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Summary-:«Transition measurements on 15-deg and 24· 5-deg cones at M CD = 3· 17 and 3·82 showed that the transition
front was extremely sensitive to incidence, a fourfold variation occurring between transition Reynolds numbers on the
leeward and windward sides of the 15-deg cone at 2-deg incidence. At zero incidence the transition Reynolds number
was between 2·5 and 3·0 X 106 and no significant variation was observed over the test range of stagnation pressures
from 2 to 5 atmospheres.

Pitot traverses on the top generator of the 15-deg cone at M CD = 3 ·17 showed that the effects of small angles of
incidence (- 2 deg to + 1 deg) on the characteristics of the laminar boundary layer were nearly linear and were in
excellent agreement with the theory of F. K. Moore.

The same results showed that small angles of incidence altered the thicknesses of both laminar and turbulent
boundary layers, but did not affect the shapes of the velocity profiles. The alteration with incidence of the displacement
thickness of the laminar boundary layer was large (agreeing with Moore's theory), and in amount was more than twice
that found with a turbulent boundary layer.

Introduction.-The characteristics of laminar and turbulent boundary layers on circular cones
in supersonic flow can now be predicted with reasonable accuracy for Reynolds numbers up
to 107 and Mach numbers up to at least 5 under zero heat-transfer conditions and at zero incidence.
Neither of these conditions is likely to apply at all times in practice and it is of obvious importance
to determine the effects of both heat transfer and incidence on the cone boundary layer.
Accordingly a test series was started and this note describes some measurements of the effects of
incidence at zero heat transfer.

The effect of small angles of incidence is to perturb the axisymmetric patterns of both the
inviscid flow and the boundary layer around the cone. The inviscid and viscous flows are closely
interdependent; circumferential pressure gradients in the external flow inducing cross flow and
consequent axial asymmetry of growth and stability in the boundary layer. The theoretical
aspects are discussed in detail in Section 2.

* R.A.E. Report Aero. 2577, received 27th February, 1958.



Experimental data were obtained from tests made on two cones of 15 deg and 24· 5 deg total
angle in a wind tunnel of 5 in. square working-section at Mach numbers of 3·17 and 3·82 and
with a stagnation pressure ranging from 2 to 5 Atm. abs. (tests involving boundary-layer traverses
were made on the 15-deg cone at a Mach number of 3· 17). A complete experimental investigation
would require boundary-layer exploration along a number of generators. However, present test
arrangements do not allow this to be done and boundary-layer traverses with a pitot-tube are
confined to one generator in the plane of symmetry. Transition determinations using a chemical
indicator (azo-benzene) cover the whole surface of the cone. More details are given in Section 4.

The experimental limitations are to some extent offset by the existence of a laminar-boundary
layer theory by Moore" which applies to the flow at all points on a cone if the incidence is small,
and with which the present results are compared in Section 7.

2. Theoretical Considerations of the General Effects of Incidence.-The effects of incidence on a
cone in supersonic flow depend upon the range of incidence considered. The range appropriate
to this note is for small angles of incidence "'(- 2 deg < ex < 2 deg) with a corresponding range of
",/0(-- 0·266 < (X/O < + 0,266) for a 15-deg cone, 0 being the semi-angle" of the cone. Within
these limits the cone shock remains attached and the inviscid-flow field is conical with all
parameters constant along rays from the apex.

For these conditions the effects of incidence may be discussed under two headings: first the
effects on the non-viscous flow external to the boundary layer and second the effects upon the
boundary layer itself.

2.1. The Effects of Incidence on the Inviscid Flow.-The flow over a cone at zero incidence is
conical in form and symmetrical about the cone axis. For small angles of incidence the apex
of the conical field remains coincident with the cone tip (attached shock wave) but the axis of
the field is inclined at a small angle to the cone axis in the plane of incidence. The flow parameters
are constant along rays from the apex and are functions of Mach number, cone angle, incidence
and the position in the flow field described by the angles () F and Q as shown in Fig. 1.

The static pressure (PI) at the surface of a cone at incidence is related to the corresponding
static pressure (PI) at zero incidence by

~I = 1 + exA 3 cos Q + ex 2(B
3 + D3 cos 2Q) + ... (la)

PI
(ex is in radians in this and similar formulae), where A 3 , B 3 and D3 are functions only of () and M
and are obtained from Ref. 2 via Ref. 3 (the pressure at zero incidence is constant at all points
on the cone surface).

Fig. 2 shows typical theoretical pressure distributions given by equation 1 for a 15-deg (total
angle) cone at incidences of 1 and 6 deg in an M = 3·18 air stream. At the lower incidence
there is approximately a sinusoidal variation of pressure around the circumference of the cone
with higher pressure on the windward than on the leeward side. As the incidence is increased,
this distribution is progressively modified by the second-order term in equation 1 until above a
certain incidence (4,7 deg in the present case) a pressure minimum appears on the leeward side
before the top generator (Q =-= 180 deg) is reached. This minimum and the subsequent adverse
pressure gradient (in the circumferential direction) are illustrated by Fig. 2b for ex = 6 deg. It
may be noted that adverse pressure gradients of this type should not occur within the incidence
range (- 2 deg < ex < + 2 deg) of the test series of this report, either at M = 3·17 or M = 3·82
(at M = 3·82 the critical incidence would be increased to just under 5 deg.)

* The symbol adescribing the cone semi-angle instead of total angle has been adopted to simplify the boundary-layer
equations. The description of the cone models by their total angle is a continuation of the practice adopted in Refs. 7
and 9.

2



Other flow parameters such as density and velocity can be expressed in forms similar to that
of equation (la). For example, the meridional and circumferential velocities (ul and WI) are
given by

(Ib)

(Ie)

(2)

where, as before, the A and D are functions only of () and M and are obtained from Ref. 2 via
Ref. 3.

2.2. The Effects of Incidence on the Boundary Layer.-The circumferential pressure gradients
illustrated in Fig. 2 affect both the growth and stability of the laminar boundary layer by inducing
cross flows. Because the static pressure is constant across the layer, the pressure gradient is
likewise constant and thus the air with low momentum near the wall will follow the direction
of the gradient more closely than the air with higher momentum near the outer edge of the
layer. Some practical implications of this divergence are considered in Section 4.1 in connection
with the use of pitot-tubes for traversing the boundary layer.

At small positive angles of incidence (more strictly cx/a small), the circumferential pressure
gradient is favourable from Q = 0 to Q = 180 deg (Fig. 2a) and the boundary layer is drained
from the windward side to the leeward side, thinning on the windward side and thickening on the
leeward side. As cx/a increases, an adverse pressure gradient appears on the leeward side (Fig. 2b),
which eventually becomes strong enough to cause cross-flow separation with the formation of
vortex lobes. However, these latter flow conditions are outside the scope of the present report.

A further effect of the draining of the boundary layer from one side of the cone to the other is
that the stability of the thinned layer is increased and that of the thickened layer is decreased.
It follows that the transition 'front' at which the boundary layer becomes turbulent will be
distorted from that corresponding to zero incidence.

F. K. Moore has obtained some theoretical solutionsvv" of the laminar boundary layer on a
cone at incidence. The particular solution to be summarised here is that from a small perturbation
analysis applicable to all positions on the cone for cx/a« 1 and a priori valid only in the limiting
case of vanishing angle of attack. The following general assumptions were made:

(a) The boundary layer does not modify the external flow field, which is given by equation (1)
above, neglecting terms higher than the first order in cx

(b) Zero heat-transfer conditions exist at the cone surface

(c) Prandtl number (J = 1,

(d) The Sutherland viscosity law can be approximated to by

P/Pr = C(T/Tr) ,

where subscript r refers to a reference condition

(e) The specific heats are constant, with the ratio

Cp/Cv = y = 1· 4 .

The solutions are given in terms of the angle Q defining the circumferential position on the cone
(Fig. 1), incidence cx and the Mach number outside the boundary layer on the cone at zero
incidence MI'

3
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(3)

(4)

2.2.1. V clocity projiles.-Solutions for the velocity profiles are,

uju1 = fo' -I-- CiA I cos Q [(1 - ":3 sZn 0 ~:) (fo' - h2 ' )

- 2(1 + }' --~ M 1
2

) _~._2 h 'J
2 Al SIll 0 3

for the meridional profile and

W f ' ( 1 y - 1 M- 2) 1 'w-; = J II + + 2- 1 ZI

for the circumferential profile.

.Ill and A 2 are the coefficients occurring in equations (1) which specify the first-order effects of
incidence on the inviscid flow and are functions of cone angle and free-stream Mach number
(Refs. 2 and 3).

[«, hs', h/ and hs' refer to the viscous flow in the boundary layer and are tabulated in Ref. 5
as functions of a non-dimensional co-ordinate AL •

This co-ordinate AI. is the similarity parameter YjX 1
/

2 of an equivalent two-dimensional
incompressible boundary layer, obtained from the physical co-ordinates (x, y) by Howarth's
transformation between compressible and incompressible flow

( ,+, )-1/2fY' )Y' = J~ ~--- dy'
P II PI ,

X -= x'
where

}

(5)

(6)

(bars denoting zero incidence and C from equation (2) taking T r = T'; where T~ is wall
temperature), and by applying Mangler's y3 transformation between conical flow and plane
flow, i.e.,

Y -= Y3Y'.

Applying these transformations we have

AL = Y jX1
/

2

(7)

(8)

Equation (3) shows that using this co-ordinate the velocity profile uju1 for zero incidence is
given by the first term fo' which is the Blasius profile of incompressible flow, and that incidence
introduces a term which varies sinusoidally around the cone periphery, being zero at Q = 90 deg
and at Q -= 270 deg.

Equation (4) shows that (to order Ci) the circumferential profile wjw 1 is independent of Q, the
circumferential angle (it should be noted, however, that at Q = 0 and 180 deg, both wand WI

become zero).

2.2.2. Displacement thickness.-In a two-dimensional (or axisymmetric) flow, displacement
thickness is usually defined in terms of mass-flow defect within the boundary layer. There is
some difficulty in extending this concept to three-dimensional flow, because now there is more
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than one velocity component parallel to the body surface. To overcome this difficulty it is
necessary to go back to a more fundamental definition which considers the distribution of the
normal velocity component (v) at the outer edge of the boundary layer. The derivation is as
follows:

The initial calculation of the external inviscid flow is made neglecting the boundary layer
and using the boundary condition v = 0 at the surface of the body. This yields a distribution
of velocity qI at the body surface, where qI is the vector made up of the velocity components
parallel to the surface of the body (UlJ WI)' The boundary-layer equations are now solved assuming
the boundary conditions Iq I = 0 at the body surface (y = 0) and q = qi at the outer edge of the
boundary layer, y = 0 (in practice, y = 0 is defined as the position where Iq IIIqII is equal to
some arbitrarily chosen value close to unity). The solution of the boundary-layer equations gives
the distributions of all three velocity components u, v and W throughout the layer and in particular
gives values of v = VI unequal to zero at y = O. These values of VI at y = 0 are the new boundary
condition to be used in any refinement of the solution for the external inviscid flow.

The displacement thickness (0 X) of the boundary layer is now defined as the local height above
the body surface of a fictitious impermeable surface which would produce, in inviscid flow, the
same distribution of VI at y = 0 as does the boundary layer itself.

Moore shows" that this leads to the general mathematical definition for 0 X

div [PI~IO x - J: (PI~I - PC{) dyJ = o. ..

In the case of flow over a cone at a small angle of incidence, equation (9) becomes

Ox=.= 0 X _ Oi 2~ 2 (0 x_ 0 x) cos Q
x 3 Sin () x Q ,

where A 2 is defined by equation (Ic) and

(9)

(10)

(11 )

Solutions of equations (10) and (11) over a range of values of IX? and () are given in Refs. 1 and 5.
Roughly, the change in 0 x with incidence is in the same proportion to 0 x at Oi = 0 as is Oi to ().

Now, to the first order in «. wlw i is independent of circumferential position (equation (4)), so
that the same will apply to oQx of equations (11). Hence equation (9) shows that the displacement
thicknesses on the top and bottom generators of the cone (Q = 180 deg and Q = 0) are affected
by the circumferential velocity w, even though w = 0 when Q = 0 or 180 deg. The significance
of this fact when interpreting the subsequent experimental results is considered in Section 7.2.

2.2.3. Skin frietion.-As in the case of displacement thickness, there are two components of
skin friction: meridional and circumferential. To order «, only the former need be considered in
estimating drag. Both contribute to a friction lift, but except at very low Reynolds numbers the
laminar friction lift will be small compared with the pressure lift (Moore quotes an example in
Ref. 5 where, for a Reynolds number of 300,000, () = 10 deg and M = 4, the friction lift coefficient
is of order O'OlOi, whereas the pressure lift coefficient is of order Oi).
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The local meridional skin-friction coefficient is given by"

1 (OU)
C! x = I - U- 2 fl oy

2Pl 1 w

(12)

(basing the coefficients on local flow conditions at ex -= 0), where K 1 ( 0 J M) can be obtained from
Fig. 8 of Ref. 5.

It follows that the overall meridional skin friction up to a station x on the cone is given by

F x = P1U1
2 I: J: rC!X dQ dx

= np1u1
2 I: r(C!L,~o dx ,

where r is the cross-section radius of the cone.

(13)

This indicates that if the boundary layer is laminar up to station x for all values of Q over
the range of incidence considered, then (to order ex) the overall skin friction along the cone is
unchanged by incidence.

Finally, it should be noted that for a cone at incidence, meridional skin friction cannot be
estimated from a momentum thickness derived from a meridional velocity profile alone (such as
might be obtained from a pitot traverse), since the appropriate momentum integral equation
includes terms involving the circumferential velocity profile. This applies for all values of Q,
including 0 and 180 deg.

3. Tunnel Facilities, Models and Test Conditions.-The tests were carried out in the supersonic
tunnel of 5-in. square working-section which has continuous operation and has been described
in previous boundary-layer reports (see Ref. 7 and earlier references contained therein).
Stagnation pressures up to 5 Atm are now available at all Mach numbers greater than 3.

3.1. Cone Models and Alignment.-Two stainless-steel cone models were used for boundary-layer
and transition measurements, one of 15 deg total angle and the other of 24· 5 deg total angle.
Because of the fundamental nature of these tests under zero heat-transfer conditions, it was
considered that a smooth model surface completely free from joints and other imperfections
associated with static-pressure holes and thermo-couples would outweigh the advantages of
instrumentation. The cones were therefore machined from the solid, and an average surface
finish of less than 16 microinches Lm.S. obtained.

For the purpose of verifying experimentally the static-pressure variation with cone incidence,
a 15-deg hollow copper cone fitted with static-pressure points was used. This is of similar con
struction to the 20-deg cone described in Ref. 7.

The cones can be pitched only in the plane of expansion of the two-dimensional single-sided
nozzle, the angle being adjusted by a mechanical linkage system described in Ref. 7. Cone
alignment was measured optically by sighting the cone tip through grids attached to each window.

The griJ interval was 0·1 in., giving an angular interval of 0·5 deg for the 15-deg cone and
O·8 for the 24· 5-deg cone. The cone tip was sighted onto the lines only and not to any inter
mediate position, so that relative errors in alignment are not likely to have exceeded 0·1 deg.

~~.2. Test Conditions.-Test conditions are detailed in Table 1 below. A wide range of
stagnation pressure was necessary to ensure that the transition front remained on the cone at
all angles of incidence (- 2 deg < l'i < -+- 2 dcg) and also to enable selected laminar or turbulent
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boundary-layer traverses to be made from the available tunnel pitot positions. An additional
test series was made to determine if tunnel stagnation pressure significantly affected transition
Reynolds number.

Stagnation temperature was steady throughout each run at a value near 35 deg C.

TABLE 1

Summary of Test Conditions

Mach number Stagnation Local Reynolds
Test Cone angle -undisturbed pressure number per in.

stream
(M(lJ

(Atm) (millions)
(deg)

-- -----

Transition tests using azo-benzene and creeper pitot 15 {3'17 2·8 I 0·49
techniques 3·82 5·1 I 0·68

24·5 3·82 5·3 I 0·821-----Static pressure measurements .. .. . . . . 15 3·17 2·8 0·49

Pitot traverses of boundary layer .. .. . . 15 3·17 1 to 5
I

0·175 to 0·88

Effects of stagnation pressure on transition position 15 3·17
I

2 to 5
I

0·35 to 0·88

4. Boundary-Layer Measuring Techniques.-The extent of the laminar and turbulent boundary
layer regions was determined by the sublimation technique using a 5 per cent solution of azo
benzene in petroleum ether. The solution is sprayed on to the model and adheres as a thin
crystalline coat. When exposed to an air-stream the sublimation rate is greater where the
boundary layer is turbulent than where it is laminar and the two regions are thus indicated by
the presence or absence of the chemical after some minutes exposure.

The azo-benzene results were checked with pitot traverses along the surfaces of the cone using
a creeper pitot with a stainless-steel hypodermic tip 0·020 in. outside diameter.

Measurements normal to the boundary layer were made with quartz-tipped pitot-tubes (Ref. 8)
with an outside diameter range from 0·006 to 0·010 in. Tube sizes were chosen as far as possible
in accordance with the recommendations of Ref. 9 in order to reduce the effects of pitot size
as much as possible.

4.1. Effect of Cross-Flow Conditions within the Boundary Layer.-The pitot traverses discussed
in this note were all made in the plane of symmetry (Q = 180 deg) where the flow direction in
the boundary layer is in the plane of symmetry. However, it is not out of place to note the
implications of taking pitot readings at other points on the cone, where cross flow exists.

Consider the conditions under which the boundary layer has been measured in these tests
(i.e., on a 15-deg. cone at Moo = 3·17). The theory of Ref. 5 indicates that the streamline at
the outer edge of the laminar boundary layer would have a maximum inclination of approximately
1· 5 deg per deg of incidence from the meridional direction and the streamline at the inner edge
of the boundary layer would have a corresponding maximum inclination of about 7· 5 deg per deg
of incidence. These maxima occur at Q = 90 and 270 deg.

For the incidence range considered in this note (- 2 deg < ex < + 2 deg), it is unlikely that
any significant inaccuracies would be introduced into the pitot-pressure interpretation if the pitot
is aligned with a-cone generator. -However, for smaller cone angles and/or larger angles of in
cidence, special alignment of the pitot might be required with the attendent difficulties in the
interpretation of the measured velocities.
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5. The Effect of Incidence on the 11/Ieasurcd Static-Pressure Distribution.-The distortion of the
boundary layer on a cone at incidence is a result of the pressure gradients imposed by the external
axially asymmetric conical flow field as described in Section 2 above.

Moore's perturbation analysis" of the boundary layer on a cone at small incidence uses linearised
equations for the effects of incidence on the inviscid-flow field (equations (1), neglecting terms in
,x2

) . It is therefore essential to determine how the experimental flow conditions compared with
the approximate estimates.

A check of this can be obtained most easily by static-pressure measurements on the cone surface.
For this purpose a 15-deg cone model not specifically designed for incidence tests was used
and unfortunately the distribution of static-pressure points was such as to preclude circumferential
pressure distributions from being obtained. However, a series of points was available along the
top generator (Q c--'; 180 deg) and results from these are compared with theoretical values in Fig. 3.
Agreement is only fair, but the theoretical movements with incidence are substantially confirmed,
the scatter of the points probably being due mainly to small imperfections in the installation of
the pressure points.

At zero incidence, the variation of Mach number along the length of the cone was within
± ~ per cent.

G. Transition iVleaslircmcnts.--Transition measurements at incidence were carried out at
different Mach numbers, Reynolds numbers and stagnation pressures (sec Table 1). There has
been some evidence from other sources that the transition Reynolds number may be affected
by pressure and it was decided, therefore, to carry out some extra tests on the effect of stagnation
pressure on transition Reynolds number at zero incidence. Details of these tests are given in
Section 6.2.

6.1. The Effect of Incidence on Trans'ition.-Typical transition pictures obtained with a 5 per
cent azo-benzene solution are illustrated in Figs. 4 and 5, the effect of incidence on the transition
front being clearly indicated. Good agreement is obtained between results obtained from azo
benzene pictures and from creeper pitot pressure plots (Fig. 6 shows typical results from each
method). The area still covered by the azo-benzene at the end of a test is a region over which
the boundary layer is completely laminar. The area' scrubbed' clean of the indicator includes
the transition region* and the region over which the boundary layer is turbulent.

Results from transition measurements at 11/L/0 =: 3·17 and 3·82 on the 15-deg and 24·5-deg
cones with azo-bcnzene are shown in Fig. 7. The transition Reynolds number R: is plotted for
both top and bottom generators ([2- 180 and 0 dcg respectively) against an incidence para
meter lx/a (the value of R r corresponds to a position at which the azo-benezene deposit terminates).
The experimental data show some scatter, but since the effects of the parameters a, Po and 1\1C'J

do not show any particular trends, mean curves for both Q = 0 deg and Q = 180 deg can be
drawn. The transition front is clearly very sensitive to incidence. For example, transition on
the 15-deg cone at 2-deg incidence takes place at a Reynolds number R T c= 4·2 X 106 on the
bottom generator (Q c= 0 dcg) and at R" =cc 0·87 X 106 on the top generator (Q -= 180 deg).

This compares with the general value of R T C-:- 2·7 X 106 at zero incidence.

6.2. The Effect of Stagnation Pressure on Trans£tion.-The first reported variation (known to
the authors) of transition Reynolds number with pressure was by Potter of N.O.L.lO. This
unexplained effect occurred on spin-stabilized cone-cylinder models during tests in a firing range
at M =- 3· 24. The transition Reynolds number was halved when the ambient pressure was
reduced from 1 Atm to 1/3 Atm.

* There is evidence that transition from laminar to turbulent flow takes place over a region in which patches of
turbulence grow in size and coalesce as they travel downstream until the layer is completely turbulent. A time-averaging
instrument (c,g'., a pitot-tube) at a fixed station will record some sort of mean of the variations in the transition region
and will indicate a boundary layer which is apparently neither laminar nor turbulent.

8



Similar effects have been observed in unpublished tests on cone-cylinder and ogive-cylinder
models at Mach numbers up to 2 in the 18 in. X 18 in. Tunnel at the Royal Aircraft Establishment.

In both these tests the effects of pressure gradients along the models might be significant and
it is appropriate to record some results obtained with azo-benzene on the 15-deg cone at zero
incidence and at Moo = 3·17.

These are shown in Fig. 8 for a stagnation-pressure range of 2 to 5 Atm.

Hardly any effect was found, but it might be plausible to draw in a mean curve as indicated,
which shows the same trend as in the tests mentioned above, but the magnitude is much less*.

7. The Laminar Boundary Layer.-7.1. Measured Velocity Profiles.-Some measured velocity
profiles of the laminar boundary layer on the top generator of the cone are plotted against the
non-dimensional parameter AL (see Section 2.2.1) and are compared with the theoretical profiles
from equation (3) in Figs. 9a and 9b.

In general there is good agreement between all the measured and theoretical profiles. This
agreement is undoubtedly better for the profiles at incidences ex = + 1 deg and 0 deg, when the
boundary layer is thicker, than at the negative incidences ex = - 1 deg and - 2 deg, but in all
cases the overall thicknesses agree well with theory (at ex = + 2 deg the boundary layer was
turbulent at the measuring station). The increasing discrepancy as the boundary-layer thickness
decreases may be a pitot-size effect. In particular, the distortion of the measured profiles near
the wall is probably a low-Reynolds-number effect" (Reynolds number based on pitot diameter
and local flow conditions within the boundary layer).

An interesting feature is the (hump' (uju 1 > 1,0) in the theoretical profile for lX = - 2 deg,
which is not reproduced in the corresponding measured profile.

Now, theory" indicates that the effects of incidence are linear for small values of lXje, so that
the profile derivative [0 (uju 1)jOlX] at constant AL should be independent of lX. Experimental
values of this profile derivative at lX = 0 were obtained graphically from cross-plots (such as in
Fig. lOa) of the measured profiles of Fig. 9b and are compared in Fig. lOb with the theoretical
estimates from equation (3). The agreement between theory and experiment is remarkably good
except close to the body surface (AL < 2), where the experimental values are affected by the
profile distortion referred to above and near the outer edge of the layer (A L > 4), where the values
are in any case small. A check on the linearity of the effects of incidence for lX of=- 0 is given by
the plots of uju1 against o: at constant }'L in Fig. lOa. These show that experimentally these
effects may not be quite linear, but the experimental accuracy is hardly sufficient to justify a
firm conclusion on this point and when all the evidence is considered, the main conclusion would
be that there is very good agreement between theory and experiment over the incidence range of
the tests.

Consideration of the alternative plots of the velocity profiles in Fig. 9c will be deferred to
Section 7.4, following consideration of displacement thickness in Section 7.2.

7.2. Displacement Thickness.-The definition of displacement thickness for 3-dimensional flow
has been stated in Section 2.2.2 and leads to the following expression:

(P = 15 x x - lX 32~ 2 e (15 x x - 15!/) cos Q . (10)
sm

* Studies in the U.S.A. suggest that the ( stagnation-pressure effect' is in reality an effect of tip or leading-edge
thickness13•14• Thus, unless the tip is a mathematical point, there will be a detached shock wave in its neighbourhood
and local Reynolds numbers on streamlines which have come through this region will be smaller than those given by
conical-flow tables. This can give an effect in the right direction when compared with the ( stagnation-pressure effect'
and Bertram!" has correlated transition results on the basis of leading-edge-thickness Reynolds number. Unfortunately
the tip thickness was not measured in the present test series, but the tips were made as sharp as possible and the
corresponding Reynolds numbers were probably fairly small.
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Pitot traverses are suitable only for the evaluation of the meridional displacement thickness
Ox x (see Section 7.2.1 for results). The circumferential displacement thickness o.ox cannot be
verified experimentally and the effect of this is discussed in Section 7.2.2.

7.2.1. Measured displacement thickness (oxX)..-A limited number of pitot traverses were taken
at three positions on the top generator of the 15-deg cone (x = 4,8, 6·9 and 8·8 in. and Q = 180
deg). To ensure a complete run of laminar boundary layer over the cone for an incidence range
of - 1 deg < ex < + 1 deg, these tests were made with a stagnation pressure of 1 Atm at
Moo =3·17.

The meridional displacement thickness Ox x = Jil (1 - PU) dy has been plotted for ex = - ·1,
o P1U1

o and + 1 deg in Fig. 11 with corresponding theoretical curves derived from Ref. 5. The
correspondence between experimental data and theory is sufficiently good to substantiate the
velocity-profile agreement and gives additional support to the theory as a whole.

7.2.2. Estimated circumferential displacement thickness (o.oX).-Moore's theory indicates that to
the first order the circumferential displacement thickness (~!/ is independent of circumferential
angle Q and in accordance with equation (10) makes a contribution to the full displacement
thickness °x in the plane of symmetry (Q = 0 and 180 deg).

Present pitot-tube technique enables Ox x to be measured with normal accuracy in the plane of
symmetry at least, whereas 0.0 x cannot be measured at all. Therefore, because only one of the
two contributants to displacement thickness °x can be verified experimentally, it is essential to
determine the order of the second term on the right-hand side of equation (10).

At 111 00 = 3·17 (corresponding to the appropriate test conditions) 0xXjo.ox:::::= 1·5 for the top
generator of a cone of 15 deg total angle. Appropriate values inserted into equation (10) give
the second term a value of approximately 3 per cent of °x for 1 deg of incidence, and this will be
the error involved in assuming that the measured meridional displacement thickness Ox x is equal
to the full displacement thickness °X.

7.3. Skin Friction.-As mentioned in Section 2.2.3, the meridional skin friction on a cone at
incidence cannot be estimated from a momentum thickness derived from a pitot traverse giving
the meridional velocity profile alone. Also it would seem that the terms in the momentum
equation which involve the circumferential velocities make a greater contribution to estimates
of skin friction than they do to displacement thickness, so no attempt has been made to derive
estimates of skin friction from the experimental results.

However, the general agreement obtained in all other respects between theory and experiment
suggests that the theoretical conclusions described in Section 2.2.3 should be valid.

7.4. An alternative Analysis of the Measured Velocity Profiles.-In practical applications and
particularly if a quick answer is required, it is not always convenient to use the reduced non
dimensional co-ordinate AL of Section 2.2.1. Approximate formulae are already available to
estimate the boundary-layer development on a cone at zero incidence (e.g., Ref. 11 in conjunction
with Mangler's y'3 factor) and Moore gives curves in Refs. 1 and 5 which could then be used to
estimate the effects of incidence on displacement thickness and skin friction, at given Mach
number and cone angle.

However, it seemed of interest to analyse the experimental velocity profiles in terms of
quantities appropriate to the actual flow over the cone at Moo = 3·17 rather than in terms of
related incompressible-flow parameters, particularly since the later measurements in the turbulent
boundary layer would have to be analysed in this manner. To this end the measured velocity
profiles of Fig. 9a were re-plotted in Fig. 9c against the abscissa y/e;", where 0xx is the experi
mental meridional displacement thickness of Section 7.2.1. This gives the interesting result
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that the experimental profiles over the range of incidence from 0: = - 2 deg to 0: = + 1 deg are
collapsed on to a single curve which is represented well by the theoretical profile for 0: = 0 deg
(the range of values of b" x involved is shown in the second illustration on Fig. 9c).

Thus, experimentally, the velocity profile

ujul = F(yjb"X) (14)

is seen to be independent of incidence over the range covered by the tests
(- 2 deg Z 0: Z + 1 deg), which means that although small angles of incidence alter the
thickness of the laminar boundary layer by appreciable amounts, they do not alter the shape of
velocity profiles measured in the plane of symmetry.

7.4.1. Derivation of skin friction.-If equation (14) applies, then the local meridional skin
friction r, is given by

·0 = (It ~~) y=o

= ~l~W F'(yjb" X)

"and taking

Cf = 1 _
1_ 2 (t-t O_U)

" 7JP l U l oy y=o

we can obtain (for constant Reynolds number)

c, UljUl
" - -::--:c,.--;-;-:-:-:-;--

(Cf )"'=0 - 0xXj(o"X)",=o'
x

(15)

(16)

Now (lb)

and following Ref. 1 we may write (for constant Reynolds number)

o"Xj(o"X)",=o = 1 - o:A l cos Q K 2(fJ, M) , (17)

where K 2(fJ , M) is a function of fJ and M, so that substituting from equations (lb) and (17) in
equation (16), we obtain

Cf
(C

f
):=0 = 1 + 0: cos Q . A l{K2(fJ , M) - I} . (18)

x

Under the conditions of the present tests both theory and experiment support
b x

(0":)"'=0 = 1 - 10·550: cos Q.. .. (17a)

and, from the inviscid-flow tables", A l = 0·204, so that equation (18) gives

Cf
(C

f
):=0 = 1 + 10·350: cos Q , .. (18a)

which compares with the theoretical relation
C

f
.

_,:-. = 1 + 11·170: cos Q (18b)«: )"'=0x

from Ref. 5. Since 0: is in radians, the percentage difference between these formulae will be
smaIl when 0: is small. Furthermore, comparison with the curves for b" x and C, in Ref. 5 shows

x

that equation (18) gives equally good results over the whole range of Mach numbers (up to 5)

11



and cone angles (total angles between 20 and 60 deg) considered by Moore (it happens that the
agreement is improved if the term udt11 is taken as unity in equation (16), which simplifies the
procedure).

Physically this means that the local skin friction at any point increases with incidence roughly
at the same rate as the displacement thickness decreases and vice versa.

8. The Turbulent Boundary Layer.-There is no theory for the turbulent boundary layer to
correspond with Moore's theory for the laminar boundary layer on bodies at incidence, so pitot
traverses in the turbulent layer on the 15-deg cone at Men = 3·17 have been analysed along the
lines of the alternative analysis of the laminar boundary-layer measurements in Section 7.4.

8.1. Velocity Profiles.-Fig. 12 shows turbulent velocity profiles derived from pitot traverses
at three stations along the top generator of the cone for cone incidences ranging from - 2 to
-I- 2 deg. These are plotted against yjox". where Ox x is the experimentally determined meridional
component of displacement thickness, and when the flow is fully turbulent this gives a good
correlation of all the experimental profiles. Throughout most of the boundary layer these are
also in good agreement with the turbulent power-law profile

«i«, = (yj15)1/7 (19)

with the value of (15 Xj15) appropriate to the test conditions and a 1j7-power-law profile (read
from the curves of Ref. 12).

Thus (as was the case with a laminar boundary layer), it would seem that small angles of
incidence may alter the thickness of the turbulent boundary layer, but do not affect the shape
of the velocity profile. The alternations in thickness are considered in the following Sub-section.

8.2. Displacement Thickness.-Corresponding to a 1j7-power-law velocity profile, experimental
evidence (e.g., Ref. 7) supports the variation of displacement thickness* with distance along the
body given by

15 x = k(x - xo)!(Rx _ x/ /5, (20)

where Xu is the distance from the leading edge to the' effective start' of the turbulent boundary
layer.

Unfortunately the cone was not long enough to enable reliable sets of measurements of 15 x to
be obtained at one stagnation pressure alone and when stagnation pressure is altered, both the
Reynolds number per inch and the value of Xu are changed. To compensate for this, equation (20)
was used in the alternative form.

where

thus

Pl ul 15 x
R 6 x = --=.---

fll

R _ p114,1(X - xo) .
X-Xo - ,

PI

(21)

(21a)

It was then assumed that, at a given incidence, R, would not alter with stagnation pressure,
o

which assumption would be justified if transition Reynolds number remained constant. The
azo-benzene test results of Fig. 8 show that there may in fact have been a small increase in

* From this point onwards, , displacement thickness' will be taken to mean the' meridional displacement thickness'
and will be denoted t5 x

• This is to avoid confusion in the mathematical manipulations.

12



transition Reynolds number as stagnation pressure increased, so some error may be expected
from this cause. For reasons of this nature the following results for the turbulent boundary
layer are probably less accurate than their laminar counterparts discussed previously.

Taking Rxo to be constant in equation (21a) results in a single curve of R6x against Rx-xo for
all stagnation pressures. However, Rxo is an unknown to be determined from the test results
and this is done most easily by plotting (R6 x )5/4 against R, as in Fig. 13, i.e., equation (21a) is
used in the form

(R6 x )5/4 = k5
/
4 (Rx - Rxo) (21b)

and by this plot the experimental results for a given incidence should lie on a straight line.

The experimental results in Fig. 13 are taken mainly from traverses at the last two stations
on the cone (x = 6·9 and 8·8 in.) at stagnation pressures between 2t and 5 Atm. A number of
results showed unexplained inconsistencies, lying well away from the mean lines of Fig. 13,
but in these cases the velocity profiles did not agree with the 1J7-power profile of Fig. 12, so they
have not been included (these inconsistent results were not confined to any particular incidence
and among the causes may have been disturbances arising from removable plugs in the liner
upstream of the station where the pitot traverses were being made. These plugs seal the holes
through which pitot-tubes can be inserted into the tunnel (see Ref. 7)).

The experimental results in Fig. 13 therefore correspond to consistent velocity profiles and
are given for two values of incidence, ex = 0 deg and ex = + 2 deg. They can be fitted well by
straight lines in accordance with equation (21b) and when transformed back to equation (21) the
equations for displacement thickness are

Rox = O·072(Rx_xl /5 , (22)

when ex = 0 deg, with Rxo = 1·25 X 106

and R,» = 0'084(Rx_xl /5 (23)

when ex = + 2 deg, with Rxo = 0·2 X 106
•

From equations (22) and (23), and assuming a linear variation of R,« with ex at constant
R x - xo' we obtain

(24)

(17b)

(with ex in radians) for the turbulent boundary layer on the upper generator of a 15-deg cone
at Moo = 3·17, which compares with

RoxJ(Rox)a=o 1 + 1O·55ex

from equation (17a) for a laminar boundary layer under the same conditions.

Thus it seems that, in percentages, small angles of incidence have less than half the effect on
the growth of turbulent boundary layers than they have on laminar boundary layers. The
experimental accuracy would hardly justify searching for more detailed conclusions either as
regards the development of the turbulent boundary layer on a cone at ex = 0 or as regards the
effects of incidence.

9. Conclusions.-A test series investigating the boundary layer on cones at incidence in a
supersonic airstream under zero heat-transfer conditions led to the following conclusions:

(1) Static-pressure measurements along the upper generator of a 15-deg cone at Moo = 3·17
were in reasonable agreement with theoretical values given by the M.LT. Tables
(Ref. 2) within the incidence range of the tests (- 2 deg ~ ex ~ + 2 deg) (see Fig. 3).

13



(2) Cross flow within the boundary layer renders its growth and stability axially asymmetric.
A result of this is considerable distortion of the transition front, which was measured
with an azo-benzene technique on the 15-deg and 24· 5-deg (total angle) cones at
M co = 3· 17 and 3·89 (Fig. 5). Mach number had little effect and the effect of cone
angle could be eliminated by plotting the results against ex/e, where ex is incidence
and () is the semi-angle of the cone (Fig. 7). A typical result was that at 2-deg incidence
there was a ratio of 4 to 1 between the transition Reynolds numbers on the bottom
and top generators of the 15-deg cone.

(3) A check of the effect of stagnation pressure on transition Reynolds number on the 15-deg
cone at Moo = 3·17 showed only a slight increase in transition Reynolds number as
the stagnation pressure was increased from 2 to 5 Atm (Fig. 8).

(4) Pitot traverses of the laminar boundary layer along the top generator of the 15-deg cone
were analysed on the basis of Moore's theory':". Remarkably good agreement was
obtained between experimental and theoretical velocity profiles (Fig. 9a) and in their
derivatives with respect to incidence (Fig. 10). Fig. 9c shows that small angles of
incidence alter the thickness of the boundary layer, but do not have any marked effect
on the shape of velocity profiles measured in the plane of symmetry.

(5) Displacement thicknesses derived from the pitot traverses were in good agreement with
the theoretical estimates" (Figs. 9c and 11).

(6) Measurements of the turbulent boundary layer showed that the shape of the velocity
profile in the plane of symmetry was not affected by incidence (Fig. 12).

(7) The derived variations of displacement thickness of the measured turbulent boundary
layers (Fig. 13) are considered to be less accurate than those obtained for the laminar
boundary layer, but, on the evidence of Fig. 13, small angles of incidence had less
than half the effect on the growth of the turbulent boundary layer than they had on
the growth of a laminar boundary layer (Figs. 9c and 11).
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LIST OF SYMBOLS

Functions of e and M specifying first-order effects of incidence on the
external inviscid flow (see Section 2.1, equations (1))

}
Functions of eand M specifying second-order effects of incidence on the

external inviscid flow (see Section 2.1, equations (1))

Constant in the viscosity-temperature relation flJfl, = C ~
r

Function defining the laminar velocity profile uJuI = Fty]» X) (see
Section 7.4, equation (14))

Functions of e and M, appearing in equations (12) and (17)

Mach number

Reynolds number based on iiI, PI and ill

Temperature

Temperature at body surface (wall)

Pliil-x
illC

V3(PJp)-1/2f'i ~ dy' withy' = ~liily
o PI fllC

Local meridional skin-friction coefficient = 7:oJtpl ii l
2

Component of vector potential related to the meridional velocity u in
the boundary layer

Value ofjfor (X = 0

Functions involving first-order perturbation potentials related to the
meridional and circumferential velocities u and w in the boundary
layer

Static pressure

Stagnation pressure

The velocity vector (u, w)

Modulus of ~ = V (u2 + w2
)

Radius of cone cross-section

Velocity component in direction of x

Velocity component in direction of y

Circumferential component of velocity

Co-ordinate along cone generators (meridional)

Value of x at effective start of the turbulent boundary layer

Co-ordinate normal to cone surface

Angle of incidence
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LIST OF SYMBOLS-contimted

y Ratio of specific heats

b Boundary layer' thickness'

ox Displacement thickness defined by equation (9), Section 2.2.2

Ox x Displacement thickness associated with the tt-profile

(5 u x Displacement thickness associated with the w profile

0

f.1

p

To

o

Suffices

x

T

oX

Superscript

Semi-angle of cone

Viscosity

Density

Local meridional skin friction = (f.1 ~u)
uy y~O

Circumferential angular co-ordinate measured from bottom generator
of cone

Reference condition

Related to direction or distance

Related to value of x at transition

Related to displacement thickness Ox x

Local conditions just outside the boundary layer

Undisturbed stream ahead of the body

Denotes conditions at zero incidence

~--- - ----~~-
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