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Summary.

The theoretical estimation of the buckling strength of a cylinder loaded in axial compression is improved
by the use of a more representative deflected form for the buckled cylinder than has previously been used.
Kempner’s buckling strength for dead-weight loading is reduced by 18%. The presentation of the magnitude
and distribution of the constraint system required to maintain the mode is novel and instructive.
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1. Imtroduction.

The failure of theoretical investigations to predict the observed buckling strength of cylinders
loaded in axial compression has been discussed extensively in the literature! 4. The measured values
are significantly less than the best available estimates (Kempner?). Various attempts to explain away
the discrepancy have been propounded, but none is wholly satisfactory.

The theoretical investigations available follow a well-defined pattern, due to Karman and Tsien!.
The stress-strain, the compatibility conditions and the equilibrium of stress in the tangent plane are
all satisfied but the equation of radial equilibrium is left unsatisfied and is replaced by an energy
criterion. If the radial-equilibrium condition were to be satisfied by any solution based on a tentative
mode for the deflected shape of the cylinder, an exact solution of the large-deflection analysis would
have been found. Disequilibrium in the radial direction results in a stress-strain characteristic in
which the mean axial stress, for any given mean axial strain, is necessarily high for all cases of stable
equilibrium. The buckling conditions estimated on this basis are optimistic.

If a simple expression for the mode of deformation of the cylinder is selected, it is unreasonable
to expect that the stresses in the immediate post-buckled region (up to mean axial strains of the
order of 1-5#/R) will be accurate estimates of the unknown solution of the von Karman large-
deflection equations for the cylinder. Previous investigators'*®* have chosen modes for the
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deformed state of the cylinder which have been assumed satisfactory on the basis of the observed
extreme patterns of post-buckling behaviour. However, as will be seen below, such sunphﬁed modes
cannot be justified in the region of minimum post-buckled stress.

A simple mode of the type used by previous workers in the field* to4 includes, as extreme patterns
of deflection, the chessboard type® of buckling associated with small-deflection theory and which
is known to be valid in the immediate neighbourhood of the small-deflection buckling region. For
large strain, that is for the fully developed post-buckled state, a polyhedral form with diamond nodal
lines is observed, and this nodal pattern is included in the assumed mode. However, a superposition
of this diamond type of buckling on the chessboard type may not be satisfactory in the transitional
region between these two extremes. It is in this region that errors in stress estimation will be most
serious..

The linear theory assumes a mode which comprises a uniform inward displacement together with
a single periodic function of the co-ordinates (x, ). The first perturbation of this solution contains
four additional terms* whose periodicities are respectively (0, 2) (2, 0) (1, 3) and (3, 1) inthe x and y
directions. The latter two terms have always been discarded, but, as will be shown below, they are
important in the critical post-buckled region referred to above. By their inclusion, reductions in
mean axial stress for a given mean axial strain in that region of the order of 18 to 25 per cent are
realised, with comparable reductions in the buckling strength.

In addition to the inclusion of the two terms previously discarded, the analysis given below
examines the constraint system necessary to maintain the assumed mode. This takes the form of a
pressure distribution over the cylindrical surface which varies from place to place. With a knowledge
of this constraint system, those parts of the buckle pattern which are being pushed in (or forced out)
can be seen to be deflecting too little (or too much) and a more realistic impression of the optimum
mode is established. The influence of the constraint pressures diminishes as their frequency increases,
and it is found that the pressure components corresponding to Kempner’s omitted terms are two
of the most important ones.

The reduction in buckling strength indicated by this extension of previous work is more
consistent with experimental data. A direct comparison with experiment is, however, beyond the
scope of this paper, and it is intended only that this investigation should provide a more realistic
theoretical estimate for the ideal structural element under ideal loading conditions than has been

available hitherto.

2. Buckling Criteria.

The form of the stress-strain characteristic for the cylinder in the pre- and post-buckled conditions
is illustrated in Fig. 2a. The portion OA corresponds to the uniform compression without deflection
of the pre-buckled condition. The curve AE is appropriate to the deformed state of the cylinder.

Tsien® has shown how buckling criteria for the shell can be based on energy considerations. If the
cylinder is compressed in a rigid-test machine the pressure is applied over the ends of the cylinder
in such a manner that on buckling there is no loss of energy from the machine. The cylinder may
buckle, therefore, when the strain energy absorbed from the test machine by the cylinder has the
same value in the undeflected and deflected states.

Fig. 2b shows the energy distribution in the cylinder for the various parts of the stress-strain
characteristic. The figure has been drawn with a base of ()2 so as to linearize the energy in the
pre-buckled state, (OA). From A to the minimum post-buckled strain, the load is decreasing and the
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cylinder releases energy, so that the system is unstable. From C to E the cylinder increases in energy
with increase in strain until it reaches a point B, at which the energy is equal to the value reached
at the point A, on loading up from O to A. Further increase in strain leads to a rise in strain energy.
Thus for the entire cycle, the cylinder is in stable equilibrium from O to A, and from B, onward.
Between A, and A, A and C, C and B, it is unstable provided that the cylinder can freely take up the
mode of deformation. Otherwise the region A, to A is a meta-stable state and the cylind.er will
require a disturbance to produce buckling before A is reached. In practice there is always a source of
extraneous energy present in which case the cylinder may not be loaded beyond A, without buckling.
The cylinder can only buckle before it reaches A, if there is a surplus of energy absorbed by the
cylinder. It is reasonable to postulate that the cylinder, once it reaches a point X on the characteristic
CB,, will stay buckled. It can buckle at a point X; before A, only if the energy ‘jump’ X;X is
spontaneously available from outside the test machine. This, in theory, can happen, so that at any
point on OA between C; and A, buckling might occur. .

X, should, in practice, be close to A,, for the energy involved in effecting the jump X, to X is not
small. To jump from C; to C requires a proportional increase in stored energy of the order of
20%. This is unlikely to be available in practice. Nevertheless C; will be designated the lower limit
of buckling strain for rigid-loading-machine conditions while A, is the corresponding upper limit.
The theoretically possible meta-stable region A,A is discounted, on the assumption that all modes
are equally likely and that the cylinder has a preference for a mode with least possible strain energy.

Corresponding to the upper and lower buckling strains for rigid-test-machine conditions, upper
and lower buckling stresses can be established for dead-weight loading. Fig. 2¢ shows how the
variation with (stress)? of the total potential energy—that is of the strain energy stored in the
cylinder less the potential energy of the weight. From O to A, total potential energy falls, linearly
with (¢)2. From A to D, the cylinder unloads and is unstable. From D onward the cylinder begins
to lose total potential energy (i.e. positive stiffness) until at B, the total potential energy is equal in
the deflected condition to what it was at the 'point A, on loading up, and the cylinder stabilises.
Thereafter total potential energy diminishes faster in the buckled shape than in the pre-buckled
condition. A, is the upper limit of buckling stress, meta-stable statés again being rejected. Since it is
theoretically possible for jumps to occur from characteristic OA; to DB,, the cylinder can buckle
at values of ¢ intermediate between Dy and A,. D, is the ‘lower limit of buckling stress for dead-
weight loading’. . : :

All practical tests are conducted on test machines with a finite rigidity. The extreme conditions
of infinite spring stiffness and zero spring stiffness are the rigid-test-machine and dead-weight-
loading conditions respectively. All finite rigidity conditions are intermediate between the extremes
and upper and lower limits on buckling for this case can be formed in the same manner as above, for
dead-weight loading if the total-potential-energy function includes the energy stored in the spring
or test machine. AyB; (Fig. 2d) is representative of such a conditior. When the cylinder reaches A,,
by simultaneous application of stress and strain, it may unload to B, along a line whose negative
slope is the spring stiffness of the test machine. Fig. 2d shows the total-potential-energy diagram for
this case. The cylinder loads up to A, unloads from A to a point G which is the point on AE where
the slope is negatively equal to the spring stiffness. Thereafter the system has positive stiffness and
becomes stable again at B; whereafter it continues to lose total potential energy along the characteristic
B,E. It is obvious that every such case is intermediate between the extremes of rigid-machine and
. dead- weight loading. Hereafter only these two conditions will be discussed.
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The stability conditions are developed from calculations of the strain energy for a given applied
strain. The stress associated with the given strain is calculated and the total potential energy deter-
mined. The two energy diagrams for the extreme loading conditions are then prepared, and the
buckling strain and stress in the two cases are found.

3. Analytical Development of Solution.
3.1, The General Conditions of Equilibrium and Compatibility.

Equilibrium of the stresses in the tangent plane is assured if

oo, arwy ady GTW .
E i s 1)

which conditions are satisfied automatically by the introduction of the Airy stress function F, where

_&F _ ®F ®F

T TEmy T @

The strain-displacement relations for the large deflections considered are
_ou 1 fow\?
Cw_%+§($)

dv 1 /w2 w
=5tals) R ®)

_Bu dv Jw dw
Yo =gt T A oy

-

The equation of compatibility of strain is, therefore
de, e, Py, [(Pw\? Pwdw 1Fw 4
W+w“$@W%@‘@@rﬁw‘ )
The stress-strain relations may be written

Ee, = o, — vo,

Ee, = 0, —vo, 7 (5)

14
By, = 2(14v)7,,
where E is Young’s modulus, and v is Poisson’s ratio, which will be taken as 0-3.

Substituting from equation (5) into (4) and using equations (1), we get

1{32% Po, 62%}

E\ 3 dx* dx 3y

FPw 2 FPwdlw 1 Pw
; (53

dx Jy

or, on introducing F from equation (2), the equation of compatibility of strain in the tangent plane
takes the form

Lo ([ ®w\® Swdw| 18w

VAR Bidion I e SN
axoy] ~ ox® 2] R ox? (©)
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The equation of radial équilibrium is

Dviy - po L (1 BB B[, w0 dw
w"”ﬁ(%%) @(T’”’Jax)‘ﬁ(T’”“??y)Jr

d ow t
+ B (’f% 537) + 3 % (7)

where p is measured positively in the & direction (p > 0 means external pressure) which, on using
equations (1) and substituting from equation (2) gives
t OF {BEF % RPF  Pw  BF Pw

DViw = p4 oo |20 o 07 7% 77 27N,
WEPT R TR e Caway axdy T aat 0y

(8)

Equations (6) and (8) are the von Karman large-deflection equations for the circular cylinder.

3.2. Development of Solution for Assumed Modes w(x, ).

For any specified conditions of loading, we seek simultaneous solutions w and F of equations (6)
and (8). In practice this is not feasible and equation (8) is abandoned in favour of a minimum-
energy criterion which, for free variation of w, is formally equivalent to equation (8). Given any
tentative approximation to =, the choice of its parameters will be based on an energy criterion.

The linear solution of the cylinder problem has been known for some time?, and is obtained by
omitting the terms in { } occurring in equations (6) and (8). This solution is

w = wy{cos (mx[A,) cos (my[A,)} + w,. (9

If, now, this solution is substituted into the right-hand side of equation (6), the first correction
to F'is found, and on substituting this improved estimate of F into equation (8), with zero pressure p,
a better approximation to # is derived.

This takes the form '

w = ¢t{cos (mx/A,) cos (my[A,) + o cos (Zmx[A,) + B cos (2my/A,) +
+ y cos (mx/A,) cos (3my[A,) + 8 cos (3mx/A,) cos (my[A,) + €} (10)

In previous solutions of this problem Karman and Tsien took « = f, and y = 8 = 0; which
practice was followed by Leggett and Jones?, and by Michielsen®. Kempner? retained y = & = 0
but allowed « and 8 to vary freely.

The representation (10) of z is taken as appropriate for determining the post-buckled characteristic
of the cylinder.

On substituting from equation (10) into equation (6) and integrating the resulting equation, the
following form for I is obtained: ‘

F = — (BEJub) £ 5 fy cos (mmsfd,) cos (nmyl),) — 9?2 (11)
where ’

o is the average applied end compressive stress,

~ = )\Z//)\J?7
n = szt/}tyz,
S w o= £y




and the only non-zero f,,, are the following:
foo = w¥ut[1 + 2y 4+ 98%]/32 A
Joa = wpty[64 |
Jos = wpty?[288
fu = opt 2ac(1+8) + 2Bu(1+y) — 1]/(u2+ 12
fuo = oot [2B0 + 180y — yi(2+9)?
fis = 20%uBy[(w? +25)*
fop = @ [(1+9y2+28)w — 8x]/32
for = ot [4af + 7 + 48 + 8]/4(u? + 1)?

: = (12)
Jar = outy(1+258)/16(p* + 4)?
far = o 200 + 18880 — 981/(9p + 1)°
Fan = 208y + B8)/9(2 + 1)?
i = 0?8/64
Fua = wut8(1+257)/ 1642+ 12
Fus = wtutyB{16(ut+ 1)
fs1 = 20utad[(251% 4+ 1)2
oo = w?8%/288. J
3.3. Strain-Energy Functions.
The strain energy due to bending is
e {7 ool ) e
wDw?L
=R [(14p2)2 + 3202u* + 3282 4 y2(u2+9)? + 8*(9u®+ 1)7]. (13)

The strain energy due to the extensional stresses is
. I3 L pr2nR 2F 2 82F 82F
= V2E)? + 2(1 — | — = a5 | dxdy.
0= g ] [ [0 200 ()~ o) |
On introducing the non-dimensional stress ¢* = oR/Et and combining Uy, Uy, the total strain

energy is

w

+ (0%) + (wiut/12872) {(1+2y + 9822 + 42 + »*} +

+ (w41 + p2)22) {(Raw[1 + 8] + 2Bw[1 +y] — 1)2 + wX(doB+y +4y8+8)2 +

+ 4oy + BO) + w287 + '

+ (2B + 180y — )PP ud[4(u? + 9)2n? + (20w + 1883w — 98)2wut/4(9p2 + 1)*n* +
Byt + 2577 + PSPl (25 + 1Py + 1+ 258wt 643+ 4 +

+ 82(1 + 25y 2o /641 + 4u2)2n? + (w?]12872) {[(1 + 992 + 28)w — 8o]? + 48%0? + w284}:| . (14)

2

(14 p2) + 32020t + 3282 + y2(u2+9)% + 8%(9u>+ 1)2} +
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3.4. Restrictions on the Variables.

U is a function of (o¥, «, 8, v, 8, w, 1, ) but these eight parameters are not independent.
The mean radial contraction of the cylinder is determined from the continuity condition for v

27l g
dlsplacements f f = dy dx = 0 which gives
fe = (w2/87;)(1+8/32+9y2+82) — vo'. (15)
27 gy -
The mean axial strain ¢ = — 5 LR f j — dx dy = e*t[R say, where ¢* is a reduced unit of
.

strain and on substituting and simplifying, we obtain

e* = o%* 4 (u2w?/8n) (1 +8c®+2+952). . (16)

3.5. Choice of Parameters.

If the cylinder is loaded by strain increments as in a rigid-test machine, U has to be minimised
for a given e* subject to the constraint (16).

If we have dead-weight loading, the total energy of the system must include the potential energy
of the (moving) applied load o, which has the value

21R oL u o
W = f f tog = dydx = (wEL| R) (20%¢¥) (17)
0 0

and the parameters are determined from the condition that the total potential energy U — W is
to be a minimum. .

For either of these problems, the choice of parameters is resolved by using a direct minimization
procedure on a digital computer. The programme used in this paper is due to Rosenbrock”.

For rigid-machine-loading conditions U is minimised for a given ¢* and the mean axial applied
stress o* which reacts against the machine is deduced. The appropriate post-buckled stress-strain
relation for this loading is found.

Similarly for dead-weight loading U — W is minimised for a given o* and the mean axial strain
e* which is developed under the load is deduced. The appropriate post-buckling stress-strain curve
for dead-weight loading is obtained and coincides with the stress-strain characteristic for rigid-
machine loading.

If 0%, e* are values of mean axial applied stress and strain which correspond to a point of this
characteristic, then the set of parameters «, f, y, 8, w, 3, p which are optimal for ¢* in the first
problem is identical with the set which is optimal for o* in the second.

For optimal choice of parameters the energy variation (U) in the first problem is shown as a
function of (¢*)? in Fig. 3 and the total potential energy (U~ W) in the second as a function of
(¢*)? in Fig. 4. The mode shape appropriate to the optimum solution of the first problem for a
post-buckled strain ¢* = 1 is shown in Fig. 5. The modal parameters «, B, v, §, w, 5 and u? are
plotted against o* in Fig. 6 and show the smooth transition through the region of minimum post-
buckled stress which suggests that the approximation of equation (10) is valid.

The post-buckled stress-strain curve for the cylinder is shown in Fig. 7, with an indication in
broken line of that portion of the characteristic which has not been computed which corresponds
in either problem to unstable equilibrium. ’



4. The Effect of Equilibrating Pressures.

The approximate solution to the formal problem is an exact solution of an allied problem, namely
that of a cylinder which carries loads not only over its ends, but over the curved surface as well. For
the assumed mode of equation (10) and the Airy stress function derived from equation (11),
equation (8) is satisfied if, and only if, there exists a pressure distribution over the curved surface,
whose value is given by substituting for w and F into equation (8). This pressure is referred to as
the constraint pressure, p. Work is done on the cylinder by the pressure system p, which acts over
the displacement w of equation (10), and does the quantity of work

_ 27k pL
W = f f pwdydx. ' (18)
o Jo :
Substituting from equations (10), (11) into equation (8) we find that
PRYEL = (wy/12(1—v2)){(u® + 1)? cos (mx[A,) cos (my[A,) + 16au* cos (2mx[A,) +
+ 168 cos (2my/N,) + y(u2 + 9)% cos (mx[A,) cos (3my[A,) +
+ 8(9u?+1)2 cos (3mx/A,) cos (my/A,)} —
1
- 5 S,y cos (ms{,) cos (nmy],) -
— plwo* {cos (mx[A,) cos (my[A,) + 4o cos (2mx[A,) +

+ y cos (mx[A,) cos (3my/A,) + 98 cos (3mx/A,) cos'(my[A,)} +
+ % 2 X [(m+n)2{cos [(m+ L)mx/A,] cos [(n—)my[A,] +
+ cos [(m— )mwx/A,] cos [(n+ L)my/A, ]} +

+ (m—mn)2{cos [(m+ 1)mx/A,] cos [(n+ D)my/A,] +

+ cos [(m— 1)mx/2,] C0§ [(r— I)Wy/hy]}]fmn +

20

+ s ¥ 3 w?{cos [(m+2)mx/A,] + cos [(m—2)mx[A,]} cos (mmy[\)fonn +

+ 2% Z Z m? cos (mﬂ'x/AJc) {COS [(n+2)ﬂy/)\:lj] + €os [(T’L— Z)Wy/)‘u]}fmn -+

+ 7;—6;; 3 3 [(3m+n)?{cos [(m+ 1)mx/A,] cos [(n—S);Ty/Ay] + )
+ cos [(m— 1)mx/A] cos [(n+3)my/A ]} +

+ (3m—n)?{cos [(m+ L)mx/A,] cos [(n+3)my/A,] +

+ cos [(m— Lymas/A,] cos [(n—3)my /A, [ f o +

+ %?— > ¥ [(m+3n)?{cos [(m+ 3)mx/A,] cos [(n—1)my[A,] +

+ cos [(m—3)mx/A,] cos [(n+ V)my/A, ]} +

+ (m—3n)?{cos [(m+ 3)mx[A] cos [(r+ 1)my/A,] +

+ cos [(m — 3)mx/A,] cos [(n— Dymy/A 3] frm - ’ (19)
9



This expression can be written
PRYER = p cos (me]),) cos (my[,) + oy 08 (2mx[A,) + pog cos (2my[,) +

+ P13 cos (mx/A,) cos (3my[A,) + pg; cos (3mx/A,) cos (myIA,), (20)

plus thirty other terms which do no work over the displacement system of equation (10).
There is no mean pressure present.
The coefficients in p which do work over the displacement system w are

Py = wml+ DR12(1—13) — fufn — pPwo® +
+ %{2(1 +9)for + 8yfou + 2+ B)f11 + 2Bf1s + 2L+ 8) fog + 4y + 8)fon +

+ Yfor + 2afyy + 88f40 + 814}
Aptoarn]3(1— ) — 4l — dptenc® +

+ % {(1+08)fir + 9yfis + 8Bfan + far + Wy fas + 6f51)

>
I

Pop = 4Bam3(1—12) + %’ {149 i + fis + fus + 8acfas + 98y + 983}
P1s = (W2 +9Pyan/12(1 —?) — fig/n — pPowyc® + [ D
+ % (2fon + 8Fs + 18y fos + 2Bfus + 18afis + 2Bf1s + 180 +
| + AL+ 48)foy + (14 258) oy + 18afyy + 2567, + 1687}
e Doy = (9p2+1)28wn/12(1 = 12) — 9fy/n — IpPewdo* +

-+ %{183][02 + 20f3y + 2f5 + H1 +4y)fon + 25y fp0 + 18815 +

+ 1885 + 8fao + (1 +257)fa + 16y fas + 20f51 + 188

For any given solution («, f, v, 8, w, 1, ) corresponding to a specific o* or ¥, the derived solution
is exact if this pressure system is assumed to have been present throughout the loading-up process.
The pressure system, which is fictitious, is different for each point on the post-buckled characteristic

-~

but for each such point a measure of the optimum selection of the modal parameters («, f, y, etc.) is
furnished by the proportion of the total stored energy U which derives from W. .

The five pressure coefficients in equation (21) are, or should be, all zero and their vanishing
corresponds to the stationary property of U (or for dead-weight loading U — W) with respect to the
amplitudes ¢, o, B3, y, 6 respectively.

Thus p,y = 0 implies 9U/dx = 0 for strain-increment loading. Residues in these p’s indicate
insuflicient progress in the minimizing procedure.

The pressure, however, is not zero over the entire surface, but is merely orthogonal to w(x, ). The
thirty component pressures which survive are also of interest, and will be discussed below.

5.1. Root-Mean Constraint Pressure.

The constraint pressure over the curved surface of the cylinder is periodic and consists of a
number of superposed pressures of the form

~

P = Duun cos (mmx[A,) cos (nmyfA,). (22)
10



The root-mean-square pressure p is defined by

or

where

K =

T 0Jo
1 L ponR
= fo fo % (Punn)? cO8? (mmrxfX,) cos? (nmy[),)dx dy

ﬁ = {Z (P'mn)zK}%’

L if neither m or # is zero

K = } if one of them is zero.

The coefficients p,,, which have the values other than zero are:

4w
Poa = E {yfu + fis + fis + 8afos + 98153}

POG

POS

P15

P

b1

9_w_ {)’f 13 + g 15}
’Y]
16‘*’)’f 15/ n

20 ( .
— fis/n + 7 ['}’foz + 4fou + Ofos + Bfis + 25afi5 + 8y fus +

9 + 498
+ 5 foa + 328f44}

j—;’{sm + 18y + 2Bf15 + 257 fas)

18wyfos/n |

— 4l + %" {datfos + (v +8)fu + (1+48)fi5 + 4yfis + 420 +
+ Zﬁf?4 + (L4+4y)fay + 2oufyy + 48151

— 4faaln + %{64@04 +yfu + (1+258)fig + (9+498) 5 + 8Bfum +
+ 259 fa1 + 9fas + 320y}

%ﬂ {360fye + (14+168)f15 + 28f20 + Oy faa}

wyfis/n

= Ol 2 (28 + 80os + 2oz + 2vf + fuu + 2B +

+ 8yfao + fao} . )
11
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w

Pas = P {728f0, + 1628 fo5 + 500fis + 4y fos + fog + 18Bf5 +
+ 4994 + 1644}
w

Par = ; {1628 o5 + v fos + 647’][44} -

. 4w

Pao = — 16f4o/n + 7 {8fu + far + W fas + 8Bfaa + fou}

P1a = — 16fp/n + % {8f11 + 25815 + 8ofpy + (1+25y)fyy + Ofss +
+ 048140 + 32Bf1a + (9+49y) f51)

16w

Pu = — 164/ ’|"T {8f1s + 40115 + 20fpy + v + 2Bfse + Ay fsl}
w

Pas = P {4968115 + Iy fas + 328714}

Psi = — 25fq/n + % {28120 + 168f55 + 2afy; + 81 + (9 +49y) f1n +
+ 64y fua + 50B8f5 + 18}

Psg = % {48120 + 498154 + 18ufyy + T2y fa + fao + 16f3, +

P55
7)57

Peo

+ 508fs51 + 162y fo0)
25w

= T {sza + v et

= 16wyf44/77

= — 36fe0/n + 2778 {8far + 51}

= 4% {98][33 + 2ocfyy + (1+169)f5 + 36Bf60}

w
= {98 fas + 320fyy + 499 [y}
© v
- {88f4 + 2583 + 2afs; + 18f5)

w
= {8fan + 6481 + 162y 0}

= 16w3f44/7]
= wdfy/n and

= 18wSf,o/7.
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The root-mean constraint pressure rises steadily as the mean axial strain increases. Typical
values of p (at e* = 1) are 0-204 for the mode w of equation (10) and 0-315 for Kempner’s case.

The root-mean constraint pressure is an index only of the lack of completeness of the solution. The
individual pressure coefficients influence the deflection of the cylinder, but those associated with
higher-frequency products of cos (mmx/},) cos (nmy/A,) are, for the same amplitude, far less
influential than those of lower frequency, for the bending produced is reduced.

For Kempner’s case, e* being taken equal to 1, the largest pressure coefficients are, with values

Pao(0-497), Pas(—0-366), pag(0-262); p15(0-213) and p,5(0-0895).

For the mode w of equation (10), the corresponding largest pressure coefficients are

P2(0-250), p51(0-178), pys(—0-132), pss(—0-119), py(—0-111) and pyy(—0-107)
Pa1 and pys are, of course, negligibly small,

An examination of the constraint pressure system over the range ¢* varying from 0-3 to 1-2 shows
that the following eight pressure coeflicients always include the six largest pressure components for
¢* in that range:

P15s Pazs Pats Psas Paos Pazs P51 and pys.

The pressure systems are plotted, over the area covered by the mode diagram in Fig. 5, for both
Kempner’s case and the present paper in Figs. 8 and 9 respectively. »

Examination of the pressure distributions and their correlation with the modal pattern shows
that for the Kempner case, the pressures are highest at the extremes of the deflections, and at the
saddle point between hills and dales. These are regions of considerable bending where inaccuracies
of the mode shape are most important. By contrast, these important zones are all associated with
low pressure levels using the extended mode w of equation (10) and indicate that minor corrections
only are to be sought in the mode pattern.

To improve the solution still further, an improved mode may be calculated from equation (8)
using expressions (22) for p, (11) for F and (10) for w on the right-hand side. This shows that if the
mode is to be improved, it should include those terms whose periodicities in x and y correspond
with those of the pressures enumerated above. The influence of all, or some of these further
perturbing terms is likely to be far less marked than the inclusion of the two additional terms to
Kempner’s mode, with the possible exception of the (2, 2) term.

6. Conclusions.

A significant reduction in the post-buckled stress levels for a given strain is achieved using a full
perturbation of the linear solution to this problem. By direct calculation of the system of pressures
necessary to maintain the mode, it is clear that only small improvements in the stress-strain
characteristic can be expected from further analysis and that the ‘true’ solution of the von Karman
large-deflection system for the given problem is not far below the characteristic given.

No importance is attached to advanced post-buckled behaviour, which, in this ideal investigation,
is of little significance, but it is interesting to note that the post-buckled stiffness of the cylinder in
the immediate post-buckled condition (dead-weight-loading case) is about 109, of the initial
unbuckled value compared with a predicted 16:5%, in Kempner’s case.

Specific values for buckling stresses and strains are given in Tables 1 and 2 for the extreme loading
conditions. -

v
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LIST OF SYMBOLS

Cartesian co-ordinate measured along a generator
Cartesian co-ordinate measured around cylinder
Cartesian co-ordinate measured radially inward

Direct stresses parallel to axes Ox, Oy respectively

Shear stress in the tangent plane

Airy stress function

Direct strains parallel to axes Ox, Oy respectively

Shear strain in tangent plane

Displacements parallel to axes Ox, Oy and Oz

Young’s modulus

Poisson’s ratio

Radius of cylinder

Radially inward pressure

Thickness of cylinder

Flexural rigidity of cylinder = 1—12 Ef(1—»2)1

see Fig. 1

Wavelengths in x, y direction associated with mode w(x, y)

Non-dimensional displacement parameters

Ayl As
7R\, 2
&n

Coeflicients occurring in F

Mean axial stress and strain respectively

"T'otal, bending and extensional strain-energy functions

Reduced mean axial stress

Reduced mean axial strain

oR/Et
eRft

Potential energy of loading device

Work done by constraints

Pressure coeflicients
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TABLE 1

Rigid-Loading Conditions

This paper Kempner M
This paper
Upper limit of buckling strain e* 0-336 0-360 1-071
Lower limit of buckling strain e#* 0-287 0-306
Energy jump to buckle at lower limit 0-0149
Proportional energy increase to jump 0-0159
TABLE 2
Dead-Weight-Loading Conditions
. Kempner
This paper Kempner it kel
This paper
Upper limit of buckling stress o* 0-1861 0-2240 1-204
Lower limit of buckling stress o* 0-1496 0-1824 1-219
Energy jump to buckle at lower limit 0-0319 0-0352
Proportional energy increase to jump 1-571 0-961
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