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Summary 
The theory of base-pressure prediction in two-dimensional supersonic turbulent flow is discussed, and, in 

the light of recent investigations of jet mixing, various modifications to the analysis of the flow model are 
suggested. A comparison is made of some reattachment criteria, and a Mach number ratio is proposed as a 
simple criterion, which correlates the experimental data satisfactorily. 
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1. Introduction. 

Recent proposals for supersonic transport aircraft have led to considerable interest in methods of 
predicting the base pressure associated with the engine installations of such aircraft. Since the 
flow mechanisms involved in practical problems of this nature are complex and little understood, 
investigations of base-pressure phenomena are usually confined to simpler flow models, in the hope 
that some fundamental knowledge will be obtained, capable of general application. 

The simplest types of base flow model are the two-dimensional backward-facing step and the 
blunt trailing-edge wing, both having many features in common. It has been shown theoretically 
by Crocco and Lees 1, and demonstrated experimentally, that the base pressure associated with 
these simple flow models can be influenced to a great extent by the existence and location of 
transition from laminar to turbulent flow. Here, the case will be considered where the flow is 
everywhere turbulent, and the analysis will be limited to conditions where the external flow is 
supersonic. 

Chapman 2 and Korst 3 have independently proposed a simple analysis which may be used to 

predict base pressure. The essence of this treatment lies in the assumption that the flow model may 
be split into a number of components, each of which is analysed separately. The results may then 
be combined to give a picture of the complete flow pattern. 

Figure 1 shows the flow pattern for a backward-facing step. A uniform stream with a turbulent 

boundary layer approaches the step and separates at the corner. The free stream turns through the 
appropriate Prandtl-Meyer angle, and the boundary layer develops into a free shear layer in a region 
of effectively constant base pressure. As the shear layer approaches the downstream wall it is com- 
pressed, and part of the shear layer reverses into the slowly circulating fluid within the base cavity, 
whilst the remainder negotiates the pressure rise and forms a new uniform stream, with a 
re-developed boundary layer, some distance downstream of the step. The equivalent flow pattern 
for a blunt trailing-edge wing is similar, although here the recompression of the shear layer is due 
to the convergence of symmetrical shear layers on either side of the wing, and clearly a new boundary 
layer will not be formed downstream of the recompression zone in this case. 

Chapman ~ and Korst 3 have supposed that a particular streamline (the 'dividing' or 'reattachment' 
streamline) could be specified, that would divide the recirculating flow from the rest, and would 
be the only streamline to stagnate completely. By considering the mixing process in the shear layer 
to be independent of any recompression effects, they were able to compute the velocity on the 
reattachment streamline, from a knowledge of the velocity distribution in the shear layer, and by 
considering the conditions for mass continuity within the wake. 
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For a prediction of base pressure, it was found necessary to supply a further piece of information 
about the 'reattachment' streamline. These same authors proposed the 'escape' criterion, which 
states that the stagnation pressure of the reattachment streamline, assuming it to compress 
isentropically, can be equated to the static pressure in the uniform region downstream of the 
reattachment zone. This, in effect, assumes that only streamlines with a total pressure greater than 
the downstream static pressure are capable of overcoming the pressure rise at reattachment, and 
'escaping' from the cavity. 

By use of this criterion, Korst 3 was able to predict the base pressure in supersonic turbulent flow, 

for the particular case of no initial boundary layer. This theory was found to agree quite well with 
a large body of experimental data, where the initial boundary-layer thickness was small. 

Recently, Nash 4 has examined the effect of the initial boundary layer, by using a simple approxi- 
mation proposed by Kirk 5. He has shown that when the boundary layer is properly accounted for, 

Korst's theory leads to incorrect base-pressure predictions. By assuming that the reattachment 

streamline stagnates to the local pressure at the reattachment point, instead of the downstream static 

pressure, the discrepancy between theory and experiment was removed, and at the same time the 

flow model used for analysis was made physically more acceptable. 

The problem remained of relating the pressure at the reattachment point to that downstream of 
the recompression zone. Nash 4 proposed a factor N which defined the ratio in which the reattach- 

ment pressure divided the total pressure rise, and suggested that this factor was about 0. i5,  as 
opposed to the value of 1.00 used by Korst. McDonald G has pointed out that use of this factor N 
is not completely satisfactory, since it depends to some extent on Reyndlds number and Mach 
number. By considering the recompression of the shear layer to be isentropic, McDonald was able 
to compute the shape parameter of the boundary layer at the reattachment point, and from a 
modification of the relationship derived by Reshotko and Tucker 7, he produced a method for deter- 
mining the shape parameter of the re-developed boundary layer. From a comparison of some 
experimental results, he concluded that the final shape parameter of the equivalent, incompressible 
boundary layer was about 1.4, and has suggested that this value should be used as a reattachment 
criterion. 

In the present report, a theoretical treatment of the conventional flow model will be given, 
containing some significant differences of detail. Available experimental data will be analysed, and 
used to assess the validity of various reattachment criteria, including those of Nash and McDonald. 

2. Flow-Model Analysis. 

It has already been mentioned that the analytical method relies on the assumption that the flow 
model shown in Figure 1 can be split into a number of parts, each of which may be considered 
separately. Starting just upstream of the step and working downstream, it will be seen that the 
following problems arise: 

(i) It is necessary to know the effect of the corner expansion on the velocity profile of the initial 

boundary layer. The analysis of this problem is discussed in Section 2.1. The expanded boundary 
layer can be regarded as the initial state from which the shear layer develops. 

(ii) The velocity distribution in the shear layer is required. It will be shown that the effect of 
the expanded boundary layer can be taken into account by considering an 'asymptotic shear layer' 
to start from a false origin, with zero initial thickness. This approximation enables a simple flow 
model, discussed in Section 2.2, to be used. An important datum for this shear layer is the 'median 
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streamline', which has a constant velocity. The method of finding this velocity is considered in 
Section 2.3. Methods of determining the rate of spread of the shear layer, which is a function of 

Mach number, are compared in Section 2.4. In Section 2.5, the appropriate analysis for locating the 

false origin of the asymptotic shear layer is given. The effect of bleed flow may be quite readily 
incorporated into the analysis, as discussed in Section 2.6. 

(iii) To complete the analysis, the manner in which the free shear layer compresses to form a new 

boundary layer downstream of the base must be considered. In Section 2.7, this problem is discussed 
in some detail. 

2.1. Abrupt Expansion of the Initial Boundary Layer. 

We shall consider first the expansion process accompanying separation of the flow at a backward- 
facing step. This is shown diagrammatically in Figure 2. 

The velocity profile of the initial boundary layer may be considerably modified as it passes through 
the expansion fan at separation. In order to estimate the effect of initial boundary-layer thickness on 
the subsequent development of the shear layer, it is necessary to know the momentum thickness of 
the boundary layer at the end of this expansion. 

Since the expansion is a rapid process, it is reasonable to suppose that viscous forces are negligible 
in comparison with pressure forces. If it is further assumed that the flow along any streamline 
through the expansion is isentropic, an analysis may be framed from the one-dimensional isentropic 
relations. 

It is shown in Appendix II that, if the assumptions mentioned above are employed, the resulting 
analysis yields the expression 

j-1 ¢o~d¢o f l  ¢o~[K CE, o.¢o2 _ (K_ l)]i/2 
PE, 1 UE, 01 0 (1 --  CE 02¢02) - 0 ( ~ - ~  ~ , V ¢ ? ) C ~ E ,  0 de°  

1 --  , (1) 

PE, oUE, oOo f2 
This equation enables 01/00 to be determined for particular values ofpl/po, ME, o and n. The integral 
expressions on the right-hand side of the equation must be solved by a numerical method for each 
case. 

In Figure 3 the variation of 01/0 o with Pl/P., as computed by the author from the above equation, 
is shown for ME, o = 2 and n = 7. This is compared with the corresponding variation predicted 
by the methods of Nash 4 and of Carri~re and Sirieix s. Nash's approximation to equation (1) is 

PE, 1 UE, 1 01 ME, 02 
PE, 0 UE, 00o ME, 12 

Carri6re and Sirieix have computed their results from expressions equivalent to equation (1), 
although their numerical results differ substantially from those of the author for values of Pl/Po 
between 0.5 and 1.0. It will be observed from Figure 3 that, while Nash's approximation gives the 
correct trend of 01/00 with changing Pl/Po, it gives values of 01/00 which are always too great. 

In Figure 4, the variation of 01/00 with Pl/Po is shown for ME, 0 = 2-0, and values of n of 5, 7 
and 9, as computed from equation (1). It would appear from these results that 01/00 is only slightly 
dependent on n, for specified values of P~/Po and ME, o. In future calculations, therefore, little error 
can be incurred by assuming that n is always 7. 



Figure 5 depicts the variation of the parameter 

pE, l Ur:,I 01 

PE, OUE, O O0 

with P,/Po, for values of ME. o of 1.0, 1.5, 2.0, 2.5, 3.0 and 4.0, and Figure 6 gives the corres- 
ponding variation of 01/00. (n taken to be 7.) 

For specified values ofp l /p  o and M~:, o, the appropriate value of 01/00 may be found quke readily 
by interpolation from Figure 6. 

2.2. Shear-Layer Velocity Profile. 

The boundary layer separates at the expansion corner and develops into a flee-shear layer, which 

serves to partition the external flow from the slowly circulating fluid in the cavity just downstream 

of the step. Providing that the velocity of circulation in the cavity is low, the pressure in this region 
is fairly uniform. Since the recompression region which forms when the shear layer interacts with 

the downstream wall does not appreciably affect the growth of the shear layer upstream of this 

region, and since the streamlines in the flow external to the flee-shear layer are straight and parallel 
if the flow is supersonic and two-dimensional, the velocity distribution in the shear layer is thus 
approximately the same as in a mixing region between air at rest and a supersonic stream. The 
growth of this mixing region will be affected by the thickness of the initial boundary layer. Here, 
however, we shall only consider the limiting case of zero initial boundary-layer thickness (the 
appropriate flow model is then as shown in Figure 7). It will be shown in a later section how a 
simple correction may be applied to allow for the effect of initial boundary-layer thickness. 

The flow model illustrated in Figure 7 has been examined theoretically by a number of 
authors 9,,0,**, 12. It is generally recognised that the velocity at any point in the flee-shear layer may 
be represented in non-dimensional terms by a relationship of the form, 

where ~ is a jet spreading parameter dependent on Mach number, x, Y are co-ordinates as indicated 
in Figure 7. 

Tollmien 9 used Prandtl's mixing-length theory *~ to study the incompressible mixing of a two- 
dimensional jet with a free boundary, and his solution provides non-dimensionalised velocity 
profiles in the form indicated by equation (2). Some values obtained by this theory are given in 
Table 1. Tollmien's results were later extended by Abramovitch n to cover the case of compressible 
flow up to the speed of sound. Abramovitch found that compressibility had only a slight effect on 
the properties of the free jet. 

G6rtler 1° has made use of Prandtl's concept of a virtual kinematic viscosity 14, and solved the 
equation of motion by a series method. The exact solution of the first two terms provides an 
approximate velocity distribution given by the error function, 

¢ _  u -  ½ ( l + e r f C ; y t .  (3) 
U E \ x /  

The complete numerical result is referred to as GSrtler's theory; some of the values obtained by 
this method, along with the error function values, are given in Table 1. 



Crane 1~ has used G6rtler's solution as a starting point for analysing the mixing of streams of 
compressible fluid. Crane concluded that, due to compensating effects, the form of the velocity 
profile is essentially unchanged by compressibility. Some values for the velocity distribution in 
incompressible flow computed by this method, are given in Table 1. 

It has usually been assumed that the error-function profile provides a sufficiently good fit to 
measured velocity profiles over quite a wide range of Mach number, providing that appropriate 
values of ~ are taken, and this solution has been widely used in attempts at predicting base pressure 
(e.g. References 3, 4, 6 and 8). However, a recent extensive experimental study of this problem by 
Maydew and Reed 15, working at Mach numbers up to 1.96, had indicated that, whilst the measured 
velocity profiles agree quite well with Crane's (an d also G6rtler's) theoretical velocity distribution, 
they are not adequately fitted by either the error-function profile or Tollmien's theoretical profile. 
Furthermore, Maydew and Reed found no discernible effect of Mach number for M < 2 on the 
shape of the velocity profile, which is in good agreement with Crane's theoretical results. 

In view of this evidence, Crane's incompressible velocity profile will be used in subsequent 
calculations. 

2.3. Median Velocity Ratio. 

It will be noticed from a consideration of the simple mixing flow model shown in Figure 7, and 
from the form of the velocity profile relation indicated by equation (2), that radial lines h'om the 
corner represent lines of constant velocity. It is clear that one of these constant-velocity lines is 
parallel to the external flow direction and is therefore a streamline. A knowledge of the velocity 
ratio (~biu) of this 'median' or 'constant-velocity' streamline is of particular importance in base- 
pressure theory. 

From considerations of continuity of mass and momentum in the free-shear layer, it can easily 
be shown (e.g. Reference 8) that the median velocity ratio is defined by the relation, 

- 4 ,  = ( 1  - 

where 

and from equation (2) 

or generally 

~y 

X 

= 

It is apparent from equation (4) that ¢11t is dependent upon the shape of the velocity profile and upon 
the external Mach number. 

If it is assumed that the velocity profile is invariant with Mach number, as Crane's theory would 
suggest (see Section 3.2), then a particular incompressible velocity profile may be taken in the 
solution of equation (4), enabling CM to be determined as a function of Mach number. 

In Figure 8, the variation of median velocity ratio (¢~,~) with Mach number is shown, as computed 
for the error-function profile and for Crane's incompressible profile. The variation of ~M obtained 
from the error function has been used by Korst a and others in the prediction of base pressure. 
However, as Nash 4 has pointed out, there is a considerable discrepancy between the median velocity 
variation computed from these two profiles. At low speeds, for example, the error-function profile 



gives a $~  of about 0. 615, whilst the more precise method of Crane l~ (and G6rtler) gives a value of 
0. 585. A similar difference is maintained throughout the range of Mach number considered (0 to 6). 
It is interesting to note that, whilst Tollmien's incompressible velocity profile 9 does not fit the 

experimental distributions adequately, it does lead to a value of ~b~ z of 0.58 at low speeds, which 

is in close agreement with the method of Crane (and G/3rtler). 
As already mentioned in Section 3.2, Abramovitch ll has extended Tollmien's results to cover the 

Mach number range from zero to unity, and this theory may also be used to predict the variation of 
~11i with Mach number (see Appendix III). The results, which have been extended by the present 

author up to a Mach number of 3, are shown in Figure 8. The rapid increase of ~x  with Mach 

number given by Abramovitch's method indicates that the velocity profile is strongly dependent on 

Mach number. This would appear to be in contradiction to the more exact theory of Crane, and 

to the experimental results of Maydew and Reed, although it is worth remembering that the latter 

have only verified Crane's results up to a Mach number of 2. 
In subsequent calculations, the variation of $~  with Mach number obtained from Crane's profiles 

will be used, it being understood that for Mach numbers in excess of 2, this variation is very 

tentative, and will probably need some modification as more experimental evidence becomes 

available. 
In Figure 9, it is shown that a close approximation to the proposed variation of 6M with Mach 

number, for the range 1.5 < M E < 4.0, is given by the relation 

¢3f 2 = 0.330 + 0-0256 M s .  (5) 

For comparison, Figure 9 includes the corresponding variation assumed by Nash 4, i.e. 

~M 2 = 0"343 + 0.0180 M E. 

2.4. Jet Spreading Parameter. 

The jet spreading parameter (e) has been measured by a number of workers 15t°26 at various 
Mach numbers. These results are shown in Figure 10, where (7/a e ((Te being the incompressible 
value of the jet spreading parameter, taken to be 11) is plotted against Mach number (ME). It will 
be observed that the data exhibit wide scatter, although a definite increase of (7 with Mach number 

is indicated. 
Various empirical or semi-empirical equations have been suggested for determining (7. Korst and 

Tripp 2~, on the basis of some rather limited experimental evidence, suggested the linear relationship, 

(7 
- 1 + 0 . 2 3 M  E . ( 6 )  

(7* 

This empirical relation has been widely used in base-pressure analyses (e.g. References 3, 4 and 8). 
Vasilu 28 based his estimate of (7 (see Figure 10) upon slightly more extensive data. However, his 

variation of a with Mach number was chosen to agree with the results of Anderson and Johns ~2, 
whose data relate to fully developed, axisymmetric, turbulent jet mixing, and are not applicable to 
the free-jet boundary problem considered here, as Maydew and Reed 15 have pointed out. , 

McDonald G, by considering a compressibility transformation, derived the equation, 

- 1 + ~ ME 2 (7) 
(7 

O" ~ 

This variation is plotted in Figure 10 for 7 = 1.40. 



Channapragada29,30 has derived a semi-empirical relation between ~ and Mach number, which 
predicts a strong influence of thermal level on the rate of spread of the mixing zone. For the particular 
case where total temperature is conserved across the shear layer, Channapragada's variation of 
a/0-e with Mach number is shown in Figure 10. 

Since Channapragada's theoretical treatment is the most comprehensive available, and appears to 
agree with the limited experimental data fairly well, the variation of 0- predicted by this method 
will be used in subsequent calculations. 

2.5. Effect of the Initial Boundary Layer. 

Kirk 5 proposed a simple method of allowing for the effect of initial boundary-layer thicl~ness on 
the development of the shear layer. Nash 31 has shown that this method is in good agreement with 
more detailed and comprehensive calculations, made for the case of incompressible flow, and has 
pointed out that there is no obvious reason why the same should not be true for flow at higher 
Mach numbers. 

In using Kirk's approximation, the real shear layer developing from an initial boundary layer is 
replaced by an equivalent 'asymptotic' shear layer growing from zero thickness over a greater 
distance (see Figure 11). The distance between the origin of the equivalent shear layer and the 
separation point (denoted x') can be simply related to the momentum thickness of the boundary layer 

immediately after the expansion. The results obtained for the asymptotic shear layer in Sections 2.2 

and 2.4 may then be used for the equivalent shear layer. 
The length of the origin shift (x') may be found by equating the momentum thickness of the 

boundary layer at the end of the expansion to'the momentum thickness of a free-shear layer after 
it has grown over the distance x'. 

The momentum thickness of a free-shear layer at any axial distance (x) is given by 

pEUE 

Using equations (A7) and (A9) of Appendix II and the dimensionless co-ordinate 

0-y 
X 

equation (8) becomes 
(1- cJ)4(1-¢) 

O~ dv ) 
o r  

aT. (9) 
0"0 8 ( c o  

(1- cE )x (i--eGG) 
If 0 s = Or, the momentum thickness of the boundary layer after it has negotiated the expansion, 
then equation (9) gives 

x ' -  0-01 (10) 
I 

where x' is the equivalent shift of origin 
and 

,I = ( 1 -  CE 2) 4(1 - -4 )  d-q. (11) 
- o o  (1 - CE242) 



I, as defined by equation (11), is a function of Mach number and the shape of the shear-layer 
velocity profile. Using Crane's incompressible velocity distribution as before, to relate ¢ and ~, 
I may be evaluated as a function of free-stream Mach number. By combining equations (4) and (11), 
I may be expressed in a simpler form as, 

I = ( 1 -  CE2) ,,-~o 1 - CEde z (12) 

The variation of I with Mach number as computed from equation (12), using Crane's profile, is 
given in Figure 12, and this variation will be used in future calculations. 

When Kirk's approximation is applied, the separation streamline (defined as the streamline which 
originates at the corner) is not coincident with the median streamline of the equivalent free-shear 
layer. The mass flux beneath the median streamline of the equivalent shear layer at the corner, 
q~, is given by 

q~. vM P l U ~  dy = -- 

ff 
= I x = 01 from equation (10) 

therefore 

q.~ = PE, lUE, 1 01. (13) 

This mass flow, q~, is equivalent to a quantity of bleed flow injected into the base region. If '¢' 
denotes the usual stream function, 

= _[ pu dy (14) ¢ 

then we may write 

qs = I/Jl tI-  CS = f l E ,  lUL. 1 0i (15) 

where (Jllz refers to the median streamline, and ¢~ refers to the separation streamline. 

2.6. Effect of Bleed Flow. 

If q is the quantity of bleed flow which is allowed to enter the cavity from an external source, 
then clearly the reattachment streamline (¢R) is given by the relationship 

¢~ - ¢ ~  = q .  ( 1 6 )  

As mentioned in Section 2.5, the initial boundary layer effectively introduces a further quantity 
of bleed flow (q.~) into the cavity. The total effective bleed flow in the cavity (qEFF) is then given by 

qEF~' = q~ + q = ¢M -- ¢~e" (17) 

If qE~,'F and C~,a are specified, the velocity on the reattachment streamline (¢n) at the reattach- 
ment point (neglecting for the moment the effects of recompressioia and considering the growth of 
the shear layer to be at constant pressure right up to the reattachment point) may be found from 
the relation, 

q3~i,'i~' = pu dy .  
o Y  R 

therefore 
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where x is the total mixing length from the origin of the equivalent free shear layer to the reattach- 
ment point. Equation (18) may be solved to give the reattachment velocity (¢n), by numerically 
integrating the right-hand side of the expression (using Crane's incompressible velocity profile for 
the relation between ¢ and ~/), and combining the results obtained in the previous sections. 

If x 1 is the length of the shear layer from the separation point to the reattachment point, and v is 
the Prandtl-Meyer angle corresponding to the local Math number of the external stream, then 

approximately 

h (1.9) 
xl = sin (rE, 1 -- rE, 0)" 

The above equation is valid for the case of zero external bleed flow. When bleed is introduced, the 

reattachment streamline is displaced from the separation streamline, as already mentioned. 
Equation (19) may be modified to account for this, and the resulting expression is, 

ah 
(20) 

xl = a sin (rE, 1 -- v~., 0) + COS (rE, 1 -- rE, 0) (~/8-- ~TR)" 

Since this correction is small, for small bleed flows, equation (19) will be used for bleed-flow 

computations. 
Providing 0.3 < ¢ < 0.7, the approximate relation 

d~ = 8.065¢2 _ 9.455¢ + 4.54 (21) 
de 

is valid for Crane's incompressible profile. 
If qErr is not excessive, then for the right-hand expression in equation (18), the quantity d~/d¢ 

may be considered as approximately constant over the range of integration, and equal to the value 

at the mean value of ¢, i.e. 

de 2 9-455 2 + 4.54 = m (say) (22) 

substituting from equation (22) into equation (18) gives 

Therefore 

q~rr( r 

XpE, 1 uE, 1 

q E F F  ~ 

XpE, 1 gE, I 
If we define 

.~¢~ ( 1 - -  C~,1~4~)  " 

(1-CF,,12)m - C E ,2¢R21. 

C q -  q 
PE, 1 UE, I h" 

then equations (23) and (24) give 

(O~+Cqh)~ (1-  C~,,12)m [~ - CE, 12¢R2] 

where 

(23) 

(24) 

(25) 

X = X '  -]- X 1 . 

Figures 6, 9, 10 and 12, together with equations (10), (20), (22), and (25), enable a relationship 

between q, Pl/P0 and ¢~e to be determined. 
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2.7. R e a t t a c h m e n t  Criteria.  

It will be observed from equation (25) that to close the base-pressure solution, that is, to obtain a 
unique relation between q and Pl/Po in terms of known quantities, a further relation for Cn must be 
provided. 

It has already been mentioned in Section 1 that, when the effect of the approaching boundary 
layer is taken into account, the simple 'escape' criterion of Chapman and K0rst proves to be 
inadequate, and that, in order to obtain agreement between theory and experiment, it is necessary 
to assume that the reattachment streamline stagnates to the local pressure at the reattachment 
point (PR), rather than to the pressure downstream of the recompression zone (p~.). 

If the reattachment streamline stagnates isentropically, then 

p h i  ~'-1~I~" _ 1 
~! 1 - CE, 1 ~ CR ~ (26)  

and the problem becomes one of relating the reattachment pressure to the pressures at the beginning 
and end of the pressure rise. 

Nash 4 has proposed using the factor N, where 

N - P n  - P l  
P~ - Pl (27) 

and has found that this has a value around 0- 35, instead of unity as the 'escape' criterion implies. 
Unpublished work by the same author, however, has shown that the use of this factor is not very 
satisfactory, since it depends both on Reynolds number and Mach number. 

The problem has therefore remained of finding a relation for the reattachment pressure (PR). 

In this respect, it is useful to consider the similarity between the behaviour of a redeveloping 

boundary layer, as in the present flow model downstream of the reattachment point, and a separating 
boundary layer, such as occurs for example in the flow over a forward-facing step. Since both these 
phenomena belong to the same family of shock-wave boundary-layer interaction problems, it is 
reasonable to suppose that the large body of experimental and theoretical work which is available 
on boundary-layer separation may find application to our present flow model. 

Most attempts at employing this analogy have concentrated on relating the 'peak' pressure rise 
associated with separation of a boundary layer to the total pressure rise (Pl to p~) at reattachment 
(e.g. Reference 32). Cortwright 33 suggested that a 'peak pressure ratio', which is a function only of 
Mach number, be used for forward- and backward-facing 'steps, blunt trailing edges and annular 
bases. This ratio was plotted against Mach number, and the data for all these cases fell into a narrow 
region. This criterion, in combination with the oblique shock equation, gave him a solution to the 
base-pressure problem. 

Although the use of this 'peak pressure ratio' analogy gives qualitative agreement, as indicated 
by the experimental data in Reference 34, there is a distinct lack of quantitative correlation 35. Since 
the pressure rise beyon d the separation point for a turbulent boundary layer depends on the method 
which is used to induce separation (e.g. Reference 34), and the overall pressure rise for a reattaching 
boundary layer in the present flow model depends on the initial boundary-layer thickness, as well 
as on Mach number, it is not surprising that the correlation is rather poor. 

A more satisfactory analogy may be found between the local pressure rise at reattachment 
(Pr-P~) in the base flow model, and the pressure rise to the separation point (P0-Ps) for shock- 
induced separation of a boundary layer on a flat plate. This latter pressure rise has been found 
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experimentally to be independent of the mode of inducing separation 84, and, as in the case of the 
redeveloping boundary layer in the base flow model, is governed only by the balance which must 
exist between the growth of the boundary layer and its equilibrium with the free stream. Criteria 
which have been developed for predicting the pressure rise to separation (P0-P,)  may therefore be 
expected to provide a useful guide to the problem of relating pie to P2. 

Of the various methods available (e.g. References 7, 36, 37, 38) for predicting the pressure rise 

to separation for a turbulent boundary layer on a flat plate, that of Reshotko and Tucker 7 appears 

to be the most useful analysis for the present purpose. By using a form of the moment of momentum 
equation, they were able to show that, if friction can be neglected, then across a discontinuity, 

M~ f(H~ e) 
- (2s) 

M1 f ( e l  e) 

where M is the free-stream Mach number, the subscript 1 refers to conditions ahead of the discon- 

tinuity'and the subscript 2 to conditions behind the discontinuity. H e is the transformed shape 
parameter, which is related to the compressible shape parameter (H) by the relation (for ~ -- 1.40), 

hlso, 
H = H e ( I + 0 . 2 M  2) + 0 .2M 2 (29) 

He2 
f(He) = (H e2 .  1) 1/2 (H e + 1) ell(H*+1) (30) 

Reshotko and Tucker applied these relations to the problem of shock-induced separation of a 
turbulent boundary layer, and showed that conditions across the interaction could be correlated in 
terms of Mach number ratio. In addition, Mager 36, 39 has suggested that the Mach number ratio to 
the separation point is constant. 

A similar criterion may be considered for the base flow model. If Pl is assumed; then the free- 
stream Mach number in the base region (ME, 1) and the downstream static pressure and free-stream 
Mach number (Ms,~) may be found. If the shear layer, and the free stream outside it, compress 
isentropically up to the reattachment pressure (pie), then the relation betweenpR and the free-stream 
Mach number (~IE, n) at the reattachment point is 

p R _  [~ + O'2ME,12] ~'(~'-1) 
pl (31) 

By specifying R, where 

R "- ME'2 
ME, R (32) 

a relationship for Pie may be found. From the analogy with shock-induced separation, discussed 
above, R could be expected to be sensibly constant. 

McDonald has attempted to refine the above approach by using a modified form of equation (28), 
and calculating values of H*. He suggested that (in the present notation), 

Mz'2 = R -1 (33) 
f(H e) 

which is clearly an inverted form of equation (28). By assuming that the whole shear layer compresses 
isentropically up to the reattachment pressure, H~e may be computed as a function of q~R and ME, 1 
(see Appendix IV, where'the analysis is given), and hence, from equation (29), HR* may be found 
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as a function of CR and ME,1. In Figure 14 the results of some calculations by the present author 
are plotted, based on the theory in Appendix IV, and using Crane's incompressible velocity profile 
for the shear layer. From this graph, H:e e may be estimated by interpolation, for any value of CM 
and 1VIE, 1 and by using equation (30), or more conveniently Figure 15 (where this function is plotted), 

f ( H n  ~) may be found. 
Clearly, if H~ ~ is specified, then equation (33) enables R to be found, and hencepR, in the manner 

already described. McDonald has suggested that Ha* = 1.40 should be used as a reattachment 
criterion. This is an alternative to the Mach number ratio (R) criterion, and depends upon the 
introduction of two further assumptions into the base flow analysis: 

(i) that the velocity profile at reattachment can be adequately estimated by assuming the shear 

layer to compress isentropically, 

(ii) that the Reshotko and Tucker relation {equation (28)} may be used in an inverted form 
{equation (33)} for reattaching boundary layers. 

Only an analysis of experimental data can decide whether this refinement produces any significant 

improvement over the Mach number ratio criterion. 

3. Comparison with Experiment. 

If the base pressure for a particular set of conditions is known from experiment, then the foregoing 
treatment may be used to evaluate the quantities N, R and/ /2  e. By analysing the available data in 
this way, comparisons may be made between these different forms of reattachment criterion and 

their relative usefulness judged. 
The answers obtained will depend on whether the recompression of the free stream is assumed 

to be isentropic, or to obey oblique shock-wave relationships. In what follows, the results of using 
both these assumptions will be compared. The specific heat ratio (),) is taken to be 1.40 throughout. 

3.1. Zero Bleed Flow. 

Experimental results from References 8, 40, 41, 42, 43 and 47 have been analysed. In References 
8, 40, 41 and 47 the base pressure was measured for backward-facing steps, and theinitial boundary- 
layer momentum thickness, Mach number and flow geometry are specified. In References 42 and 43, 
the base pressure on blunt trailing-edge aerofoil sections was measured and a range of chord 
Reynolds number. In these latter cases, the minimum base Pressure recorded has been taken, since 
this corresponds to transition from laminar to turbulent flow at the expansion corner (see References 
1 and 40), and the initial turbulent boundary layer then has its minimum thickness. The initial 
boundary-layer momentum thickness may be readily estimated from the chord Reynolds number, 
since the boundary layer will be laminar up to the trailing edge at this minimum base-pressure 
condition. In Table 2 a key is given to the symbols used for these data in Figures 16 to 22. 

Chapman et a145 have also measured the base pressure for blunt trailing-edge wings in supersonic 

turbulent flow, where the transition point was well forward of the trailing edge. The initial 
momentum thickness for their tests, however, covers a greater range than can properly be treated 
by the present method, which is valid for thin boundary layers only. A comparison between the 

theory and Chapman's results will be given later. 
The data of Fuller and Reid 4° are not in line with those of other workers at neighbouring Mach 

numbers, as Nash 4 has pointed out, and their results will not be used in this analysis. 
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In Figures 16, 17, 18 and 19, the computed values of N, R, Hz~*, f(HR ~) and / /2  e are plotted 
against the Mach number in the base region (ME, l) for both isentropic and oblique shock-wave 
recompression. 

In Figure 16, N is seen to vary between 0- 1 and 0.5, and the scatter of the points is considerable 
for both forms of recompression. It would therefore appear that Nash's reattachment criterion of 
N -- 0.35 provides a rather poor correlation of the data. 

A much improved correlation is shown in Figure 17, where R is plotted against ME, 1, the scatter 
of the points being least for the case of oblique shock-wave recompression. Here the empirical 
relation 

R = 0" 799 + 0. 1560ME, 1 - 0"08237ME, 1 ~ + 0" 009564ME, 1 a (34) 

gives a good fit to the data. 

Figure 18 illustrates the variation of H•* and f(HR* ) with ME, t, computed by the method 
indicated in Section 2.7. Although the value of HR* varies between 2.0 and 2.5, with fairly 

pronounced scatter, the quantityf(HR* ) is little affected by these variations and has an approximately 
constant value of 1.05. 

Using the results given in Figure 18, H~* was computed by the method discussed in Section 2.7, 
and the results are given in Figure 19. The data indicate that H~* does not have a constant value of 

1-40, as McDonald suggests, but varies with Ms, 1. Since f(HR* ) is almost constant, it is apparent 
from equation (33) that a correlation in terms of Hz* is effectively equivalent to one in terms of R. 
Comparison of Figures 17 and 19 shows that in fact no significant reduction in the scatter of the 
data is achieved by introducing McDonald's refinement. 

From the available data it is therefore concluded that the most convenient correlation is of the 
form given in Figure 17, with oblique shock-wave recompression. 

The analogy with separation, discussed in Section 2.7, suggests that the value of R should be 
constant, and it is at first sight surprising that the analysis of experimental data shows it to depend 
significantly on ME, 1. It is worth remembering, however, that the assumed properties of the shear 
layer are uncertain at high values of ME, 1. For example, the velocity profile used in the calculation 
has only been verified by Maydew and Reed 1~ for Mach numbers up to 2. As all the computed 
points in Figures 16 to 19 relate to ME, 1 > 2, it is probable that this apparent variation of reattach- 

ment parameters with ME, 1 is a reflection of an incorrect extrapolation of shear-layer properties. 

Were knowledge of these available at higher speeds, it could well be that a constant value for R 
would appear. I 

However, for the present, we are compelled to accept the empirical relation given.by equation (34). 

Some compensation for the probable errors in this equation, as described above, is inherent in its 

use to predict base pressure under the conditions for which it was derived, that is to say for zero 
bleed flow. 

3.2. Bleed Flow. 

Carri~re and Sirieix s have investigated the effect of introducing bleed air into the base region of a 
backward-facing step in supersonic two-dimensional turbulent flow. In these experiments, ME, 1 
was kept constant for a range of bleed mass-flow addition by suitably varying the angle of a wedge 
in the reattachment region. Variation of the quantity R computed from these results is plotted 
against the bleed mass-flow coefficient (C~) in Figure 20, for values of ME, 1 between 2.15 and 3.70. 
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At the lowest Mach number, R is almost independent of Cq, whilst at higher Mach numbers it 
becomes significantly dependent on Cq, R tending to increase as Cq increases. Although further 
data will be required before any positive conclusion can be stated as to the effect of Cq on R, it 
would appear that the reattachment criterion proposed in Section 3.1 {equation (34)}, when used 
for predicting bleed-flow effects, is valid only for the range ME, 1 < 2.5. This limitation may be 
due to incorrect assumptions concerning the velocity profile in the shear layer at high Mach numbers, 
as discussed in the previous section. 

4. Prediction of Base Pressure. 

The foregoing analysis enables a method of predicting base pressures to,be formulated. 
From equations (25), (26) and (31), 

where: 

r 
(ol+Gh)  (1-%,?)m I 

x - ~ l°g~ ( l + 0 L  

] 

where 

and 

(35) 

(v) 

(vi) 

(vii) 
(viii) 

(ix) 

01 
(i) O0 is determined from Figure 6. 

(ii) Cq is determined from equation (24). 

(iii) ~ is determined from Channapragada's variation of a with Mach number (ME, 1) given 
in Figure 10. 

(iv) x = x ' + x  1 

x ' =  ~OdI, 

I being determined from Figure 12 

h 
xl = sin (rE, 1 -  rE, 0)" 

m is determined from equation (22). 

ME, ~ is determined from the oblique shock relationship. 

R is determined from equation (34). 

CM is determined from equation (5). 

ME, 1 and CE, 1 are determined from Pl/Po and M 0 . 

Thus if ME, o, Oo/h, q and the model geometry are specified, equation (35) may be solved iteratively 

for ME, 1 and hence Pl/Po. 
In Figures 21 and 22, the variation of Pl/Po with Oo/h as computed by the present method, for 

ME. o of 2.0 and 3.0 respectively, and zero bleed flow, is compared with the corresponding variations 
predicted by the methods of Nash and McDonald and the available experimental data at these 
Mach numbers. The present theory is in good agreement with the data (Table 2) for small values of 
Oo/h. At the higher values of Oo/h, reasonably close agreement with the results of Chapman et al can 
be obtained at an ME, o of 3.0. Overall, the agreement is felt to be an improvement on that obtained 
by previous methods, particularly for thin boundary layers. 
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5. Conclusions. 

The prediction of base pressure in two-dimensional supersonic turbulent flow is considered in 

detail, and various modifications to the theoretical analysis of the flow model are suggested. Several 
reattachment criteria are examined and compared in the light of experimental data, and preference 
is accorded to a simple criterion in terms of a Mach number  ratio. This relates the Mach numbers 
corresponding to the reattachment and final pressures, and an empirical relationship for this ratio 

is given which may be easily incorporated into the base flow analysis. 
The success of this Mach number  ratio as a criterion for reattachment is reminiscent of shock- 

induced separation in supersonic flow, and suggests some quite close analogy between the two forms 

of shock boundary-layer interaction. 
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T A B L E  1 

A Comparison of Velocity Profiles 
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T A B L E  2 

Symbols Used for Experimental Results 

A u t h o r  

Co r r i e re  
o nd 

Sir ie ix  

Si r i e i x  

Hast(ngs 

Reference 
No. 

8 

4O 

47 

N.B. 

Symbol 

m 
l 
I 

l 
l 

@ 

T 

Thomonn 4 i A 

42 

43  

G. E. Gadd 

et of. 

V.Van Hise 

M . A .  
Bad r [na rayanan 4 4  

O 

A 

[ ]  

M 
E,o 

2 .000 
2 .000  

2 "000 
3 "000 

3.000 

3.000 

2-025 

2"025 
2-025 

2"025 

! ' 5 6 0  
2-410 

3"100 

0o 
h 

0-0145 
0-0145 

0-0145 
0-01 85 

0"0185 

0.01 85 

0"0300 

0.0200 
0.0150 

0.01 20 

0-0225 
0-0221 

0-0248 

M Es I 

2-150 
2 .350 

2-650 

2"07 

1"950 
2-220 

2-920 

0-01 70 
0.01 20 
0-0050 
0-0040 

0 - 0 0 7 5  
0-0060 

0"0050 

0"0500 

1-500 
2-000 
3"000 
3"000 

1-800 0 . 0 4 6 1  2-332 

2-055 
3-314 

4"362 

2.056 
2.732 
4-317 
4"422 

2.702 
3-180 

4-223 

2-59 6 

Filled symbols denote tests on backward-facing steps. Unfilled symbols denote tests on aerofoil and 
blunt trailing-edge sections. 
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APPENDIX I 

Symbols and Definitions 

Defined by equation (A31) 

Crocco number 

Specific heat at constant pressure 

Bleed flow coefficient {defined by equation (24)} 

A non-dimensional stream function {defined by equation (A17)} 

A function of H* {defined by equation (30)} 

3* 
Shape parameter = -~- 

Step height (see Figure 1) 

A function of Mach number {defined by equation (12)) 

Defined by equation (A32) 

Defined by equation (A39) 

Defined by equation (A45) 

T01 

FI  
Math number 

d~ defined by equation (22) 

A reattachment parameter, defined by equation (27) 

Power law exponent of boundary-layer velocity profile 

Static pressure 

Bleed mass flow per unit width 

P~, 1 UE, i 0i 

q+  q8 

A reattachment parameter, defined by equation (32) 

A function of Mach number, defined by equation (A18) 

23 



T 

U 

x, y 

X ~ 

X l  

7 

Oo 

01 

O~ 

It 

P 

O" 

¢ 

¢ 

Static temperature 

Velocity 

Co-ordinates of the shear layer 

Equivalent shift of the shear-layer origin 

Distance from separation point to reattachment point 

Specific heat ratio 

Boundary-layer thickness 

Boundary-layer displacement thickness 

Dimensionless co-ordinate of the shear layer = aY 
x 

Momentum thickness of boundary layer before expansion 

Momentum thickness of boundary layer after expansion 

Momentum thickness of shear layer 

Prandtl-Meyer angle 

Density 

Jet spreading parameter 

u 
Velocity ratio = - -  

uE 

Stream function = ~ pu dy 
J 

S ~ l f f i c e s  

o 

1 

2 

E 

R 

8 

t 

Initial conditions far upstream 

Conditions in the shear-layer region 

Conditions downstream of the recompression region 

Incompressible equivalent (except for 3*) 

Conditions outside the viscous layer 

Median streamline conditions 

Reattachment conditions 

Separation streamline conditions 

Stagnation 
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APPENDIX II 

The Change in Momentum Thickness of a Boundary Layer, due to an Abrupt Expansion 

In Figure 2, if section CD is chosen so that the pressure (Pl) is uniform and the streamlines are 
parallel, then for the flow along any streamline (e.g. PP') between sections AB and CD, the con- 
dition for mass continuity is that, 

pouodyo = pluldyl .  (A1) 

The momentum thickness (0) is defined by, 

0 = - -  I- dy (A2) 
o pEUE 

and from equation (A2) 

81 = -- d y l -  plU12 " (A3) 
PE, luE, 1 PE, lUE, 1 ~ aYl" 

Combining equations (A1) and (A3), we have 

pE, IUEj I ~x ~ (~0 poUo dyo _ f¢~oO ]OoU0 2 Ux dy0. ( i4 )  
PE, oUE, 0 O0 PE, 0U~, 0 PE, oUE, 0 ~ UO 

Now if the flow along any streamline is isentropic, and the total temperature is conserved across 
• the boundary layer, 

u ~ + 2 c p r  = 2CpTt  (A5) 

and if the static pressure across the boundary layer is constant 

p 
= 7 "  (A6) 

Equations (A5) and (A6) combine to give 

o 1 - CE 2 
u 2 (A7) 

where C is the Crocco number. For y = 1.40, 

I zll'° C =  1 + M2_j . 

Furthermore, for any streamline, 



If the initial boundary-layer profile is represented by the usual power law; i.e. 

Yo = ¢o ~ (All)  
8o 

then equation (AIO) may be rewritten as, 

pE, lu~,l  01 f l  ¢02d¢0 f f ¢ o ~ [ K C E ,  o ~ ¢ o 2 _ ( K _ l ) l l / ~ d ¢ o .  (A12) 
p ~ , o . ~ , - - ; ( ~ - ~ , o 2 ) n  ~o = o ( 1 : c - ~ , o ~ ¢ o  2) - o O : c - ~ , o ~ ¢ ~ ) - ~ , o  

If K = 1, ~1 = 0o, and equation (A12) reduces to, 

00 _ f l  ¢ o ~ ( 1 _ ¢ o ) d ¢ o  (a13)  
(1 - CE, o2)n8o 30 (1 -- CE, o2 ~o~)" 

Dividing equation (A12) by (A13) gives, 

f l  ¢o~d¢o f l  ¢ o ~ [ K C ~ , o ~ ¢ o ~ _ ( K  _ 1)] ~/~ d¢o 
pE, l u~, ,  O~ _ o 1 z C~o-~¢o ~ o (TZ-~E,o~o~)CEIo (All)  
PE, 0 UE, 0 O0 ~1 ¢0 n (I --  ¢o)d¢o 

3 
Also, from one-dimensional isentropic relations, 

p~z,~u~:,~ _ ME,~(1 +0"2M~,o2) z (A15) 
p~,oUE, o M~,o (1 + 0"2 Mm,12) a" 

Equations (A14) and (A15) enable 81/00 to be determined for particular values ofp~/po, ME, o and n. 
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APPENDIX III  

Abramovitch' s Method of Determining the Variation 
of Median Velocity Ratio with Mach Number 

Abramovitch has considered the problem of compressible jet mixing up to the speed of sound. 
This theory was based on Taylor's concept of 'transport of vorticity', and leads to the differential 

equation, 
rF'F"2 

F"  = - F~/(1 +rF '2) + 1 + rF '~ (A16) 

where 

F =  f pu d7 (A17) 
J PE UE 

and the symbol ' refers to differentiation with respect to the non-dimensional co-ordinate (7). 

Also 

r =  2(7--1)ME~ II + ~ - -~  ME2 ] (A18) 

The boundary conditions are 

F(71) = 71, F'(71) = 1, F"(71) = 0 

= 0, = 0. 

where 71, 73 are the co-ordinate limits of the shear layer. 
At low speeds, when M E is effectively zero, equation (A18) reduces to 

F "  = - F (A19) 

which is the equation obtained by Tollmien from mixing-length considerations. Abramovitch's 

method may therefore be regarded as an extrapolation of Tollmien's solution. 
To solve equation (A16), a numerical integration technique must be used. Abramovitch used a 

method based on the Taylor series to integrate the equation (which must be solved by a trial and 
error method, to satisfy the boundary conditions) for values of Mach number (ME) ranging from 
zero to unity. These calculations have been extended by the present author to include Mach numbers 
up to 3.0. Once a velocity profile has been generated by integrating equation (A16) for a particular 
value of ME, such that the boundary conditions are fulfilled, the median velocity may readily be 

found from the condition that, 

F(7,~z ) = 0. (A20) 
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APPENDIX IV 

Isentropic Compression of a Turbulent Shear Layer 

The effect of compression on the turbulent shear layer may be estimated by assuming that the 

process is isentropic. An analysis may then be framed from one-dimensional isentropic relations, 

with the same assumptions that were used in Appendix II, where the expansion of'a boundary 
layer was considered. 

Let a fully developed turbulent shear layer, which may be assumed to have grown in a region 
of constant pressur e (Pl), be compressed to the pressure at reattachment (PR). On the reattachment 
streamline the velocity will be reduced from its initial value (¢R) to zero, whilst the shear layer 
above this streamline will compress to form a new boundary layer at the reattachment point (see 
Figure 13). In the following analysis, expressions for the boundary-layer parameters at the reattach- 
ment point will be derived. 

From mass continuity, 

Pluldyl = PRundyR (A21) 
therefore 

f Y E ,  1 p lUl  3R = dyl (A22) 
"d Y R, 1 PRUR 

where 3 R is the physical thickness of the boundary layer at reattachment, and (y•, 1-YR, 1) will be 
the physical height of the shear layer above the reattachment streamline (at y~, 1) before compression. 

Since the compression along any streamline is assumed to be isentropic, 

and 

then 

also 

l:l I C 1 

U/~ C R 



From equation (A24), when 

C1 = ¢R C~, 1 

1 
l - (A29) 

1 - ¢R~CE, 12 

Using equation (A29), equation (A28) may be simplified to give, 

Putting 

= ( p R ]  -1,7 Y, 1 ~I¢=I d__~ (A30) 
3R \PT] lX/~ ~ R  1 - 

(PR~ -1/T g¢ (A31) A = 

and 
1 f,/¢=l d~ 

equations (A30), (A31) and (A32)yield, 

~ = A I I .  

The displacement thickness is defined by, 

DE, R UE, R 

P~t u~ 

2] He 

therefore 

P E, 1 UE, 1 

(A32) 

(A33) 

(A34) 

(92794) D 

Combining equations (A21) and (A35) gives, 

~R ~ = SR pE, lUE, 1 (y~,l Olul @1. (A36) 
PE, RUE, ~ JYR ,  1 PE, I UE, 1 

If the total temperature across the boundary layer is conserved, we have (see Appendix II), 

p 1 -  CE ~ 
- (A37) 

PE 1 - CE2¢ 2 

Combining equation (A36) with equations (A23), (A26) and (A37) gives, 

(PR) llT xCE, 1 (1-CE, 12) ~1¢=1 Cd~ (A38) 
3Re = 3r~- ~ crCE, R o~R (1--CE, 12¢2)" 

If 

f,,¢=1 Cdv (A39) 
I 2  = ( i  - 

then equations (A31), (A38) and (A39) produce 

8n* = 3R - A C~,1 (1 - CE, 12)/2" (A40) 
C~,R 
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The momentum thickness is defined by, 

U 0=r 
.10 PEUE 

Combining equations (A34) and (A41) gives, 

f ~ o R P R u R  ~ 
OR = 3 R -  ~R* - - dyR 

PE, RUE, 1~ ') 

which may be rewritten as, {using equation (A21)}, 

OR ~1?~ -- ~R #~ DE, 1 ̀) UE, 1 ̀ ) (Y/?J, 1 P l  I'/12 U1¢ dy l .  
= ~ 

OE, t~ 2 UE, R 2 3YR,  1 PE, 1 UE, 1 !21 

(A41) 

(A42) 

(A43) 

Equations (A23), (A25), (A26) and (A37), in conjunction with equation (A43), yield, 

_ (pR]-m" x CE, I ~ (1 CE 1 ')) F ¢=1 [ICE'I~ - ( l -  1)]1/-°¢ d~ (A44) 

If 
( ' ,¢< [1CE, 1~¢ ') -- (Z-- 1)] '~2 ¢ d v 

& = - (1 - C E  1 ~ C )  
(A45) 

Then equations (A31), (A44) and (A45) produce, 

OR = 3n - SR* - A C m l  (1 - CE, 1 ~) I3 (A46) 
CE, R 2 

The shape parameter (H) is defined by, 

3* 
g = ~ .  (A47) 

From equations (A33), (A40) and (A46), 

:- q2:.,?/ & - c~,~ c~, l  & 
H~ o = ( A 4 S )  

CE, R C~,1I,) - C m l  I3 

Since I1, I~ and I 3 are functions of PR/Pl and ME, 1, HR is also a function o f p l J p  1 and M m 1. Since 
specifying CR and ME, 1 also specifies PR/Pl we have 

g:~ = f(¢R, ME, 1). (A491 
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