading with the load concentrated nearer to the edges is to be expected from the
argument which led to equation (33). It is comforting to know, however, that this effect is still
relatively insignificant even at so low an aspect ratio.

6. Effects of Camber—In any practical application of the aerofoil with jet, it is desirable to
avoid a separation of the laminar boundary layer from somewhere near the leading edge through-
out the working range, in spite of possible benefits due to the jet, which may be present even
after the flow has separated. With the pressure distribution known for attached flow near the
- leading edge, the separation point can be estimated and, with the aid of Owen’s criterion (see

Ref. 13), we can also decide whether a long bubble, like that in Fig. 6f, is likely to occur. As a
much cruder rule, we can take the suction peak itself as an indication of whether separation is
likely to occur or not, and we may assume that the minimum pressure coefficient will not- go
appreciably below a value of about — 10 for symmetrical aerofoil sections. In Dimmock’s
tests the highest measured values (which do not necessarily represent the minimum pressure
however), were about C, = — 6-5. It appears worthwhile, therefore, to consider the effect of
modifications to the leading edge, which will delay the formation of a long bubble, as there is
no reason why an aerofoil with jet should be symmetrical. Among the various possibilities,
such as leading-edge thickness and droop, kinked nose, nose flap, air injection, we consider here
the simplest case of applying camber to the whole areofoil.

Camber is used to reduce the sharp suction peak near the nose, for a given C,, and the family
of camber-lines, which has been dérived by Brebner appears to be most suited for the present
purpose.. Because of the high slope of these camber-lines near the nose, they are most effective
in reducing suction speaks there. Brebmer’s family of camber-lines leads to functions y(x) of the
chordwise vorticity distribution, which are tabulated in Ref. 14. With these, the pressure
distribution along the surface of an aerofoil of non-zero thickness can be obtained from-

- . {cos a' {1 4 SD(x) + vv"ﬁ j: g—(;—z + 2 |
Cp_l—l—m C: C . 1—x C x W)
- [+ 4 o) S5+ S )+ 5

which contains equation (34) as the special case of symmetrical sections, y — 0. The overall lift
+ coefficient must now be obtained by integration,

1
CLﬁCNz—f AC, dx

from the difference between the pressure coefficients on the two surfaces:

A€, — 1t 4cos a' {1+ SO(x) + 7%
T AT = I+ [So)F | |
X {cosw';(;i + (g—gjtg—f:Jrsina’)\/(l ;") + % (1 ix)w 1 Soz) ] (46)

13



An explicit relation for the lift can be given for the special case of an aerofoil of elliptic section
shape with v,; = constant and y(x)/2V, = 4-53f/c = constant, where f is the maximum camber
of the section. This is a cambered aerofoil with the same ‘ constant-load * camber-line as the
one denoted by N.A.C.A. asa = 1. The application of such a camber-line may be more reasonable
in the case with jet than for ordinary aerofoils. In the latter case, local flow separations just
upstream of the trailing edge detract considerably from the benefit obtained by camber, whereas
this need not occur as severely on the aerofoil with jet. Moreover, the fore and aft symmetry
of this camber-line goes well with the saddleback loading. For the ‘ constant-load ’ camber-line :

e teostor (1ot v\ (to)? 1 /(L — o)/
O = 18-Teosts’ (1§ o+ ) 1= — gy e ™ T AT = )+

+cosa'(1+§+”ﬁ)(cm+cm+cL3+2yzsina'). R 21 )

Note that both thickness/chord ratio and camber now enter the relation in a complicated manner.
However, camber leads to a lift increment only and does not affect the lift slope C;/«, to a first
order, as for ordinary aerofoils. The jet does affect the lift slope in the same way as for the thin
aerofoil, equation (40) and through the small term v,; such that, to a first approximation:

Cr — Cro L Lt 1%
—a—_.—_(l—i—a—l—vo)ﬂ] . e .o . . . (4:8)
in this particular case, C,, being the lift at zero incidence from equation (47).

That reasonable aerofoil shapes can be obtained in this manner is demonstrated in Fig. 10.
This shows also how the occurrence of long bubbles can be delayed to higher values of the sectional
lift coefficient by the use of camber. For example, C; could be increased from about 2-4 to about
3:2 by 4 per cent camber if the limiting C, value were — 10, for the 12-5 per cent thick elliptic
section considered. For thicker sections, the C, values obtainable can be much higher.

7. Possible Effects of Sweep.—It would appear that swept wings open up another field where
the jet-flap scheme may be employed with advantage. In general, swept wings suffer from the
fact that the pressure distribution due to thickness and the chordwise loadings vary along the
span, as explained in Ref. 4. For instance, the lift slope at the centre section of a sweptback wing
is, in general, less and its chordwise distribution less peaky than at a station near mid-semi-span
where the ‘ sheared-wing ’ conditions are similar to those on a two-dimensional unswept aerofoil
but for a factor of about cos ¢ to the sectional lift slope. Conversely, the lift slope is higher and
its chordwise distribution peakier near the tips of a sweptback wing. This non-uniformity, due
to essentially three-dimensional-flow phenomena, is at the root of many of the undesirable
features of sweptback wings, such as premature flow separations and drag rises, as well as unstable
pitching-moment characteristics.

With the addition of a jet, two further parameters are introduced which can be varied at will
in an attempt to cure some of the unfavourable properties of the swept wing at their origins:
the jet angle and the jet momentum. Both could suitably be varied along the span, depending
on the angle of sweep. For example, stronger blowing at a higher angle in the centre region
than near the tips could be used to make the loading more uniform. This might improve both
the high-speed characteristics, by straightening the isobars, and the stalling characteristics, by
reducing the suction peaks for a given lift and thus delaying premature flow separations in un-
desirable places. This might possibly be achieved up to C, values which can, in principle, be
twice as high as on the wing without jet. It would appear that such benefits cannot easily be
achieved by any other known means.

Whether this can in fact be achieved in practice cannot yet be decided and requires further
study. However, some peculiarities and difficulties can be pointed out already now, indicating
the main problems to be tackled. These concern, as may be expected, again the centre and tip
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regions. They can be demonstrated by considering the simple case of a swept wing of infinite
span with circulation at zero incidence but without jet (the case that leads to the saddleback
loading /, 4 I, for unswept wings, equations (1) and (2), as discussed in section 2).

On a swept wing, the downwash induced by the bound vortices at the centre-section can be
approximated by : '

v(¥) _ 1
Ve, 4=
as has been shown in Ref. 4. This differs from the relation for the two-dimensional aerofoil by

the second term. In the present case, the boundary condition reads v, = 0, and an explicit
solution with /-0 at both edges can be found:

fZ(x')‘Z—x'Jrntanw(x),.. L (49)

I4
(] X — X

l(x>=ll(x)+lz(x)=;lzCLcosw3(1;")”%(1196)1%1, . (80)

where
n0=%(1—-7-j'—}2) R 1:)

and hence

1—74(,:%(1—}—7%2).

The loading from equation (50) may be interpreted as the superposition of the loading of a
swept-back wing (first term, /,) and that of a swept-forward wing with x replaced by 1 — »
(second term, Z,). This has far-reaching consequences.

In the first place, the lift coefficients of the individual distributions are no longer equal:

cm=%(1—ni;9)ch N %)
whereas

CLZ=%(1+7§2)CL. OO (%

This implies that the loading is no longer symmetrical fore and aft. The aerodynamic centre is
no longer at the mid-chord point:

xu. c

7-:%<1+7;i7—2), O (-

ie., %,./c = % only when ¢ = 0. For swept-back wings, it is further aft. For ¢ = - 45 deg,
we have %, /c = %.

For a thick aerofoil at zero incidence, the pressure distribution at the centre section is given by:

1 . So(x) - 2
— 1T{S‘W)}2 1+ cospSU(x) — f(g) cos ¢ VT + {5(2)(x)}2] 4+ 3(x); - (55)

where f(p) is a function of the angle of sweep, which is tabulated in Ref. 15. S®(x) and S®(x)
depend on the profile shape only. For elliptic sections, S®(x) = ¢/c = const.; S®(x) =
(tlc)[(1 — 2%)[4/{1 — (1 — 2x)%], as in equation (38). Fig. 11 shows a few examples of pressure
distributions. The asymmetry fore and aft and the sharp suction peaks near the trailing edge,
which result from the second, swept-forward, distribution, can clearly be seen.
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For a swept wing with jet, another load distribution will be needed, which corresponds to
Is(x) of equation (16). This is to compensate for the upwash induced by the circulation of the jet.
It cannot be of the form of /, from equation (50), since such a distribution (corresponding to an
ordinary swept-back wing) does not produce a suction force at the leading edge, as has been
shown in Ref. 6. In fact, /(x) from equation (50) leads to a suction force at the trailing edge only
and thus to an overall drag. This is the same behaviour as is known from ordinary swept-back
wings. Iy(x) must, therefore, be of the type /,(x) and it can be determined from the condition that
the reduction of the suction force at the trailing edge is equal to the external jet thrust.

This procedure does not contradict that applied to unswept wings in section 3. The symmetry
properties of the unswept aerofoil lead to the same result whether /, is increased or [, decreased,
for the same sectional lift.

A calculation of [,(x) cannot yet be carried out since the suction forces of the individual distribu-
tions are not known. Theoretically, from equation (55) Cy = 0 and Cp, = . Whereas the
theoretical result C; = 0 for the swept-back wing is supported by experimental evidence, little
is as yet known about swept-forward wings. There are indications that the suction force is-
twice as high as that of the corresponding sheared wing.

~ This leaves us with a number of problems which remain to be investigated. But we can at
least conclude that the sectional properties of an aerofoil with jet cannot be carried over to the
centre and tip regions of swept wings.

8. Conclusions.—The present treatment of the aerofoil with a jet emerging from its lower
surface near the trailing edge is based on unpublished work by Gates, Maskell and Spence® and
extends it by providing a simple method for calculating the pressure distribution over wings of
non-zero thickness and finite aspect ratio. The main conclusions which can be drawn at the
present stage are as follows:

(@) It is possible to estimate with reasonable accuracy the pressure distribution over the
surface of any given thick aerofoil section with jet, except in the region of the nozzle,
if the external lift coefficient C, and the jet momentum coefficient are given. The
method can readily be extended to wings of finite span and it provides a basis for a
rational wing design, including cambered wings.

(b) Several aerodynamic advantages of the jet-flap system become apparent. The saddleback
chordwise loading, which is typical of the aerofoil with jet, allows C, values to be
obtained without flow separation, which can be about twice as high as when the lift
is created by means of putting the aerofoil at an angle of incidence. Further, this

~ particular type of loading, with its rear suction peak not easily affected by flow
separations, allows the use of thickness and camber near the leading edge to an extent
which is not normally possible on ordinary aerofoils, whereby the lift obtainable is
increased further. Lastly, when separation near the leading edge occurs, the resulting
bubble can be shorter and the leading-edge suction higher than on ordinary aerofoils,
again due to the basic saddleback loading.

(¢) The scheme may be particularly suited for swept wings where a grading of the jet
momentum and angle along the span can be used to reduce the disadvantages inherent
in such wings. However, further work is required since the sectional properties of an
aerofoil with jet cannot be carried over to the centre and tip regions of swept wings.
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