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Summary.---A description is given of an arithmetical method for obtaining solutions for steady incompressible viscous 
flow at low Reynolds numbers in the form of expansions in powers of the Reynolds numbers. Tile method has been 
used to find a solution for the flow past the mouth of a two-dimensional static hole. The pressure in the hole is 
determined and it is shown that  the disturbance to the flow caused by  the hole produces an error in the pressure 
recorded in the hole. The error is positive and if it is expressed in non-dimensional form, i.e., (pressure error/½pU~), 
its magnitude decreases with increasing Reynolds number for the range for which the solution is valid. The theoretical 
results are compared with experimental results obtained for the error in the pressure recorded by a circular static hole. 

1. Method.--(Note: In  wha t  follows, for convenience,  the usua l  convent ion  is reversed and  a 
dash indicates  t ha t  a var iable  is d imensional  while  the  absence of a dash means  t h a t  a var iable  
is in non-dimensional  form). 

The  Navier-Stokes  equat ions  for the  s teady  flow in two-dimensions  of an incompressible 
viscous fluid m a y  be wri t ten:  

v ' v  l(a ' a ¢ '  ag' 
= 7 \ax '  ay' ay' a x ' / '  " . . . . . . . . .  (1) 

v % ' =  ¢', . . . . . . . . . . . . . . .  . (2) 

where V '~ --= - g ~  + , 

v is the  k inemat ic  viscosity,  9'  the  s t ream funct ion defined by  

and  ¢' is the vor t i c i ty  

~ , _  a ~ - - , ~ , _  av' . . . . . .  (a) 
ay' 3x' . . . .  

~V' a # '  
~' = . . . . . . . . . . . . .  (4) 

~x' a f t  

(u', v') are the  rec tangular  components  of the  ve loci ty  q' in the  directions of the axes of x' 
and  y' respectively.  



Tile equations (1) and (2) may be rendered dimensionless by the substitutions 

x ' =  Lx, y ' =  Ly, u ' =  Uu, v ' =  Uv, q ' =  Uq], 

w' = ULw, ¢' U p, = - £ ¢ ,  = ~eu~p 
(s) 

where x, y, u, etc., are dimensionless variables corresponding to x', y',  u', etc., U is a representa- 
tive velocity and L a representative length. The equations then become 

Or, a~ O~o O¢) . .  (la) 
v = ¢ = R  ~ a y  ay~x . . . . . . . . .  

v ~w = ~ . . . . . . . . . . . . . . . . .  (2a)  

UL 
where R -- 

v 
-- - - ,  a Reynolds number. 

I t  is proposed to expand ~ and w in the form 

= ¢h + aiR + ~ R  ~ + a3R * + . . . .  

w = ~0h + A1R + A ~ R  2 + A3R ~ + . . . .  
(6) 

Here ~h, wh represent the values of ¢, W in the solution of V ~ = V 2~ = O, and the O's and A's are 
numerical coefficients and are functions of position. Substitution of these expansions in equations 
(la and 2a) gives, on rearranging, 

and 

V2~h + RV~al + R~V~O 2 + R~V~a + . . . .  

k ax ay ay ~x/ 

+ R2 (a~% aOl a~h 0al OA1 aCh aA1 aCh] 
a x - a y -  'ay a-~ ÷ ax ay ay ~" /  

+. R3(SWh O s 
\ a x  ay 

8~o h 8(92 8A i aOl OA i 001 
ay a---~ + ax ay--  ay a--~ 

~Z]2 a~k OA2 ~h~ 
ax  Oy ay  -g2x / 

. . . . . . .  . . .  

V2~h + RVM1 + R2VM~ -}- R3VMa-}- . . . . . . .  

= ~h + 61R + ¢~..R ~ + 8~R 3 + . . . . . .  

(7) 
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The coefficient of R" +x in expansions (6) has no effect on the coefficient of RL and equation (7) 
may be separated into a series of pairs of equations: 

V~h ~ . 0  
, . .  

V 2~o k = ~h ) 

• 
RV2~I -- R k ax Oy 

RV~A~ = R ~  

R ~ V ~ _  R~( 8~0~ 881 
Ox ay 

and so on. 

ay 

8~) h 8~ 1 
ay ax F 

(i) 

(ii) 

~x ay 03,-g-~/l (iii) 

) 

. .  (8) 

When ~h, ~0h have been obtained as functions of position from equations (8(i)) it is possible to 
proceed to determine ~1, A1 as functions of position from equations (8(ii)). The process may be 
continued as far as is desired, since all the functions required for the solution of any pair of 
equations will have been determined from the solutions of the equations previous to  it. 

2. Numerical Solutions.--The equations (8) may be solved by  a numerical process similar to 
tha t  employed for the Navier-Stokes equations 1. The continuous field of flow is replaced by a 
rectangular mesh and finite difference approximations to the equations are employed to calculate 
values of the functions 0, ~1, ~ . . . .  , ~oh, A1, A~ . . . .  at  the discrete points of the mesh. The 
finite difference approximations to equations (8) used in the problem described below were: 

) 

1 O~o = ~ - ~ [ ( a  - c ) ( B  - D )  + (b - -  d ) ( C  - -  A)~  
• ° 

Alo = Aim -- -~ ~1o 

~,o = ~ , ~  - ~ [ ( ~ , ~  - ~ c ) ( B  - -  D )  + (~,~ - -  ~I~) (C - -  A )  

+ ( a  - -  C)( / [1B - -  A 1.19).-.J[- (b - -  d ) ( A l e  - -  A 1A] ~ . .  

) q4 ~ 

etc. 

(i) 

(ii) 

(iii) 

(9) 

where ~h0 is the value of ~h at the centre of a square of side 2n recalculated from the corner values 
and ~hm is the mean of these corner values. The small letters represent ~h values and the capital 
letters ~h values at the mesh points as shown in Fig. 1. The method of solution is one of 
reiteration. Assumed values of ~h, ~h are placed at the mesh points and they are progressively 
improved at each point by  use of equations (9@)). When ~h, ~oh have been determined in this 
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way, t0 the desired degree Of accuracy, the factor ~ [ ( a -  c)(B --  D) + (b - -  d)(C --  A)] is cal- 
culated for each point and equations (9(ii)) are then used to obta invalues  of dl, A~ in a similar 
fashion. The process can be continued to give as many terms as desired in the expansion of ¢ 
and W; however, there is a practical limit to the number of terms which can be obtained because 
of the increasing complexity of the factor to be determined for insertion in the right-hand side 
of the first of each pair of equations. 

The method described above has similarities to that  used by Thorn and Klanfer ~ to obtain a 
solution for the potential function in compressible flow in the form of an expansion in powers 
of the Mach number. 

3. Boundary Conditio,zs.--At a solid boundary w is usually known, but the value of ~ must 
be calculated from the pattern of flow in the vicinity of the boundary. The formula used here 
is that  due to Woodsa: 

m = 2 ' . . . . . . . . . . . .  ( 1 0 )  

where ¢E, ~oE are the values at E, a point on the boundary, a n d  ¢F, ~oF the values at a point, F, 
in the flow distant m from E (Fig. 2). Substitution of the expansions (6) for ~ and ~o in equation 
(10) gives: 

ChE + RalE + R~O=u + . . . . . .  

3 
= @ (~F  + R ~ F  + R~zJ~ + . . . . . .  - w~) 

1 (~hF -Jr- RdlF -~- R2~r  + ) *~ • , , . ,  , , 

(Note that  on the boundary ,pE = ~ohE)- 

The equation can be separated into 

3 1 

3 1 
(~lE = ~ g  AIF - -  ~ ( ~ I F  

etc. 

(11) 

which enables boundary values for each term in the expansion of ~ to be determined. 
The Validity of solutions obtained by the method described above is discussed in the Appendix. 

4. Viscous Flow Past a Two-dimensional Static Hole . - -The  method described above was used 
to obtain a solution to the steady viscous flow past a two-dimensional static hole in the side of a 
channel, shown in Fig. 3. The representative velocity U of the substitution (5) above was taken 
as the centre-line velocity in the undisturbed flow and the representative length L as the width 
of the mouth of the static hole. The solution has been continued far enough to give the co- 
efficients ~, A ~ of R 2 in the expansions of ~ and ~0 and to give a reliable estimate of the magnitude 
of ~, As. Numerical values obtained for the first three terms are recorded for the part of the 
field near the static hole in Figs. 4, 5 and 6. The grid used had eight squares to the width of the 
slot. The sharp corner at t he  edge of the slot presents a difficulty and further subdivision of 
the mesh in the immediate neighbourhood of the sharp corner would be required to give the details 



of the flow in that  area. However, the advance from a coarser mesh (four squares across the 
mouth of the slot) to the present mesh made little difference to the solution except in the 
immediate vicinity of the corner and altered the magnitude of the integrals for pressure by less 
than 5 per cent. It  is considered that  further subdivision would have little effect on the solution, 
except at the corner itself. 

The first term of the solution, which is in fact the solution for V 4~0 = 0, gives a pattern which 
is symmetrical about the line BAB' of Fig. 3. The next term, in R, destroys this symmetry, 
being itself anti-symmetrical about BAB'. The term in R = is symmetric about BAB', that  in R a 
anti-symmetric, and so on. The streamlines for the V 4~0 = 0 solution are drawn in Fig. 7a. 
In Fig. 7b the dividing streamline across the mouth  of the static hole is drawn for R = 0 and 
for R = 5, to illustrate the destruction of the symmetry about BAB' when R v~ 0. 

5. Pres sure  i n  Stat ic  H o l e . - - I n  Ref. 1, equations are obtained by integration of the Navier- 
Stokes equations along lines x ---- constant, y = constant, which enable the difference in pressure 
at points in the fluid to be calculated. The corresponding equations in non-dimensional form are 

p2 - -  p l  = ql~ - -  q,2 q- _~ -g-xdy - -  2 u¢ dy (12) 

for integration between points 1 and 2, on a line x = constant, and 

2 ~ ag dx  P4 - -  P~ = qz2 - -  q4~ - -  R 3 - ~  + 2  3v~ dx  (13) 

for integration between points 3 and 4, on a line y = constant. These equations were used to 
eValuate the pressure difference between points 0 and B (Fig. 3). The point 0 was taken at 
such distance from the slot (OA = 2L) that  the flow there was practically the undisturbed flow. 
The result obtained by taking account of the first three terms of expansion (6) was 

- - 7 . 4 9  
P ~ - - P o - -  R + 0 " 1 8 7 - - 0 " 0 0 0 4 6 R - - 0 " 0 0 1 4 4 R ~ "  (14) 

If the slot had caused no disturbance of the flow: 

ap 8.00 
( p B  --P0)undlsturbed = (PA --PO)undlsturbcd = O H  - ~  - -  R 

L e t  ( P ~  - -  P0)  - -  (PB - -  Po)u~di~turb~d = Ap, 

then Ap is the error in the pressure recorded in the static hole due to the disturbance caused in 
the flow by the hole itself. 

Also 

~ p  0 . 5 1  
- R + 0 - 1 8 7  - -  0 - 0 0 0 4 6 R  - -  0 " 0 0 1 4 4 R  ~ . . . . . . .  (-15) 

PB -- P.~ --= A'p = 0.082 -- 0.00144R ~ . . . . . . . . . . .  (16) 

It  is of interest to note that  if the integrations for pressure take account of only the first terms 
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of expansions (6) (i.e., the V~W = 0 solution), equations (15) and (16) become respectively, 

0.51 
Ap- -  R + 0 . 3 5 4  . . . . . . .  , . . . . . . . . . . . .  (15 ) 

A'p = 0-196 . . . . . . . . . . . . . . . . .  (16a) 

which differ from the result obtained if, in equations (15) and (16), R is made negligibly small. 
This would seem to be an example of what BirkhofP calls an ' asymptotic pa radox '  

To the accuracy of the present solution the fluid is s tat ionary in the lower half of the slot. 
Thus, the pressure has a constant value across the bottom of the slot, the value being given 
by equation (15). 

6. Effect of Depth of Slot.--It was found that  for a slot of half the depth Of that  drawn in 
Fig.  3, the magnitudes of Ap, A'!) were not appreciably different from those given above. I t  is 
considered, however, tha t  a further reduction in the depth of the slot would cause the magnitudes 
of Ap, A 'p to be changed by an appreciable amount. 

7. Com~arison of Results with Experimental Values.--In Fig. 8 the value of Ap of equation (15) 
is plotted as log Ap against log R (curve ' a '). On the same diagram is plotted the funct ion 
suggested by Ray  5 as giving the error in the pressure measured by  a circular static hole: 

• F ( R )  = 0 - 5 8 R  -3 /4 .  

Ray's  F(R) is defined by 

F(R) --  p(d' au') 

where d' is the diameter  of the static hole. Since most of his experiments were made with hole 
diameters quite small compared to the half-width of the channel, {d'( au'/Oy')} approximates to 
the value U, where U is the velocity of the flow at a distance d' away from the wall  

Hence 

F(R) = Ap___~' approximately, 
~p U ~ 

which is the same expression as was used to obtain Ap: 

dp = AP---2' 
½pU 

However, here U is the velocity at the centreqine o f  the two-dimensional channel, since the 
width of the slot in the solution of this paper is one half the width of the channel. 

I t  would seem more reasonable to take 

Apl --~ 
½pU(d' au' ' 
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which takes some account of the shape of the velocity profile near the static hole as well as of 
the velocity itself. If this latter form is used, F(R) of Ref. 5 is altered relatively little, as shown 
in Fig. 8, but  Apl = }zip. Log (zip~2) is plotted on Fig. 8 also, as curve ' b  ' 

In comparing the theoretical with the experimental results, account should be taken of the 
fact that  tile theoretical analysis is for a two-dimensional static hole. The value of Ap for the 
three-dimensional case of a circular hole could be expected to be smaller than in the two- 
dimensional case by a factor which might be expected to be approximately one half. These 
tentat ive three-dimensional values are shown as curve c ', which is a plot of log (Ap/4). 

The curve ' c ' is considerably removed from the extrapolated value of Ray's  function, F(R). 
However, it must be recorded that  the theoretical results presented are for laminar flow and are 
considered t o  be valid only for 0 < R < 1; Ray 's  results are almost entirely for turbulent  flow 
and were obtained in tile range 3 < R < 1000. It is possible that  as in the. case of resistance 
to flow in a pipe there should be two different functions for zip, one for laminar and one for 
turbulent  flow, connected by a range of transition values. 

LIST OF SYMBOLS 

Stream function in "viscous flow 

Vorticity 

Kinematic viscosity 

q Local velocity of flow 

u, v Rectangular  components of q in tile direction of x and y respectively 

V ~- Tile Laplacian operator ~-~ -}- ~-~ 

R Reynolds number 

U A representative velocity 
o 

L A representative length 

Ap Error in the pressure recorded in a static hole due to t h e  disturbance caused in the 
flow by the hole itself. 

The addition of a dash to the symbol for a variable indicates that  the variable is in dimensional 
form while the Symbol without  a dash represents a variable which is in non-dimensional form. 
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APPENDIX 

Val id i ty  o f  Solut ions 

T h e  N a v i e r - S t o k e s  equa t ions  for s t e a d y  flow in two  d imens ions  of an  incompress ib le  v iscous  
fluid m a y  be w r i t t e n  (in n o n - d i m e n s i o n a l  form) 

1 01b 1 0u 0u (17) 
X ---~ 0-7--  t? V ' u  + u 57 + v ~ ' . . . . . . . .  

1 0p 1 0v 0v (18) Y - ~ o 7 -  R V~v + u $~ + ~ ~ . . . . . . . . .  

W h e r e  X ,  Y ,  are in non -d imens iona l  f o r m  the  c o m p o n e n t s  of t h e  e x t e r n a l  forces ac t ing  on  u n i t  
mass  of t he  f luid { X '  -= (U2/L) X} .  On e l imina t ing  p we ob t a in  

~X ~Y 1 2 ~ _ ( ~ 0  ~ a~o ~ )  
ay ~ - ~ v  ~ y  a y ~  • 

I n  t h e  so lu t ion  p r e s e n t e d  in th is  p a p e r  i t  has  been  a s s u m e d  t h a t  

(19) 
u 

aX a Y  
ay ~x - 0 . . . . . . . . . . . . . . . . .  (20) 

T h e  co r rec tness  of t h e  so lu t ion  o b t a i n e d  is d e t e r m i n e d  b y  h o w  a c c u r a t e l y  t he  va lues  of ~, ~o 
o b t a i n e d  fulfil th is  cond i t i on  w h e n  s u b s t i t u t e d  in to  e q u a t i o n  (19). T h e  so lu t ion  has  been  
o b t a i n e d  in t h e  f o r m  (6)" 

z ~h - / 8 I R  + 62R ~ + 6~R ~ -+- . . . . . .  I .  

J ~o = ~o h + A1R + A~R ~ + d~R3+ . . . . . .  

8 

(6) 



Inspection of Figs. 4, 5 a n d  6 will show that  everywhere al and a2 are respectively of the 
orders ~h/50 and ~h/500 or less, and that  A 1 and A 2 are respectively of the orders ~h/500 and ~h/5000 
or less. It is known also that  6a, A3 are of tile order one-tenth a2, A~ respectively. Consequently, 
for R < 1 the solution presented in Figs. 4, 5 and 6 should be a good approximation to the final 
solution for ~ and ~. 

At tile same time the condition (20) above has been satisfied to the same degree of accuracy, 
for (aX/ay -- ~ Y~ ax) differs from zero by an amount 

1 ( aw ag 
K V ' ¢ -  -~  ay a y  , 

which has a magnitude 

( a~h Oh2 
R 2 V26a-- ax Oy ay ax + ax Wy--g-jy ax + ax ay ay 

for the solution taken as far as the terms in R ~. This is known to have a magnitude of the same 
order as that  of 6a, A3. It is considered therefore that  the solution of Figs. 4, 5 and 6 is valid 
for R < 1. It may be valid for somewhat higher values of R, but this could be determined 
only when more terms in the expansions of ~, ~ are known. 
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