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SUMMARY

An investigation of the effects of elevator circuit stiffness on the
loading conditions of an aircraft in a rapid pilot induced pull-out
manoeuvre is presented with a particular reference to the airworthiness
aspects.

The solution to the problem is given in genersl terms; it includes
expressions for the ineremental elevator angle, stilox force, normal
aoceleration at the centre of gravity and the tailplane load i1n response
to a chosen sequence of pilot induced stick movements to initiate a rapid
pull~out manoeéuvre, The solution is a complex one and the influence of
significant parameters such as the degree of mass balance of the elevator
eircult, the forward speed of the aircraft and the rate of application of
the stick movement is discussed in relation to a numerical example.

Brief mention is made of further implications of this investigestion,
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1 Introduction

In the course of a recent accident investigation it was found that the
stiffness of the elevator circuit of the aircraft concerned was somewhat
lower than that normally obtained in practice, and it was required to deter-
mine what was the effect of this comparatively low stiffness on the loading
condition in rapid, pilot induced pull-out manoceuvres,

It is usual in the consideration of the loading conditions in pilot
induced manoeuvres to assume that the linkages between the pilot's control
and the assoclated aerodynamic control are rigid, so that in the case of a
pull-out manoeuvre for example, the movements of the elevator may be
expressed directly in terms of movements of the stick. With this assump-
tion, and others relevant to the short period mode of longitudinsl oscilla-
tion of the aircraft, e.g. constant forward speed, the aircraft may be
regarded as a dynamic system with two degrees of freedom. A nurber of solu-—
tions of this case for different types of elevator motion are available?s
If, however, the elevator circuit is not rigid, a further degree of freedom
18 introduced into the system; +this adds considerably to the complexity of
the problem, and the effects of the addition on the overall response of the
aircraft are not readily apparent.

The purpose of the present report is to consider qualitatively same of
the effects of elevator circuit stiffness in relation to the loading condi-
tions at the wing and at the tail in rapid pilot induced pull-out manceuvres.
A general solution to the problem is given, but in view of its complexity,
it has been found convenient to discuss the important effects with the aid
of an example,

2 The representation of the elevator circuit

In practice the overall stiffness of a control circuit is a sum of the
stiffnesses of the mountings which carry the various linkages as well as the
stiffnesses of the linkages themselves. For the purposes of the present
investigation all these effects are assumed to be of a similar nature s0
that the overall circuit may be replaced by a single linear spring of appro-
priate stiffness in an otherwise rigid system; for convenience it is
assumed that this spring is located at the top of the stick. (See Fig.1.)

In addition it is assumed that the moment of inertia of the elevator circuit
is ancorporated in that of the elevator itself and that the circuit is
frictionless.

3 Details of the analytical investigation

With the sbove representation of the elevator circuit, the equation of
motion of the elevator about its hinge, has been developed, and, together
with the equations governing the pitching and heaving motions of the air-
craf't, has been solved analytically for a specified sequence of movements of
the stick., See Appendix, Expressions are derived for the incremental elecva-
tor angle, the incremental nommal acceleration at the centre of gravity of
the aircraft and at the tail, the incremental staick force and the incremon-
tal tailplane load, The assumptions used in setting up the equations of
motion are those nomally made in connection with the anelysis of the short
period mode of response of the aircraf't snd are enumerated, far example, in
Ref.2.

I The pilot's action

The airworthiness aspects of pilot induced pull~out menoeuvres have
already been considered™ foar the case in which the elevator circuit is rigig,
the assumed elevator (and stick) movement being of an exponential form. A
sumnilar type of stick movement is used for the present investigation., The
sequence of movements is defined by equation (17) of the Appendix. The
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parameter k 1n this eguation governs the initial rate at which the stick
is moved to 1ts final deflected position, and the significence of this para-
meter is the same as in the "rigid" case. With this choice of stick move-
ments, the effects of stiffness of the elevator circuit may be assessed
against the "rigid" case.

The pull-out manoeuvre considered is a rapid one, and the numerical
value ascribed to the parameter k is Bhﬁt suggested in the design require-
ment relating to the pull-out manoceuvre® ¥ namely LJ+R, where J is the
non~dimensional frequency of the pitching oscillations of the aircraft
alone, and R 1is the non-dimensional damping coefficient of these
oscillations.

5 Details of the example, and of the calculations

In view of the camplexity of the general solutions for the relevant
response quantities presented in the Appendix, a general discussion of the
effects of elevator circuit stiffness on the loading conditions of the air-
craft is not practiceble, and recourse has been made to an example to illus-
trate the salient features of the case. The chosen example is based on the
aircraft which prompted the initial investigation, having a conventional
cable type elevator circuit. The basic numerical data for the example are
given in Table I. It will be noted that in the basic configuration the
elevator is not mass balanced.

The calculations have been made to illustrate the direct effects of
elevator circuit stiffness on the loading conditions of the wing and tail-
plane under the chosen set of conditions Table I 1(i), but additional
calculations have been made to provide an idea of the significance of the
degree of mass balance of the elevator, the forward speed of the aircraft
and the rate of stick movement on the overall problem.

The preliminary study of the various effects was made with the aid of
an analogue computer, but all the results discussed below have been obtained
by direct calculation. The results are presented in the form of time
hastories of the manoeuvre,

6 Discussion

(1) The basic effect of elevator circuit stiffness

The responses in elevator angle, stick force, nommal acceleration at
the cemtre of gravity end net tailplane load (i.e. allowing for inertia
effects) to the assumed sequence of stick movements for a number of circuit
stiffnesses are illustrated in Fig. 2(a-d). The first observation to be
made is that the demping of the elevator mode is below its"critical" value,
and that for finite values of circuit stiffness, the response in elevator
angle to the stick movement exhibits a transient oseillation, The numerical
value of the elevator damping coefficient L (see equations (10)~(15})
used in the calculations has been based on a simple formula derived by
Adamson and Lyons1 from a few experimental data, but it is thought that it
represents a realistic value.

The response of the airceraft is darectly dependent on the sequence of
elevator movements and it is to be expected that all the other quantities
illustrated in Fig.2 should exhibit simijar transient oscillations. In the
case of the stick force and tailplane load this is most marked, mainly
because bvoth these quantities depend on the elevator angle as well as the
response of the alrcraft itself, In the case of the normal acceleration at
the centre of gravity, the effect is not readily discernable since the
growth of acceleration is relatively insensitave to the rapid fluctuations
of the elevator.



In the early stages of the manceuvre, the transient oscillations in
the stick force and tailplane load time histories are of comparatively
large initial amplaitude and 1t is evident that still higher amplitudes
could be obtained at higher finite stiffnesses. However, as often happens
in dynamic phenomena, a stiffness would eventually be reached beyond which
the amplitude would begin to decresse; it will be noticed that in the case
of the tailplane load, the rate of increase of maximum down load with
increage in stiffness falls quite rapidly even with the values of stiffness
considered here. In addition it should be pointed out that if the oscilla~
tions of the elevator were much more rapid then those shown in Fig, 2(3.)
"unsteady flow" conditions around the tailplane would tend to modify the
overall picture obtained, and the predicted maximum loads and forces would
probably not be realized in practice.

However, assuming that the chosen elevator damping is of the correct
order, the chief effect of reducing the stiffness of the elevator circuit
is to reduce the loading conditions at the wing and at the tail as well as
the level of stick forces for a given stick movement,

(ii) The effect of mass balance

In the early stages of & rapid pull-out manoeuvre, the motion of the
aircraf't is continuously disturbed, and there are continuous changes in the
normal acceleration at the centre of gravity and in the angular pitching
velocity., It follows that the normal acceleration at the tail differs fram
that at the centre of gravity until steady conditions are reached. Since
the tailplane and elevator are subjected to acceleraticn during the pull~out
manceuvre it is evident that if the elevator is not mass-balanced and its
circuit is not rigid, this acceleration will affect the total hinge moment
of the elevator and also its displacement, which in turn will affect the
motion of the aircraft.

Some evidence of these effects may be obtained from Fig.3. Here mass
balancing has been achieved by the addition of weights forward of the eleva-
tor hinge line, and thas has ancreased the overall moment of inertia of the
elevator system, as indicated in the Table I 4(ii). The elevator response
lags further behind the sequence of stick movements then in the unbalanced
state, and in addition the transient oscillation is more vigorous; further,
the removal of the elevator hinge moments due to acceleration effects
results in a larger asymptotic elevator angle. The stick forces in the
early stages of the manoeuvre are increased because the relief, due to the
effects of the negative acceleration at the tail in this period,is removed,
but eventually are decreased as a result of the positive acceleration
effects which arise, The main effect on the normal acceleration at the
centre of gravity is to increase its maximum value, because of the larger
elevator angle attainable. The effect on the critical loading condition at
the tail, i.,e. the maximum download in the present case, is negligible.

(1ii) Effect of forward speed of the aircraft

The analytical work in the Appendix is presented in terms of non-
dimensional quantities, Such a presentation allows a consistent comparison
of results of different cases and also gives a true indication of the
influence of the various pertinent parameters. .The non—dimensional damping
coefficient of the elevator V,» See equation (13), is a function of the
forward speed of the aircraft, 'and thus, as 1llustrated in Fig.4t, a change
in this speed results in & change in both the amplitude and "duration" of
the transient oscillation in the elevator response, and in its asympfotic
value, leading to changes in the stick force, normal acceleration and tail-
plane load in such a manner that the stvick force/g and steady tailplane
load/g remain constent.



(iv) Effect of rate of stick movement

The primery effect of a change in the rate of stick movement (see
Fig.5) is to change the amplitude of the transient oscillations of the
elevator in the early stages of the manoesuvre, and thus to change the stick
force and tailplane load an this period. The changes are quate marked, and
it 1s clear that the precise rate of stick movement has a profound effect on
the magnitude of the forces and loads in the initial stages of the manoeuvre
whether the elevator circuit is rigid or not. The steady state conditions
are not affected by the rate of movement of the stick,

(v) Airworthiness aspects

So far the discussion has been confined to the consideration of the
effects of circuit stiffness on the response of an aircraft to a specified
sequence of stick movements. However, such considerations do not fully
illustrate the airworthiness aspects of the case, since, in practice, these
aspects are closely linked to a flight envelope of normal accelerations at
the centre of gravity of the aircraft. As indicated in (i) above the
primary effect of a reduction in control circuit stiffness is a reduction in
the wwerall level of response of the aircraft, and in particular the normal
acceleration at the centre of gravity, if the sequence of stick movements is
unchanged. For this reason it is desirable that the case should be re-
examined with reference to a specified value of normal scceleration to be
reached in the manoeuvre.

An appreciation of the effects of circuit stiffness on the airworthi-
ness aspects of the case may be obtained by a simple re-evaluation of the
results previously cbiained since the magnitudes of all the response quan-
tities involved are directly proportionel to the magnitude of the sequence
of stick movements., In Fig.6 the stick displacement at each value of circuit
stiffness has been adjusted in asuch a mammer that the asymptcotic normal
acceleration at the centre of gravity (not allustrated), obtained an the
ensuing manoeuvre is always the same, Adjustment has been made only to the
asymptotic stick displacement; the parameter k has not been changed. It
follows that the meximum (initial) rate of stick movement is different for
each value of circuit stiffness. This fact must be borne in mind when
congidering the various responses in Fig.6, since the effects illustrated by
the curves are not now due solely to the effect of circuit stiffness, but
include the effects of changes in the initial rate of stick movement, which,
as noted in (iv) above can be quite marked. However, it is believed that if
flight tests were made to investigate the airworthiness aspects of circuit
stiffness in rapid pull-out manceuvres, the results obtained would indicate
a tendency on the part of the pilot to increase both the initial rate and
amplitude of stick movement to produce the required steady acceleration as
the stiffness of the elevator circuit was reduced rather than incresse the
amplitude of stick movement alone, It follows that with this plausible
assumption the method of presentation of results in Fig.6 may be considered
to be a realistic one.

The important feature to be noted is the marked increase in the maximum
tailplane load at the begiming of the manceuvre when the elevator circuit
stiffness is reduced, In the present example, this maximum load is also the
critical load in the menoeuvre, and sance i} is evident that the values of
stiffness covered in Fig.6 do not lead to the most critical condations, it
is concluded that the airwarthiness aspects of the repid pull-out manoeuvre
may be significantly affected by the actual stiffness of the elevator
circurt., However, the results presented in Fig.7 indicate that the effects
will nct be so important if the elevator circuit is mass balanced, although
the steady stick force/g will be reduced.



7 Implications

The general analysis in the Appendix applies directly to the case in
which the stick and elevator arz connected by non-rigid linkages. However,
it is suggested that this analysis could easily be recast to solve other
problems in which there exists an interaction between dynamic structural
distortions and the elevator hinge moments e.g. cases in which the elevator
torsional stiffness is low or in which a servo or power cantrol of definite
stiffness is present in the elevator circuit. It is also suggested that
the present analysis demonstrates that problems mey arise with regard to
airworthiness conditions when the assumption of a rigid structure is not
Justifiable,

8 Conclusions

The effects of elevator circuit stiffness on the loading conditions of
an aircraft in rapid pilot induced pull-out manoeuvres are considered. A
solution to the problem in general terms is given, but in view of its com~
plexity, the salient features of the problem are discussed with reference
to a numerical example,

In particular, it is concluded that the loading conditions at the tail
in a rapid pull-out manoceuvre may be significantly dependent on the degree
of stiffness present in the elevator circuit, and that acceptance of the
assumption that the circuit is rigid in the analysis of such manoeuvres when
it 15 not justifisble may lead to an underestimate of the critical loading
canditions,

In addition it is suggested that the investigation may serve to
illustrate a method of approach to other problems in which there exists an
interaction between dynamic structural distortions and elevator hinge
moments,
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APPENDIX I

The equations of motion and their solution

A1  Equations of motion

The equations which describe the pitching and heaving motions of an
aircraft in a pilot induced pull~out manoceuvre oan be written thus®

oC aC ac! ac!
W, 24dq_ 1 _m 3 mo L £ de da 4
g ks @& 2PVZS° da *~ Epv“zsc 3q q*‘fpvzslf’ 3! V dg at ~ "2 Vs'e om
(1)
aC
W (aw L
g(dt-qv)+§p\]23 5@ = 0 (2)

A S

X Gz +WW 452+ v = =0 (3)
aw A -

a-,-c-+-;-aw-q = 0, (%)

If, however, the elevator cirocuit is not rigid, a further equation, an
equation of elevator hinge moments, is needed to describe completely the
motion of the aircoraft., For the present investigation the flexibility of
the elevator circuit has been represented by a single linear spring in an
otherwise rigid circuit, as illustrated in fig.(4). It has been further
assumed that the moment of inertia of the elevator circuit can be added to
that of the elevator itself, and that the circuit is frictionless. With this
representation of the elevator circuit, the equation of hinge moments may be
written thus:

W 2 oG aC aC aC
e, 2d7m 4 h 1 B 1 h 1 2
g ke at2 ”vazsece 5z * ZPVZSece da & 21wz‘gec'e aq 4 ZPVZS'ezce an
aC W x L} \ o oH
4 h e e'e e, 24day (s —3 )
'EPVZSece 3H N+ (—-———g o 8+ 2 ke dt) (as 5+ 35 ) =0
(5)

where the first bracket relates to the hinge moment due to acceleration
effects at the teil and the second bracket relates to the hinge meoment due
to stick forces.

The vertical acceleration at the tail 3'..32

. Gw fg
8y = - V+x (6
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The stick force is, see fig.(1)

/ 7
F o= k \s + = (7)
e
sc that the hinge moment due to stick forces is
N 3
F 8 .y
H = =L o .2 ( R
8 m, m m, )
gH k
8 5
52 = -2 ) (8)
m
e
oH k
and 'S'T']E = - ""‘§-2"
m
e
-
In addition, the effective incidence at the tail is2
de® & £ de da
LI - — — - ==
o "(1 dw) ** VItV ax * & (9)

so that the derivatives in equation (5) take the form

-~

ach B /1_d—8b

da © \ da/ “1

On ot

21 4 T Vda 1

b

E.Sh.. - .‘@.b (10)
g vV

aoC
0 RN

an 2

acL _

o = V¥

o7

W
Thus, introducing the portmanteau symbols Y = Jz-pVZSece and Ie = —z— kez, and

using equations (6), (8) and (10), equation (5) may be rewritten in the
following manner.
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\at e e
X ks ks
-7 <‘b2 - 2)1’] = o~ T S (1)
e Y e e
e
0T 1n non-~dimensional form ‘
" a% an a°n an
A1;§+B1E+C1W+ 2+D1 dT+E1n = F1S (12)
T drt
where
A = 14-2 D1 = = Ay ?
A,a . b k
1 de 1 g
B, = 2-11(14-&“)“ E, =—A<b2—m2)
e
k As
e o _de a_ & v - 5 m L
¢ = A(1 da *2#) by -t Py = - Ym, (13)
where
Xﬁ _€2
L = '_eé' A = A
k Ie
e
; A~ s
v = - 58 = =
€ 'E Sm J

and where 8 is a characteristic value of the stick movement.

Now equation (3) end (4) may be combined to give a second order
equation of the form

24 -
g—%+23%?-+(32+‘12)\% = -dn (44)

dt

\

where R =#(v +% +2a) and J = Jm + 5 av - RZ  are identically equal to
the non-dimensional damping factor and frequency respectively of the pitching
oscillations of the aircraft system - elevator circuit rigid. It is assumed
here that the characteristic two degree of freedan stability equation
associated with equation (14) does in fact lead to & pair of complex roots
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and therefore an oscillatory response, PFurther it will be assumed that in
the formal presentation of the following analysis of the coupled system of
aircraf't and elevator, the motions in the aircraft and elevator modes are
ascillatory in nature.

Combining equation (12) and (14) we obtain a quartic equation

Ll-“ 24
g—%+(2R+D) 3+(R +J2+2RD +E,I—Aé‘>)af,2"r
dt dr

I:(RZ-PJZ)D + ORE, - B,EG:] L(R?'uz)n -C 5—|w = 67,3

(15)

which, for the purposes of solution, is conveniently factorized in the form

e 2 R
Ld 5 + 2R, 7=+ (B, +J %) 'l 2R %-F + (Re?'-;-Jez) :]'rr = o8 (16)

d

where ¢ = -5F1. For all practical purposes the values of R1 and J‘l and

Re and Je will be, for the present problem, approximately equal to the
damping factors and frequencies of the cscallations of the separate, uncoupled
alrcraft and elevator systems respectivelye.

A? General solutions

The stick movement to initiate the repid pull-out is assumed to be

5= (1) (17)
in which case s is equal to the maximum displacement of the stick. The

solution of equation (16) for # with this disturbing function is, with
initial conditions T = W = = Oy

1 a rk1T ""'R1T ~R,T
= (61+66) + (o 9 )e + B, sin J,v + Y, cos J,T +
—Re'r -Re'r.'
+ B e sin JT 4 ¥ e cos Jv (18)
B, - Ak
where &, = = 2 22 5 Y4 =-a1-61 )
(R,=k)" + I,
’ (19)
S b, - -l Bk,
1 R12+J12 1 Iyt Iy
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2 2 ~
- ¥ = -d =5 ;
2 2 e e e
(Re"k) +J,
L
D R R -k
2 | e
- B = =2 § - a (19)
R 2 +J 2 e Je e Je a )
e e
end where \
|
t
N ) 2(R1—Re)
Ey
2 2 2 2
(R1 +J, ) - (RS7+3) + 4R1(Re—R1)
B, T
2
'i
Cp = =& , (20)
2 2 2 2
(B“9,7) = (R"49,7) + & R (R,R,)
b, B
2
2 2 2 2 2 2 2 2 2.
By = 2®RTW)ER ) + By, )I}“R1Re - 4R~ (R, )_J’
2 2y 2 2 .2
+ (Re e ) L”'R‘IRe - Ry - (Re e ):l!
-
Further
~ ~R T -} ,T ~-R 7
1a% -kv = . - - .
% it = k(a1+ae)e +f31e 5in J ver,e cos J1'r + Bee sin Je't +
_ -Re'r
+Y e cos J_T (21)
and
1 d2. o I --R1'r w =R,T = =BT
6-;5—2- = k (a1+¢xe)e +B,e sin J,T + ¥ ,e cos J,T + B e sin J_7 +
= -Re'r
+X ¢ cos J T (22)



where B, = -~RB, -3 B = =RB =-Jx )

1 174~ 940y e e"e " “ele
1'1 = “R1Y1+J1B't Ve = _ReYe"'JeBe
_ _ ¢ (23)
B-‘I =~ R1B-1 = Iy Bg = ~RP, - Jx,
Yy = - R1Y1 + J1r:11 Yo = —RY, + JeBe
A3 Derived response quantities
(i)  Normal acceleration®:
at the cg: n = Dw (24)
Loy
where D = /3 a
- s 24\ A
. N ~a _1(2dw dw
at the tail: n, = D{w = m (a dfcz + d’c)] . (25)
(ii) Teilplane loed®:
P = ‘KBV‘:’+C§£E+&'\1 (26)
= A\ ar t 2
where A = Jg-pV28'
de  a
B = (1 'dz + 2[-1) a.1
ae\ *1
C = (1 + da) m .
(1ii) Elevator angle:
1 /3% aw 2 “
n:-—-g(;i-i-ma}--b(l? +J2)W>. (27)
T

(iv) Stick force:

F = ks<s+%;-;>. (7)



TABIE T

Numerical data for the example

Basic effects

(1) Basic data = Fig,(2)

R = 3.17 H = 10.7 b1 = ""0029 me = 0-9 rad/ft

J =312 = 0,57 sec b, = 0,675 I_ = 0.15 slug £1°

8 = bl & = 12.6 % S, = 114 £8° v = -0,0105

B = 416 A = 10,500 1b o, = 1e1 ft ¥ = 830 1b 't

a, = 3.31 D =268 k2 = 040 £t° s = 0,0833 £t

a, = 245, V = 140 kts TAS X, = 0,35 ¢

de

5o = 0033 k = UJR = 15,65

(ii) Effect of mass balance - Fig,(3)

As in 1(i) but with

(a) k, = 500 1b/f4 ke"3 = 0434 £4° and (v) k, = 500 I1b/ft kez = 0..40.1‘1&2
X, =0 x, = 0.35 Tt
I, = 0.216 slug £4° I, = 0s15 slug £t°

(ii1) Effect of forward speed - Fag,{4)

As in 1(i) but with

(a) V=120 kts TAS £ = 0,67 sec and {b) V = 140 kts TAS £ = 0.57 secs
D= 19.6 ¥ = 610 1b/f% D = 26,8 ¥ = 830

1b £
A= 7700 v k, = 500 1b/ft A =10,500 1b* k¥ = 500
Ib/ft

(iv) Effect of rate of stick movement ~ Fig, (5)

As in 1(i) but with

() V=120 kts TAS £ = 0,67 sec and (b) V = 120 kts TaS £ = 0.67
Sec

H = 7700 1b k, = 500 1b/Tt A = 7700 1b k, = 500
1b/ft

Adrworthinéss-gspects ~ Figse(6) and (7)
(i) ASEA T(1) but with -
n,.o= 0.58'3'_ and with s_ to suit,
(ii) - A5 in 1¢1) but with
(a) n,_ = 0.58'g" k= 500 1b/f% and (b) n,_ =0.58'g' k, = 500 1v/ft

o 2 > 2
I, =0.216 slug £t° s = 0,0333 £% I_ = 0.15 slug ££° 5 =
0.0333 %
Xe = 0 xe = 0,35 £t
k2 = 0.3 £t2 k2 = 0,40 £47
- 18
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