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SUMMARY

Some double integrals in aerocdynamics are difficult to evaluate
because of the singularities in the range of integration. The Dirac delta
function has been found useful in evaluating such integrals. Some examples
of itz use are given.

LIST OF CONTENIS

Page
1 Introduction 2
2 Preliminary Results 2
3 Examples 5
L Conclusions 10
References 10






1 Introduction

In aserodynamics some double integrals occur, where, it has been
thought, the order of integration cannot be inverted. The reason usually
given for ithis is the presence of singularities of the integrand in the
range of integration. It is shown here that wany of the single integrals
which occur in the evaluation of these double integrals are usually evalu-
ated incorrectly and a term involving the Dirac delta function has been
omitted. When this additional term is included the order of integration
can be inverted. Some examples are given.

2 Preliminary Reaults

2+1 The Dirac delta function &(x) is the 'derivative! of the Heaviside

step function
1 x>0
B(x) = [0

x< 0,

It is gzerofor x # 0 and at x = 0 it is infinite in such a way that

I

b
[ £(x) 8(x) ax = £(o)

a

whenever the origin is ean internal point of (a,b). We shall need to use a
delta function with the property

[+

f f(ic) 8(x) ax = f£(o) .

o

We may consider this to be the limiting case of the equation

o«

f £(x) b(x=e) dx = £(c)

(o]
as S"'"’O.

Since some writers use a delta function with the property

o0

f £(x) 8(x) ax = 3 £(o)

Q

we shall give the delta function used in this paper the suffix R +to show
that it has the property

oo

/ £(x) (x) ax = 2(o) .

0



A rigorous defination of a delta function is given by Temple1. It

depends on the theory of weak convergence, A sequence of functions fn(x)
is said to be weakly convergent if the sequence of functions

b
) = [ 5,09 400 &

a

converges for each function ¢(x) which is continuous and has continuous
derivatives of all orders in the interval (a,b)., The sequence Fn(¢) may

tend to a limit F($) for all such ¢(x) when no limit function £(x)
exists or when even though f(x) exists the integral

b
[ £(x) $(x) ax

a

does not. The class of sequences ifn(x)} which give the same limit F(¢)
are then said to define a weak function f(x). The Dirac delta function is
a weak function,

The theory is similar to Cantor's definition of & real number. A real
nunber is defined to be the class of sequences of rational numbers with a
given property. For example the real number V2 is defaned to be the class

of sequences {xn] of raticnal numbers X with the property xﬁ-’ 2 as

n-—* e,

2.2 The trigonometric functions {sin n8} form a complete orthogonal set
in the range %O,‘n). It is easily seen that the Fourier sine series of
5(6-¢) where both © and ¢ are in the range (O,x) is given by the
equation

%‘6(6—¢) = z 8in nd sin n¢ » (1)
9

Similarly the Fourier cosine series of 8(6—¢) is given by
oo
%6(6-5&) = % +Z cos nb 0os ng . (2)
1

As ¢~ 0, when 6 is in the range (0,x), this beacmes

.3 1
3 6R(6) = 7+ ) cos nd (3)
%
where
=
/ £(8) aR(e) a = f(o) .

-—3-



In equations (1)}, (2), (3) the left hand side is the weak limit of the
sums formed from the first n terms of the series on the raght.

2.3 The integral
.S

j cos nb 38 - x Sinng

cos O ~ cos ¢

0

is assumed to be kmown.

We see by using this result that the Fourier cosine series of the
function

1
cos 0 = ¢o3 ¢

in the range (O,x) is

-]
1 _ sinng .
608 6 « cos ¢ 2 sin ¢ °%° no . @)

The series is divergent, but its first Cesaro sum, its (C,1) sum is

1 . . 1pa 2
05 B - 008 § ° We shall also need the Fourier sine series of oot 36 in

(o,m), it is

-}

=
ocot £ 6 = zzfsin:w. (5)

]

Here again the series is divérgent but its first Cesaro sum is cot 0.
Both results are true in the sense of weak convergence.

2., If

-2

F(p) = / P2 £(2) az

is the Laplace transform of f£(z) and if, G(p) is the Laplace transform of
g(z) then the Laplace transform of the convolution integral

2

f £{t) g(z-t) at

o

is F(p) &(p).



3 Examples
3.4 The integral equation

s(x)=gﬂf—(5L

X =&
-1

oceurs in two dimensaonal subsonic aerofoil theory and in slender body
theory. The solution needed in slender body theory is

+1
f(x) = - 1 [Mdﬁ.
fiZa TTF

Because of the singularities in the integrals it is not easy to show
that this is in fact a solution of the integral equation. Lomax, Heaslett
and Fuller? verify this result by using their theory of residuals. (A
residual is defined to be the change in the value of a double integral when
the order of integration is reversed.) We shall show that the result can be
verified more simply by introducing the delta function. The two methods are
basically the same,

Al

We heve

1T e 7 = gn) 112 |
D ECTREY g et
- = (x-E)V 1~E

+1 +1
e -t - 6
z -[ gn) /1" an ;1[\/__(#&)(5-@) (6)

If we evaluate the inner integral by the usual methods we get
+1

4

/‘ akE o 4 ] 1 |:1 U, WY (P
M - X X=& mM=§

A V18 (xE) (&) A Vieg?

= O X*FTN .

When x =m the two first order singularities at £ =x and & =1
coalesce to form one second order singularity. If the right hand side of
equation (6) is to reduce to g(x) then this inner integral must behave
like a delta function at x = m. We shall show that this is 80 by using the
series (4) and (1).

If we put E==-008 8, x=-cos ¢, T == cos ¥ the inner integral
becomes

r

- ae
(cos B~ cos ¢)(cos 8~cos §) *
0 1



Using the series (1) this becomes

oo

x |Zsmn¢smn¢r
- /[ mﬂaosna [22%—?*0051119]&8 = e 2% s 6 sin ¥

o
2 _ b

= "% Sngsiny *
Therefore
4

'JzEf—(ELdE' = fg(*#) Bm%%dv

X -
u1 [e)

= g(¢) = glx).

3.2 There would at first sight seem 1o be no difficulty in evaluating
integrals of the form

n

s
) 1 gin O
[E(q&)dg& f °°'°2°oose-cos¢d°
Q [+

but it will be shown that unless the immer integral is evaluated correctly
by using the delta function a wrong result will be obtained. This is
because cot %6 has a singulerity at 6 = 0 which conbines with the singu-
larity in

1
cos O = cos ¢

when ¢ = 0 to form a singularity of higher order.

The inner integral is
- x
I(¢) = [ oot 40 —3R 0 ___ 59

cos © ~ go3 ¢
n o o
= f{zZsinnﬁ}[ZZsinmecosmg&]de
o 1 1
-]
= 27:2003::@
1

{% 53(“’)} 0Oc<pan

- T + 12 BR(¢) .

#

-6 -



The value of this integrel is usually given as -%. The corrvect value of
the double integral is then

R

- % / F(¢) a¢ + 2 F(o)

e}

and not

g

-x fF(qb)dss.

(o]

33 The Abel integral equation

w(y) = f &Ufax (7)

(y=x)?

occurs frequently in supersonic aerodynamics. Its solution is

) = 2 .[ (x--t)2 i

Lomax et al.? verify this result by using the theory of residuals. We shall
here verify the result by using the delta function.

- —— / -—1@-—- at . (8)
(x-t)

We have

X
g(x)dxcﬂ_‘l__f dx /’ w(t) _ a4
z =7

(y~x)? (x_t)3/2
17 ax
= e 5 w(t) dt f/ p .
= of t (:ar-x)hé(x--t)s/2

The principal value of the inner integral

dx
/V 1 (9)
. 1. e

(y-x)*(xt)

is zero when y # t, It can be seen that when Yy =t the integral must
behave like a delta function. We shall show below that the value of the
integral is - 2% § (y—t)



Wath this result% we have

¥
(€9 I I B -
o \/mdx 5 of (t) § 2 8 (y-t)] at

w(y) .

3.31 The integral (8) is equal to

_I(Z) = O/ —ﬁ—y“(z‘u()i;u >

where 2 = y-t. To evaluate this integral we consider the integral

du
1(z,0) = [ —

where a 1is a complex parsmeter. The integral exists for R(a) > .

We shall show by analytic continuation that the value of the function,

defined for R(a) > %, by the integral

a

/I(z,a) f(z) dz

o

is - 2x f(o) at a =0, and so
1(z) = -2 &R(z) ¢
The integral I(z,x) is equal to
1

. o-3/2 1 1
ot / (1-t)"%t at = %7 Hﬁ.)-gé“—‘ﬁ.
o
Therefore
a . a
/I(z,a) £(z) dz = L : 1; a2 / 2% £(2) az
o) Q
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For a =0 we get, by analytic continuation,

a a

f I(2,0) £(z) az = T(3) T (-}) [f(eo- f £1(z) az]

G o

i

- 2% £(o)

and so I(z) = - 2x BR(Z), i.e.

J
1dx = =2 (y=t) .
t'/ Gtz TR

3432 Ve shall now obtain the result of 3.3 by a slightly different
method.
Since I(z,a) is a convolution integral its Laplace transform is
y g—-%) T ga--—%!
PE x—7F

P

/ e 2% 1(z,a) dz

o]

n

T ()T (ad)
«

p

-

Although the integral does not exist in the usual sense for @« =0 i{ can
by analytic continuation be given the value

T(z)T(~3) = -2x.
We can now show that

frl(y-t) w(t) at = - 2% w(x) ,

o

The Laplace transform of the left hand side of this equation is
-] -] L]
f e ™ 1(u) au / e ™ w(v) av = = 2x / e w(v) av
o [9) o

and so the value of the original integral is - 2n w(x).

3.4 Lomax et al. discuss the change of order of antegration of the double
integral '

X X

3] e

0 7



The value of the inner integral is
2

" (xem)?

It can be evaluated either by the method of finite parts or by the Laplace
transform method given in paragraph 3.32. The value of the double integral
is then

X

-2 —1—&—1=-—2o
IE

If we invert the order of integration we get
x 3
a
[« | e
2 22
o o M¢ (&)

We have shown in 3.3 that the value of the inner integral is - 2x 6R(E)
and sc the value of the double integral is again +2=%,

The order of integration of the double integral cen be inverted if the
‘integral

£
j[ . an
W (En)”/2

a

is given its true value «~ 2% 6R(E) and not zero its finite part value.
L Conclusions

It is shown in this paper that there is no need to construct special
methods to deal with the inversion of improper integrals in aerodynamics
but that if the Dirac delta function is used the problems can be dealt with
by the ordinary methods of analysis,
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