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SOMMAZY

A new tyne of ewxliary equation has been evolved for calculating
the development of the form-parameter H (= 8%/8) in turbulent boundary
layers wzth advorse preassure gradients, This lias becn achieved by
ccnolderably extending part of a previous analyszs hy Spence, fThe chief
advantage of this now method lies in the rapadity and ease wath which the
growth of ' may be calculated, while resulis compare favourably with
thoue obtained using the methods of other investigators. Ueveral results
cf the caleulstions ave compared with cxperiment, Finally, attention is
drawm to the sumilarity between the form of the new equation and that of
Schuh's auxiliary cquation.
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1. Introduaction

!

Yhereas the ércwth of momentum thickness in the turbulent
boundary layer cen now|be calculated with reasonsble speed and accuracy
by such methods as thosge of Refs., 1 and 2, vhich involve only simple
quadrature, ihe prbdlCuIOﬂ of the form parametcr remains a somevhat
tedious and lengthy task whilc recults obtained using the various methods
available do not always Justliy the complexity of thoe calculations
anvoelved,

In view of this, and prompted by the personal need for a mcans
cf performing raprdly o large number of calculatzons of this nature, the
author felt 2t worih 1h11¢ to attempt the construction of a new method
for determining the growth of the {form paramctcr H, concentrating on

vpeed and case of application, and accenting the need f'or certain
approximablons ash1u51ng thais,
i

Consaderation of the various parameters which influence the
growth of H shows that the external velocity diswribution is by far
the most anmportant, Thps then suggests an auriliary equation in which
I 1o vramarily a functaon of U, with a sccond-order dependence upon
0 and Rg. In order formulate an auxiliary equation of this form,
part or nn analyaia by bpencej lag been introduccd, and thas is
developed in the following section to give an integral form of the
awcliary equation,

2, Listl of Symbels

1
U, ¥ l mean veloclty components in x, y directions
)

X, ¥ co—-ordinates parallel and normal to surface
U free stream velocity at edpge of boundary layer
Ts T shear stress, shear stress at wall

/Te\E
u, = —EJ friction velocity

fs

Gf S local skin friction coefficient

tpUz
) thackness of boundary layer

4 - e

displacement thickness of boundary layer

Lol
36
I
.—F‘—'—“‘ »
o TS,
N
a e
—’
o
L

& u ,
g = - <1 - - )dy' momentum thickness of boundary lsyer

-
|
i dy  encrgy thickness of boundary laycer
-4 Ryl

*The author's attention has been drawn to an unpublished communication
in vhich D. A. Spence proposes the use of an integral form of the
auxiliary equation. This equation requires numerical or graphical
integration except 1n the particular case of a linear adverse velocirty
gradient, where 1t reduces to a form similar to that of the author's

auxiliary equation.
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) Reynolds number based on momentum thickness

form parameters for velocity profile

constants in uvniversal logarithmic velocity
vrofile

constant dsfined in equation (9)

congtant defined in equation (10)

function defined in equation (12)

function defined in Ref. 4, assumcd constant
(= 2.8) in present paper

length of step an calculatzon procedure

nen—dimensional distance in x-direction

function defined in equation (26)

Additzonal Symbols Used an Descrabing 3chubh's Method

- ;ntcgrai.dcflncd by equation (33)

* conbtenta

N
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3 Ceneral Equations

3«1 Derivation of Svence's form-parameter equation

Spence utilised the eguation for the universel logarithmic
veloclty profile, ac confirmed by the measurements of [udwieg and
T41Imenndt,

u o= ou £ (%) eee{1)
where
fy*) = A log,y *+ B,
Y* = EIX )
v
A = 2,5
and B = 5.5.

Usang cguation (1), togsther with the contanuity equation

ou  oOv
2o -0, ver (2)
ox 9y
the equation of motion
ou du as 1 or
U=+ Vooe m T on fomomm ..1(5)
ax oy dx p 9y
may be Tormulated at the height y = © (for which equatzon (1) is
54111 generally velid), thus giving:—
auv 1 ,9r
u () = u()y : e )
dx o \ By Ar=0
. Bu and the prime denotes
where " = X darferentiation wath
v respect to =X

u
Intrecducing the form parameter y = ( -l{ , f(06*) is then found by
=0

U
mattang v = O in equation (1), to obtain
u
y = == £(6%) ., era(5)
U t
.
u



-5 -

u 1
I 13 found by differentiating equation (5} with respect to x to obtain
uT
AuT u_r' y' Ut AuT o
(1 + - )“-—- = - + hneng - —— - - - [N ] (6)
y U u_ v U U o
AuT
Spence neglects the term --- in the brackets on the left-hand sade, on
y U o1
the grounds that tt is much less than unity in practice., The term -~
6
1s given by the momentum ecquation, 1.e.,
o 1 u A Ut
== - (--> - (H + 2) — . 000(7)
6] B\U U
With the aid of equations (5), (6) and (7), eguation (4) may be wratten
Ay su 2 arf M 7]
yy'-—u<—-> 2 == 1= (I +2) ==, ¥y =3
6 \NU U U

+ % (-;[-:;> o s (B)

To simplify this equation empirically, Spence replaced two slowly varying
quantities by constants to be fitted from experimental resulis. Tirst,

11
since (H + 2) 1ncrcascs whale -- decreases, the approximate relation
U
uT
(H+2) A~ = 2k eee(9)
U

may be accepted, k being an appropriate constant, Seccondly, sxamination
of the shear stress profiles given by Schubauer and chbanoi‘fé shows that

2 N 1 du
— (-—- becomes a progressively larger fraction of - - -— (which
8y \ pU? Ar=6 U dx
T
1s the normal gradient of —-- at y = 0) as x increases, and
P

therefore as H and the quantaty (1 - 2ky - ) 1ncreasc., This suggests
the approximation

G T u?
_:(_-_> =l -2ky - V) -~ , e (10)
Ay ,OU’ ;)(:6_ U

(RPN DA
- 3&&‘*?‘ # & P '

where o is5 a constaht fo be-determined from expceriment,

"With these approximations, equation (8) becomes

3

(1 = &) == = ——————— = - mm————— -, (—I> eee{i1)
U 1 = 2yk - ¥ 1 = 2ky -~y O U

Solution/
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Solution of (11) involves the function

— e *J1 + kK +k e W/TTF -k
2 = [+ K+ (k+vy)] LR - (k)]

eee(12)

Differentiating lozarithmically,

1 dz R y
B AT T e — . es (13)
z dy 1 = 2ky - ¥

Thus {11) mey be written,

1 1 4z 1 du
R C R g
21+ ¥ % ax U dx

y A 1.1_r )
= o e - (--) S e (1)
1 -~ 2ky - ¥ 6 \U

which constitutes the initial equation of the present analysas,

3.2 Derivation of present form-parameter equation

Meking the substitutions

n o= 201 ~a) Y1+ P
and ) — s

equation (14) mey be integrated to give

C.N\2.2
T
Z [4) Y(“:)
X o
log,e --’a--t-nlagge 2o —Kfa ~ X+ 4.4 (15)
z, U, x,  0(1 - 2ky - ¥?)

The problem is now to express the right-hand side of equation (15) in an
integrable form, The procedure adopted here may be outlined as follows,

First, ce 18 expressed in terms of H and Rp using the skin
friction relation of Ludwieg and 741 1mann,

7] U
Second, -~ 1is expressed in terms of -- using the approximate
U
4, 1
emparical relation given by Ross and Ro'bertson6. The integral is now
U
obtained in terms of -, H, and VY.
Uﬂ.

Third,/
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third, since the right-rand side of ecguatzon (15) 1s normally
very small comparcd with either of tlhe terms on the left-hand side,
U
1t may be neglected to obtazn 2 fir+t avproxamation for -- in terms
Uy
of Z (which 15 simply a function of y and ihe constant k). The
variablcs in the integral are now reduccd to vy and H,

Fourth, the relation betwecen y and H  gaven by Spence3 1s
introduced to climinate Y. The intemral now sasumes the form

Fx%
j (H) ax.,
:ci

with some functions of the initial values outside the integral saign.

The procecurce outlined above is described in detail in the
Following paragraphs and in Scction 3,3, and approximations to the
simplified integral arc given, thus cnabling the form-paramcter cguat.ion
to be used zn the integral form.

Introducing Iudwacg and Tillmann's skin {riction equation

- 5 -
Lo 0,123 4070070 Ry 0.268 eee (16)
2
equation {15) may be writton
g Us Ky : Y
log, — +n log_ == = =~ 00431 K R ——
Z:L U1 .J'xi | 6(1 - 2Ky - Ya)
- I - 2
1o~ 1017 Rq CebO2 % gy eee(17)

035 and Robertson® gave, as an approximate expression for the
growin of momentum thickness in an adverse pressure gradient, the relation

g U, \24G
- = <"'_> 3 .no(18)
0 J

1
where the subscrapt 2 refers to seme initial point, and G 1s a
Tunction which in general depends upon Reynolds number, but which moy
be considercd constant wathout great loss in accuracy, In this analysis
C will therefore be assumed to have the constant value 2,8 as Ross and

Robertboon suggeot,

Fouation (18) then enables (17) to be written

-
7y U, 0.0431 K px, j y
lOg_ -— 4+ n lOg _-— = - —-—5—:1-;; f e e e
vz, U, 0 Ry ¥ 1 (1= 2ky = ¥*)
=
ot /Y e l02 (24G) - 0, 402 |
10 * et I‘" d-x a
U, )
ees{19)
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In adverse pressure gradients, to which application of this method 1s
limited, the term on the raight-hand side of (19) 1s small compared with
e1ther oi' those on the left-hand side, and the following relation 13
approximately true;

1
u z,"
— = —, vs o (20)
Ui Z
1t ceems reasonable, therefore, to use equation (20) in order to
simplzfy further the right~hand side of ?19).
Thus,
Z, U, 0.0L31 K x, I ) y
1oge -~ 4+ 1n lege i i ryev
Z, U, ORe o | (1= 2y - )
1:402(24G)-0, 402
1 n ]
1071 0T 2 L ax
Z |
000(21)
Inserting the values:
k = 0,2,
2 = - 0,18 y
I = 2-"-{- »

as found experimentally by Spence and

as suggested by Ross and Robertson, and introducing the non-dimensional
digtance

X - Xi Xx = Xi
‘n = T & e Py
X2 - xi 5]

ccuation (21) may be vritten in the form

1 7 b
A om0, s [0y IR
U g 2ale ) "6 0402 [y A0, Ly~yayr 7 ErEsa T o
b4 2 ) [ ] __J
— = - e~ 1 = -
Ui Z2
eva(22)

fccepting the power-law approxumation to the velocity profiles,
y may be exprcssed 1n terms of H as

. .es (23)




-9 -

Using equations (12) and (23), the intogral may now be written in the form

. 1.0
| j (H) an ,
0
end equation (22) becomes
1.0
1 r 2,6 ‘
5L ~0, 091 5Z:L 33. --_5.3:-;5';'} W (H) an |. “ve (2)4.)
i i 0, R@i 0

2 ()
_— = —_— e'-
U b

Z and y erc plotted against H in Figs. 1 and 2, while in Fag, 3

| K
2, 2.5
;)

1s plotted as o function of H, and H,.

1.0
3«3 Determination of f (1) dn
0

1.0
It 1s now necessary to cxpress the integral [ #{11) dn
JO
in terms of H and H , the valucs of H corresponding to the lower
end upper limils of infegration.

Jhe function T(H) is plotted in Fag. L4 Now, because of the
characterizvice variatlion of 11 waith 7 1n adverse prossure gradiconis,
(which may be inferred from Fags. 5 to 7) 1t would not be unreasonable
to cxpect that o plot of T(H) agamst 7, instead of against H
should tend much more cleosely to linceraity. Investigation of some
experimental results?? (59 confirms thag, thereby suggesting the
sumplafaication

5=
:

L
e

+
Ea

t
3

"

O

.2+ 833

= 0.04575Z, (r(z) + P(H,)] vee (26)

Boquat 1on/
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Egquation (24) may be wratien as

U, Z,
_— = —--) e—ﬁgb
U, 2y
or, since f¢ << 1.0,
1
2olp

ses (2?)

E
{1y
N
o
~—
Vo
—
i
™
=

with the 21d of Fags, 1 and 4, ¢ may be determined for any given
values of H, and H,.

L., Apviication of theory

foe? llethod of solation

It 18 assumed that the velocity distribution and initial
value off H arc known, and that the development of 6 has been
caiculated independently of H by a method of quadrature such as has
been evolved by iruckenbroat! or MaskellZ, Equation {27) can then be solved
an the following; manner.

Commencing with H , the anitial value of [, a valus of

15 sclected (say M, + O.1). From FPag. 3, the corresponding valuc
US/Ui

of e 18 found, while ¢ 18 evaluatcd from Figs., 1 and 4 as
1"';'9

Zesceribed in 3.3, A gucss must nov be nade as to the uistance s

required for H to increase from H, %o I, and hence a first

appl oximation to £ may be found.

Hy

U;/ﬁﬁ can now be calculated and hence x read off from the
velocity distribution, The new value of s (= x, - xi) 15 fed
back to yield a norc accurate value of 4 and 2 sccond value of
X, 1= determined. In general, the solution converges rapidly and
further 1teration showld be unneccssary. The procadure 2s then
repeated . step-by-step fashion from H, to H,, and so on.

It will be found, however, that the value of £¢ rapidly
becores nerligible after the Tirst fow steps. Thereafter any step
lcngth may be uscd without loss of accuracy and the calawlation 1s
continued using Iig. 3 only, in congunction with the velocity distribution.

It has been found that aceeptabdle accuracy 15 obitained by
using steps of 0,1 1n H until the tem S¢ becomes negligible.

'!\‘-- 2/
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42 Comparison wiulh experimental results

The following threc sets of experiments have been used 1o
test the accuracy of the precent method:

Author Experament Pig.
Schubaner and N.B.S. Turbulent Toundary h
Klebanof {2 Layer.
von Doenhoff and Aerofoil NACA 65(216)-222 6
Tetervin/ approx. R = 2,64 x 10°,

a = 10,10.
Sendborn® N.B.S. Turbulent Boundary 7

Layer,

In each case the experimental values of momentum thickmess
have been used in calculating the growth of H by the present method,
brt this does not invalidate comparison with other methods which have
used calculated values of momentum thickmess, Thas is because the
value of O 18 only of importance during the znitial stages of the
rresent calculalion, in which range any d.ivergence between the
experimental and calculated mementum ihizclmesses must stzll be small.,

In comparing the results with those of Spence, at should also
be borne in mind that, whercas the present snalysis involves the
Ludwieg~T1llmann skin fraction law

cp = 0,246, o0 6701 R6°°268 , eee(28)

Loence adopled Sguire and Young's91aw:
-2
—_ [y G
Cp = 2(3.59 + 2,56 loge Re) eea(29)

for the reason that, through over-estimating the value of slan fraction
noar separation, i1t partly compensated for the omaission of the transverse
pressure gradicnt and Reynolds siress terms which are no longer
neglaigable at that stage.

Where possible, curves calculated according to the methods of
Maskellz, Spence?, Schuhio and Truckenbrodt! have becn included. It
will be seen that the present method compares Tavourably with thonc of
the other investigators.

It should be noted that, an the case of the Schubauer-Klebanoff
experiment, Masikell commenced has calculation at the 0.5 feet positzon,
vhereas in the other methods allustrated, including the present one,
the beginning of the test section at 17,5 fect was selected as the
anitial point; morsover his initial values of H were oblained fyrom the
approximate cmpirical relationship

H, = 1.630 - 0,0775 log,, K, » e+e{(30)

wherecas Lhe present calculations are based on an initial expcraimental
pont,

5./
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5. Sunilarity Betwee. the Form of the Present Awraliary Equation
and that of Lchuh®

Using the energy egquaticn

1 2 o0 Ou
-— (Pe) = -f r-—-Jd7, eas (31)

ax pJo Oy

schuh1© obtained the following auxaliary equation for the growth of H:

—

] ¢ "E‘;Hi » ’Ug i‘
H, = - - log, ¢10 + 2,303, (10)Pg(I, + 2,303 log,, (--)(
g | U,

b

for H » Iojoy cro(jz)

where

’— Y
% dx h L2 |
Ii = h [ i = 2- 303 - 10g10 J‘i F e ’/ ? “"i C-::A‘- ; 3 sea (33)
J:‘:1 = a : g Jx, U, J
% = GRIS »

& = 0,0185, b = 4,27, m = 0,268, h = 1x10°%, g = 1,535
and P = 2,17 .

In equation (32), I, iz small compared with the second term in the inner
t

]
1 = ?
brackets, and Schuh suggests the assumption of a linear relation for

U
2 Equation (33%) Lhen becomes
Ui
9 15 *3
L = 0.121 log,, (1 4 ommmm——m—— , eos (3h)
280 2
[1
whare A= e
Uy
) 1=
and g‘," = mmmmmee .
Xy = Xy

hs/

——— e A ke o s e e

*To avo1d confusion, several of Schuh's symbols have been altered.
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As I, has little .nfluence in equation {32), H 1is primarily a
U
2
functzon off =~ , with only a second order dependence on Z, and "{ﬁ,.
Uy
The similsraity between this form of ecuaiilon and that used in the
present analysis is quite clear, since (4, )™Y' corresponds closely
to the term A¢ 1n equation (2)), as shown below,

Schivh!s Analvysis

Present Analysis

3
+ 358
Z, = 8% B o= iy
0 RG
1 -~ U P
% = T L § = f(Hi ’ HQ,}
8
1 S ( U, ) =
B =l B P = =mmeee—ee f(Hi, H ,)
0,268 0,402 2
Z X siRei U, - U, 8, o,
The terms ( ------- ) and f(H , ) may be considered

equivalent, since both tfie present analysis and Schuh's suggest that H
1

is pramarily a function of U. The parameters m— and f¢ eare
z, X

therefore of similar form and are also of comparable cirder of magnitude,

By assuming a linear relation for U,/U,, Schuh was able to
plot UQ/U:.L as & functron of I, f{or V:xrlouu volues of I, and }fZi.
The case where W72 = o correspondu to the appropriate I, curves
an Fig, 3 of the present report, which may be considered as a plot of
U,/U, against H, for g = O,

Sehuh's curves for H, = 2,0 and o are drawn as broken
lines in Fig. 3. /lgreement between the two curves for H, = 2.0 is
fairly good. For H, = o , however, Schuh's curve predicts that this
value 1s reached at higher values of UQ/U1 s, and consequently furthor
upstream, 7The difference is also i1llustrated in Figs. 5 and 7, where
Schuh's values of H rise more rapidly towards the end of the calculation.

6. Conclusions

A method has been evolved for caleulating the growth of the
form parameter H 1in furbulent boundary layers with asdverse pressure
gradients, The auxiliary eguation used has been derived by extending an
analysis by Spence and inbtroducing the findings of Ross and of Tudwieg and
Tailmann, the equation 1s dafferent in form from those used by previous
mvestlgators, although 1t has been shown to correspond closely to a
simplified i‘orm of Schuh's auxilaary equation, The new method 1s easily and
rapidly appl:x.ed. and regults compare favouraebly with those obtained using
other methods,
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Comparfson with measurements made on

NA.CA. 65(216) 222 approx R=2-64 x 10°
a=0-1°




Fic. 7

2-8 ' X
| x x  Experimental points :
Present method :
Y6 . Maskell ;
- mmem--s Schuh f
'
24 '
N
/
. :‘ ]I
22 ; /I
/
H ’1 d
Il
2:0 4 +
xf /
1'8 -,, Jl
‘," /
~
e A //
et X
,/
i~ 4 ,/‘
s S
l'20 2 4 . 6 8 10 2
x (feet)

Comparison with measurements made by Sandborn(8)
with _highest rate of suction.










C.P. No. 370

(19,046)
A.R.C. Technical Report

Croun copyright reserved

Printed and published by
Her Majesty’s STaATIONERY QFFICE

To be purchased from
York House, Kingsway, London w.c.2
423 Oxford Street, London w.1
134 Castle Street, Edinburgh 2
109 St Mary Street, Cardiff
39 King Street, Manchester 2
Tower Lane, Bristol 1
2 Edmund Street, Birmingham 3
8o Chuchester Street, Belfast
or through any bookseller

Printed in Great Britain

5.0 Code No. 23-5010-70

C.P. No. 370



