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SUMMARY

A method is described for the calculation of the paths of the
trailing vortices from a system of counter-rotating vortex generators,
ond a comparison is made with some experimental results obtained in a
vater tunnel. The method can be adapted to other configurations of
generators arranged to produce rows of vortices close to a plane surface.

Introduction

A large body of experimental evidence was available, from
both wind and water tunnel tests, on the paths taken Dy vortices
dovmstream of several types of generator mounted adjacent 1o a surface.
Observation hed shown that (usually) the vortices first approached the
surface, until a certain minimum height above it was reached, after which
they moved steadily awuye The general form of the path of any vortex
of the system can be confirmed by qualitative reasoning, on the basis
that there are always one or two vortices whose influence is predominant’.

It wes found that the minimum height, and the distance behind
the generators at which it was reached, were functions of the height,
span, spacing and inclination of the generatorse. Since the efficiency
of any system of generators depends upon the vortices remaining close
to the surface, it would be an advantage to be able to predict the
mininuwra height with eccuracy; and if a simple analytical method could
be found, it would be more satisfactory than a lengthy experimental
programme, This rceport is an account of the theory as developed for a
particular configuration, but it would be a simple matter to extend
it to other crrangements,

2. Scope of the Theory

A complete solution of the problem would be difficult, if not
impossible to f£ind, Many factors, such as the effects of viscosity and
the strengths of the vortices, cannot be determined with accuracy, and
the time required for a full investigation would be prohibitive. The
following .win assumptions were found to be necessary:-
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(2) That three-dimensional effects can be completely neglected,
- cxcept when estimating the circulation around the generators, - i.e., at
eny point dovmstrecam of the generators, the {low in a plane perpendicular
to the main stream can be regarded as the two-dimensional flow of a
perfect fluid. This assumption is commonly used in the evaluation of
wind tunuel corrections -~ which is an analogous protlem - but it might
be expected to Introduce an error in the regions close to the generators.
The reason ie that a "two-dimensional" vortex extends to infinity in
both directions normal to its plane, so that the induced velocity at
ary noint is twice that produced opposite the end of a semi-infinite
vortexs Thereforc, close to the gencrators, the induced velocity is
only about cne~half that predicted by two-dimensional flow. (But see
Discussion, Sec. 6.) It is implicit in the assumption of uniform
two-dimensional flow that the slopes of the vortex paths must everywhere
be small., Otherwise the induced velocity would have an appreciable
component in the direction ol motion. This condition is satisfied in
all the observed examplce.

() Viscosity has been completely neglecteds In practice it has
two important effectsi-

(1) The vortices decay in strength as they move downstreame It is
assumcd here that the strength is constant.

(ii) For the greater part of their length the vortices are in the
boundary layer close to the surface. Hence the velocitg of the
"undisturbed" stream (i.e., undisturbed by the vortices
depends upon the distance from the surface. For simplicity
this variation was neglected.

(¢) It was also assumed that, even in the presence of the vortices,
the component of the velocity parallel to the surface remained everywhere
uniform and equal to V.

%2, Notation

A, B Rows of vortices

D Distance between generators (spanwise period)
V Velocity of the undisturbed stream

p Density

X Spanwise co-ordinate

h4 Distance above surflace

8 Distance downstream

XY, Co-ordinates of the tip of a generator
XosVo Co~ordinates of a particular vortex core.
g 2mxo /D

n 2%yo/D

9 27s/D

K Strength of a vortex

w(z) Complex potential
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D.V
ol Inclination of generators
Co Chord of generators
) Effective incidence
c co/D
w(x') Downwash velocity
A Dw. r/ K
a Lifv slope in two-dimensional {low
Vi Mean downwash

L« ITheory

Consgider a syctem of vortices in counter-rotating pairs
(sletch I), such as would be gencrated by an infinite row of "wing=-type"
generators (See Rel. 1) mounted close to a plane surface, and inclined

at a small positive angle to it.® In the sketch, the direction of the
undisturbed ctream is assumed to be into the pepers The row of
cqually-spaced vortices marked A (refcrred to below as row A) are
produced at the right~haond tips of the generators and the row B by the
left-hand $ips. Hach vortex has an image of opposite sign in the surface.

A system of co-ordinates (x,7,8) 1is chosen with the surface
a8 x-s planc and with the y-s plane bisecting cne of the generators.
Sketch I represcents a section normal to the {low at a distance 8
downstream of the generators; the dotted vertical lines, spaced a
distance D apart, denote the relative positions of the generators.
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"Such a system could also be generated by an infinite row of pairs of
divergent vanes protruding from tre surface.

s



—.L'_-

Consider the upper rows of vortices A and B, If Ag is the
point zo(gxo + 1y,) then Bo is the point -z (= -x + iyo).

It can be shown that the complex potential w(z) of these
rows of vortices is (Ref, 2):-

-iK e iK
W = == log sin - (z-zo) + == log sin = (z+'z‘o) eea(1)
2% D 27 D

Hence the complex potential of thesc two rows and their images

ik s ik Vs
W ==-- log sin - (z - zg) + ~- log sin - (z + Z,)
2% D 27 D
iK T ik T
+ == log sin -~ (z - EO) - == log sin - (z + zo) cee(22)
2% D 2% D

Ye now confine atiention to the path of the vortex Aq, isee,
z = zg (It can be infccered from symmetry that the paths of the
vortices A and B are symmctrical abont the y=-axis.) Now the row of
equally~spaced vortices to which Ao belongs induces no velocity at Ao,
hence the motion of Ae is due to (i) the images of the row A and (ii) the
row B and its images.

Thus to determine the motion of A, , we need only consider
the complex potential =

iK s ik pe
w = == log sin = (z - E,) + = log sin ~ (z + Z;)
2 D 2n D
ik e
- —= log sin = (z + %) eee{2)
2% D
dwr s dy

Hence == = == = im=m=

iK s ik
= == cot - (z - 7) + ~= cot - (z+Tz"‘0)
2D D 2D D
iK s
- = cot - (z + ZO) ...(3)
2D D

Mo calculate the motion of Ay, put z = 3z

aw dx dy iK 2AinY,
l.e., ( "") = e = == COL wmme-
dz 7/ at dat 2D D
z=2, % N
ik 2MXo ik 2%
4+ == COt ==== ~= -= cot —-—(xo + iyo) ...(L..)
2D D 2D D
Zmo 2'Ky0 A .
By writing & = ~~=-- , 70 = =--—, equating real and imaginary

D D
parts ard re-arranging we have:- D /

-
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2p At 2D sinh 27 (tan’Z + tanh’p)

D d X tanh® n

eee(6)

2x  dt 2D sin 2g(tan’z + tanh®p)

On dividing (5) by (6) and integrating once we get,
cosech®n + cosec®® = -2C ees(7)

————— a relation between ¥ and 7p which is independent cf' K.

It defines the projection, in o plane normal to the stream, of the path
of the vortex A and is determined uniguely if the co~oridnates in this

plane are kncwn at auy one instant. In a given case the constant Ccan

be determined frcm the co~ordinates (gi,ni) of the tips of generators
--~- the pnint of formation of the vortices.

The graph of the equation (7) for - ¢ £ < = is shown in
Fige 1. The right-hand curve is the projection of the path of the
vortex Ao, It passcs through the projection of the tip of the generator
and is symmetrical sbout the line £ = /2, which therefore gives the
minimun heights The vortex traces out the portion of the curve = shown '
as a full line - to the right of the *ip. (The same projected path would
apply for all generators with tips lying on this curve, the part of the
curve traced cut in each case being the part to the right of the tip. )
The left-nand curve is the projected path of the vortex By, and is the
mirrar imege, about the axis & = 0, of that of the vortex Ag.

It skould be noted that the result that the projection of the
path of a vorter is independent of the magnitude of X is a direct
consequence of the assumpticn of two-dimensional flow, and is strictly
true only Tor a vortex which is infinitely long and straighte. But if
the slope of the vortex path is everywhere small, the above conclusion
may be generalised to include curved vortex lines.

Now (7) only defines the projection of the path of the vortex.
The vorticity shed at the tipe is convected downstream with velocity V,
ie€ey, & and 7 are measured with respect to an origin which is moving
with a velccity V. Thus the position ir space (x,y,s% of the shed
vorticity after a time +, will depend upon the rate at which the curve
(7) is traced oute This can be determined from eqns. (5) and (6).

After a time + +the vorticity will be some distance downstream
given by

S = Ve tc
and if we substibute
278
B = Lew
D

eqns. (5) and (6) reduce to the dimensionless form

ag
ae//
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N
aE kK taPE
ae sinh2n (ton®E + tanh®n)
. > eee(8)
an k tanh' 7
e sin2€ (tan“& + tarh®7)
X e
where Lk = ==
Ny
eqne (8) may then be solved as follows,
{wg ‘ tanhQn
we have ke = [ {14+ ~meeee b 5inh27 o 48 eee(9)
JE-L ten EJ

which can be integrated in clored form after first substituting
for n from (7). The cxpression is complicated however, and in practice
it is easier, and faster, t0 use a numerical mcthod.

Now frow (7), as 7 = =,E tends to a finite limit €, .)
cince cosech®n = 0. Thus at a great distance from the generators, the
vortices tend to become parallel once more. This is confivmed by
experiment. The limits of variation of & arc §, and Enax *
Various values of Z are taken between these limits, and the corresponding
values of 7 determined from (7). It is then possible to plot a graph
showing the variation of the integrand of (9) with & as in Fig. 2.
The integral is evaluated by Simpson's rule,

The intogral represents kO, so that the rate at which the
path is traced out is directly proportional to the non-dimensional
parameter k.

The Evaluation of k

Owing to  the complicated nature of the flow and the low
aspect ratios common in vortex generators, it is not to be expected that
an accurate value of k can be obtained, but an attempt is mede here to
determine the order of magnitudce As we are not interested in the actual
loading distribution over the surface of the generaters, but only in the
final strength of the voritices, a "Lifting~line" theory will be adequate.

In conventional 1lifting-line theory, the tip vortices are
assumed to lie along straight lines perpendicular to the span.
Observation has shown that the vortices are welldeveloped at the trailing
edges of the generators, and that the "rolling-up" process is complete
in a very short distance; but the vortices do not remain perpendicular
to the span. (Fige ) shows a ty.ical case.) However, this spanwise
nmovement does not take place immediately aft of the trailing edge, but
the vortices rema.n parallel for several chord-lengths. Therefore, to
avoid an wnjustifiable complication in the calculation of k, the
subsequent epan-wice movement is ignored snd the vortices are assumed
te spring from the tips and to extend downstream to infinity, remaining
perpendicular to the span.

Sketch 11/



Sketch II

The lines 00 in sketch II rcpresent the traces of the trailing
sdges of the generators, in a plane perpendicular to the frec stream.

The strengths of the trailing vortices behind any generator
are equal to the total circulation around that generator.

Hence it will be necessary to know the angle of incidence at
all spanwise points.

Let the generators be at a height y; above the surface, and
let each geanerator be of span 2xs. Let P(x'yy1) be any point on the
generator, with the origin at mid-span. Then the effective incidence at
P is

w(x')
b = o -t oo (10)
V

But it has been assumed that all the vorticity is shed from the tips,
which in turn implics that the circulation is constant across the span.
TFor constant chord gencrators this implies also that W(x’) must be
constant across the span, a condition which cannot be realised with a
cimple horse-shoe vortex system. To avoid this, a mean value-wa will
be assumed for w(x').

Then the 1ift on any span-wise element of span dx' and chord
Co 1s

- W
4 w(ii), 2
5L = &9/2 a9 = ==~ >»GCp v ax! 000(11>
v
But T L o= pUKix! ..o (12)
r
V’q{I
Hence K = a/2 JK ---lcov ees(13)
v
Put Cy = cD
K a 1 W‘}‘,l\l
Then K = === = = <o ===}C sos(14)
DV 2 v j

There/
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There is some uncertainty as to the best value for W but an
expression for k will be derived on the basis of an assumption that
seems reasonable, Fairly large arbitrary variations froi the assumed
value are later (§§ 5, 6) shown to produce only fairly small changes in
the vortex paths.

The assumption is that Wy has the value of w(x') at the
centre of the span.

To calculate the induced velocity at mid~span it is necessary
to use the complex potential of equation (2a), i.e., the vortices in
row A must now be included,

ik is ik o
W = -=--= log sin =(z = z,) + == log sin - (z + Eo)
27 D 27 D
ik s iK
+ == log sin =(z - Z,) - -~ log sin - (3 + zy) .o (15)
2R D 27 D

The mid-span is the point (0,yi) and %, is assumed to be
'mepﬁnt(% +ﬂh§

Hence
dx idy iK J~ X, s IS
—— - - = == ¢(2cot--= - cot - (x, - 2iy, ) - cot-(x, + 2iy1)¥
dy  at N D D D ]
iy,
e s (16)

(Note that a factor of % has been introduced on the right-hand side,
since it must now be assumed that the vortices are semi-infinite.)

27X, 27y,
On substitution of &, = ==-- and n, = ~--- and
D D

further simplification, the induced velocity at mid~-span is given by

taﬁhgni

w(x' = 0) ::%, - ~ ——— eee (17)

This is the value assumed for th but we write

2
A tanh 7,

WM = == wWhere A = =——- rr'h(-j\e))

D . 261 2
sin2g,{tan =& + tm&1n1>
2
In Section 5, the effect on the solution of arbitrary variations of M are
exemined (see also Discussion).

L oN
i = e ] 1
If we substitute " " in (14) we have ~
Qo
K = —ee———— _— ees(19)

Using this value for k, the paths of the vortices can then be calculated

from (7) and (9). o
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It will be seen that k i1s independent of V, and indeed it is
a function only of the incidence and configuration of the generators.
It follows from (9) that 8, and therefore the paths of the vortices,
arc independent of the velocity of the undisturbed stream.

5. Comparison with Experiment

To check the accuracy of the preceding analysis a simple
experiment was performed in the small water tumncl in the Aerodynamics
Division of the National Physical ILeboratory.

Three "w'nr ~ype" generators were mounted on a 0,020" thick
brass plate, the spacing betwecn the generators being 4{%". The tunnel
width was 135", so this arrangement effectively provided an infinite
distribution of equally spaced generators. The gencrators were of 1 £q in.
shim brass, wiuh their centres 0.5" above the brass plate, and were sol-
dered to streamline supports at an inclination of 15°. A thin brass base
plate was chosen so as to disturb the mainstream as little as possible.

The tunnel was run at 7 £t per sec and the paths of the vortices
were made visible by introducing air into the stream from fine jets.
The air collected in the regions of low pressure at the cores of the
vortices. The vortices were then photographed, and enlargements made to
approximately 2/3 full size (I"igs. 4 and 5) from which it was possible to
meosire approximately the positions of the vortices. The plan view
vhotographs were taken at a slightly longer exposure than the elevation
view, and more air was delivered from the tubes. The trailing vortices
produced by the left~hand generator, Fig. 5, were made visible by air
previously discharged, but still circulating in the tunnel,

The dimensions of the generators were such that the co-ordinates
of the right-hand tip of onec, - ( Eqs QJ in the notation used in the
preceding secction, = were (0s75, 0a75), The value of the constant C in
equation (7) is then found to be 1.815. The co-ordinates (&,n) of
points on the projected path of the vortex are given in Table T.

The limits of integration in equation (9), &, . ..
are 0,75, 2.59 respectivelys, The values of kO found by integrg%ing
this equation are tabulated in Table II,

The value of A according to equation (18) is found to be
0,99. Then, if a is assumed to be 2=, equation (19) gives k = 0.113.
Arbitrary variations of +30% in A, i.e., in mean downwash, give values
of k equal to 0,100 and 0,133 respectively.

The values of 0, and hence of s, corresponding to the three
values of k are given in Tsble II. The (x,y) co~ordinates, d erived
from the (£,n) co-ordinates in Teble I, are ancluded in Table II, so
that the calculated paths can be drawn in the physical planee

The calculated and observed paths are compared in plan and
elevation in Fig. 3.

6, Discussion

In plan~view the agreement between theory and experiment is
good, Fig. 3, cspecially when a large downwash is assvmed, but the elevation
photographs show that the predicted minimum height is consiberably in
excess of the experimental value. It is probsble that the discrepancy is
due to:i-

(1) The presence of the boundary layer. It is obvious that there
must De some distortion of the vortex path, which will become more
pronounced as the vortex approaches the surface, but it is difficult to see
how any allowance could be made for this, sincc the boundary layer profile
will be considerably modified by the vortices.

(11)/



(ii) It has been assumed that, apart from the downwash of the trailing
vortices, the fluid has no component of velocity towards the surface.
This is not strictly true, since there is a small component normal to the
general direction of flow, produced by the bound vorticity. Perhaps
better agreement would have been obtained if allowance had been made
for this, but as was pointed out in Sec. L, the assumption of two-dimensional
flow leads to an over-estimate of the downwash from the trailing vortices
in the vicinity of the generators, so that to some extent these errors
will cancel.

(iii) A decrease in vortex strength due to viscous lampinge

Tn plan-view the agreement is improved slightly by assumlng
a 30% incrcase of aownwash, but the discrepancy produczd by a 30% decrease
is not large. It has been pointed out to the writer, by Mvr. L. H. Tamner,
that the true mean downwash is greater then that at mid-span, because
of the rapid increase of induced velocity in the vicinity of the vortices.
But the larger proportion of the total circulation is produced over the
centre sections, so that it is doubt{ful if the outer sections contribute
more than the assumed 30% increase

7. Conclusions

The projection of the vortex paths cn a plane normal to the
stream are showr to be independent of the vortex strength, but the
rate at which the path is traced out is directly proportional to the
vortex strength. The vortex strength can bedetermined from the
configuration of the generators, and the three-dimensional path may be
determined when that strength is known.

The theory is in fairly good agreement with experiment, but the
minimum height of the vortices sbove the planc surface was less in practice
than in theory.

The vortex strength was estimated by a form of "lifting-line
theory", from which it was shown that large cnanges in the mean downwash
produce only small changes in the arrangement of the vortices. It was
shown that for a given configuration the vortex strength increases
linearly with speed of the undisturbed stream, and that as a result the
paths of the vortices are independent of that speed.

The results areconfined to flow over a plane surface; no attempt
has been made to estimate the effects of surface curvature.
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TABLE T

Acmn

} : a j : ;
bg i o i tafy | simnon ¢ cot’E | k—-
i : ! ; :

3

Fo.75 | 0,75 | 0,035 | 213§ 1.955 | 3.120

A D072 ¢ 03800 | 199 | 1,000 | 2,75
50° § 0.67 g 0. 34,20 f 1,78 g 0,703 § 2,210
w3 g 0.62 | 0,505 § 1,58 | 0.33h j 1,750
75° 2 0.59 % 0.279 g 147 ? 0.0719 % 1,195
”/2 § 0.58 : 0.276 ? 1448 ; 0 é 1.4,8

105° 1 0.59 ;0,279 | ta7 | 0.0719 | 195
o%/3 | 0.62 . 0,303 | 158 | 033, ¢ 44750
135° 1 072 0,380 199 . 1,000 | 2,75

S e o e

S

TABLE IT

A T 0 WAL S T WL, S S 1 R SIS R, LS e o

b MU U e ST VAN W W

£E: x . y ke . 6 0 ’ 8 'sin. ! s in. : S in.

i in.  in ik:O.’lBBi k=0, 113 k=0, 100" k=0, 133 k=0, 113, k=0.100

0.75/0.5 0.5 ¢ 0 i O i 0 2 o -0 0 0

005520,566.. 20,2683%2.02 2.375 2,68 1955 1.58 %1'78
0.95%O;654f0.@28505483£3.56 ; L 28 g .85 22.57 §2e86 55-23
160520.7002 20.667%5,02 2 5.90 ; 6.66 %3.54 25-95 %4-44
1025 10835 0,393 0,990, 7.k7  0.80 9,83 138 5.6 6,63
1.45§o.967; f10290£9.70 i 11,41 é 12.9 é6.46 57.61 ?8-62
1‘,55§1,O5J~so=390'194353210,78 12,70 | 1435 j§7-19 846 956
156521811o§ é'19580:.%11,89 § e O % 15.82 €7-91 § 2:33 %10-55
1.85§1.233§o,393;1.87o§14,08 % 16.56 Z 18,8 %9-59 § 11,02 %12-45
200521.3702 32,190516,45 § 194 f 21.9 %10.98  12.92 51406
2.25%1@5oo§ogu4822,57o§19.3 % 02,7 § 25.65 %12.88 § 15,22 517.2

2,351,570 2.810120.1 | 2,09 §28.1 Mt | 16.6 18,75
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