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SUMNARY

The one-dimensional liquid-fuel rockct combustion thecory of
Spalding is extendcd to apply to models consisting of two differcat
droplet groups. In one model, droplet radii and injection velocities
are varied, and in the other the particle densities and mass transfer
numbers are non-uniform, Solutions are obtaincd for the variation of
droplet radius, velocity and gas velocity with distance from thc
injection cnd.

1. Introduction

A one-dimensional thcory of liquid~fuel rocket combustion
has been considered in a previous paper by Spalding1. In it the
assumptions have been made that the injected droplets all have the same
initial radii and velocities and that the fucl and oxidizer have the
same physical properties. The additional assumption of taking a
chemical loading paramcter* E, defined by Spalding, to be zero, makes
it possible to obtain analytical solutions to the equation describing
the model., This assumption corresponds to taking the temperature
inside the combustion chamber to bc everywhere at its maximum attainable
value. ,In a subscquent paper we have considercd the effect of chemical
rcaction”, and havc shown that under conditions for which combustion is
possible the solutions of Spalding do not diffcr much from those which
take account of reaction. Since this procedure produces considcrable
mathcematical simplification and only small errors in the solutions, it
is worth while adopting it for th: consideration of othcr one-dimensional
combustion models.

In the following work we have investigated thce cffcet of
varying thc initial droplet sizecs and injection velocitics. Two droplect
groups have been considered, which mignt be taken to be the fuel and
oxidant of a bi-propellant sysiem. The assunptiocns of ilodel I of Spalding
in which the chemical loading paramcter E i1s zcro, have herc bcen made.
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We have also considercd a combustion model, involving two groups of
droplets, with diffcrcnt densities and transfer numbcrs. As previously,
the assumption of a uniform temperature throughout the couwbustion chamber
is also made; this is somewhat less realistic than formerly, becausc now
the fuel-oxidant ratic in the gas phase varies.

In Model I of Spalding, thc assumption E = O made it possible
to obtain cxplicit analytical solutions for the differcntial equations
describing the system.  Although by adopting this proccdure, we have
obtained considcrable simplification it has been possible to obtain explicit
analytical solutions only for extreme conditions. This is due to thc fact
that cach equation involves both groups of droplets injected into the
combustion chamber. Numerical solutions to the equations have been
obtained by usc of a high-spced clectronic digital computcr.

2. Differential Equations

2.1 The equation of droplet vaporization

If onc considers a numbcer of droplet groups, denoted by the
suffix i, then in Ref.1 it has been shown that the law of droplet
vaporization for cach droplet group may be written in the form

Dri d;i
5;- = v, 5;- = - o*i(v) Ri(ri) fi'l(Re) cee (1)
. ~ .th
where r, = droplct radius of 1 droplct
D
-- = total derivative
Dt
. .th
v, = droplet velocity of i droplet

X = axial distance

function of rcactedness 71, for ith droplet

o, =
+ (Gi = 1 for gas in cquilibrium)
Ri = function of droplct radius ry

f., = function of ith droplets Reynolds numbecr.

It has bcen shown by Spalding and Jain3’4, that in simplc cases
1 k
Ri = e e log (1+Bi) eee (2)
Ty P,
i
where k = avecrage gas conductivity
¢ = average gas specific hcat
. , th
Pp. = density of 1 droplet
i
s = transfcr number of ith droplct.
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2v2 The equation of drvoplet drag

The ratc of change of the velocity of the ith droplct may
be written as

T A O P (5)
V, === = = ——wRee (g~v) m(7) £..(Re vae (3
1 ax 284, f; i i2
i

i

where pg viscosity of gas in equilibrium state

m, = function of 7 for ith droplet expressing
i s . . :
variation of gas viscosity with temperature
(m. = 1 if 17 = 1)
i
fiZ = function of ith droplets Recynolds numbcer.
For small Re, f., = 1 and equation (3) rcduccs to Stokes's

iz2
law. As Re incrcascs fiZ riscs above unity, cf., Ref.1.

2.3 Mass conservation in droplet vaporization

The mass conscrvation cquation may be written in the form

ppgs 3N
G = pg ud(1) + G —meaizee i eee ()
By Poy Ty My

where the summation extends over all droplet groups.

G = mass flow rate of injected material per unit duct area
pg = density of gas in equilibrium
u = gas velocity
& = function of 7T, cxpressing the dependcnce ol the gas
density on rcactedncss
r, = radius of iJCh droplet
s . . th
Tio T initial radius of i droplet
Ni = fraction of droplcts of initial radius LI

2.4 Assumption of zero chcmical loading

Spaldinélhas shown, that by making a defined chemical loading
parametcr E equal to zcro, the reactedness 7 dnside the ges, bccomes
everywhere unity. The combustion system considercd consists of uniiorm
droplets with cqual propertics but it is scen that, by suitable
adjustment of his cquations so that they apply to a system of non-uniform
droplcts, the result will also bec applicable.

The significance of E = O is that thc chemical rcactivity
of the gascs is very large. For bi-propellant systems, the burning rate
is then entircly dctcrmined by vhysical factors.

1t/
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If 7 = 1 then one canput o = 1, m, = 1 and &

with corresponding simplification of cquations (1), (3) and (4).

2.5 Equations in dimcnsionless form

The equations describing the behaviour of the fuecl droplets and
that of the surrounding gas arc conveniently reducced to dimensionless form
by introducing thc following set of dimensionless variables:

r,
Droplet radius 2 g = -= ee. (5)
%o
P Vs
Droplet velocity @ Xy = .2 eee (6)
G
Ro p. X
Distance : E = =ceeie- eee (7)
Gr
o)
R,
Vaporization rate ﬁi I ces (8)
Ro
2 B
Droplet drag : Si S U - S ses (9)
2 Pey I‘o RO
up
Gas velocity P W = e—— ees (10)
G
where r, = maximum droplet radius
Ro = value of Ri at r = r, Tor the droplet group

with initial radius ro.

With the dimensionless quantities as defined above the
differential equations become

déi
Droplet vaporization : Xy "= = - ﬁi fi1' eee (11)
dg
dxi
DI‘Ople‘t drag . X‘i - — Ladetadnsnde (w"lxi)o cow (12)
ag
i
L. Eﬁ y. N.
Gas velocity : 0w o= 1= TN ooe (15)
i g;o Yi Y4
(O
where y; = — eee (14)
Plo
Peo = density of the droplet group with initial radius rye

We/
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We shall take Ri 4o be of the form given by equation (2).

Then the dimensionless vaporization rate may be written as

Di
ﬁi = memeemT o ee (15)
Yy &5
Llog(1+B.)
in which we have put D, = =emmee-E- eee (16)

* log(1+BO)

Bo = transfer number of droplet group with initial radius e

Spalding has shown that for values of Re < 30 the ratio
f‘iz/fi1 does not dilfer by nore than about 6% from uaity. If in addition
it is assumed that Stokes's law is operative, one will have fi2 equal to
unity. We shall therefore assume that for all groups of particles

£ 0= £, = 1. eee (17)

Bquations (11), (12) and (13) refer to an as yet unspecified
number of droplet groups, the particles of cach group having the same
initial radius, injection vclocity, density and transfer number. We shall
consider particular combustion modcls in which thesc quantities are varied
and deternine what their effect is on the combustion system as a whole,

3.  Combustion liodel TTT(a)

3.1 The effcot of varying droplet sizes and injection velocitics

e

A coubustion modcl is considered, consisting of wwo groups of
droplets, having the same physical properties but different initial radii
and injcction velocitics. For such a system one will have

‘y = ‘y = 1
a b ver (18)
D = D =1
al D e
9 u
&nd S. = S = - *—-“§~—“— v 0@ (19)
L 200 r R
Py Yo Mo
Poy = density of both droplet groups.

The differential equation for droplet vaporization and drag
and the cquation for the gas velocity becomes

dags 1
xi - = - . LY (20>
o
ag Z‘:i
5 S
Xy == o (o) e (21) 3
B 2
ag o3
o nT VA3 W
ol + & N
W = 1 = .....‘:-9——-—-}-)-—-?-— cce (22)
A3 143
& oNa + &y Nb
in which N, + Moo= 1,

The/
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The boundary conditions are:

g = 0: ©q T éao Z"b = ébo %

H
Xa = %Xgo %p = Xpo 'r oo (24a)

w = On g

~4

E = & : g =14 =0
S ees (241)

Xg = Xp = 1, o = 1.1

3.2 Parameters and results

We shall assumc that equal masses of the two droplet groups are
injected into the combustion chamber. By use of (23) it follows then, that

H = —reeece—— R ' eee (25)

As has been done for combustion Models I(a) and II we choose the droplet
drag parameter to be S = 1.

The following choicc for the initial radii and injection
velocities has also been made

E;ao = 1 Z"bO = 0.6, y I

| vee (26)
X 05 %y 0.1, 0.5. ]

I

ao

In Figs.1 - 3 are shown the results obtained on integrating
equations (20) - (22) with the ebove parameters., The corresponding
solution for Model I(a) is shown for comnarison by doticd lincs.

Le Combustion Model ITI(b)

Lel The effect of varying dronlet deonsities and mass
- = &, ol Yy
transfer nunbers

We consider a combustion model consisting of two groups of
droplets with different densities and mass transfer numbers. It is
assumed that both groups have the same initial droplet radius and
injection velocity.

The dimensionless equations for droplet vaporization and drag
and +that for the gas velocity become

as. D, 1
Xi —*E = Ll —E —— . se (27)
dg Y &5
dy . S 1
Xy et = e () coo (28) 1= b
1 o 1
ag Y; &5
/u3 T \
& vy o+ v. N
oo 1 el T S vee (29)

3 °7 oD
Sao¥a’a T Sbo bef
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The drag parameter S is given by equation (19), the
quantities P, and RO referring now to any one particular droplet

group, €.g., the particle group with sumallest Bi value.
The boundary conditions are:

E = 0 : & =5 = &

& © oo (30a)
Ko = Hp = X @ = O
g o=zt g =4 = 0O |
= b vee (300)
Xe = M = bo@ = 1

4.2 Parameters and rcsults

It is assumed that equal masscs of the two droplet groups are
injected into the combustion chamber. Use of (23) then gives

Y Y
N, o= —---13--; N, o= —ia, vee (31)
Ya T ¥ Ya + b

We have taken the drag parameter to be S = 1, To make
comparison with Model 1(a) possible, we have chosen the following boundary
condition

il

gX
fl

Z 1
a0 bo '$ . (52)
a0 = bo O'5ﬁj

it

)
Reference to the work of Spalding+ shows that for practical cases
the values of 12 and Bi are such that

0.6 < Yy < 1.5
C
1< 3B, <9
We have thercfore chosen the following extreme values

. 1 D, = 1 'l
eee (33)
b 0.6, 1 Dy 3

i

b4

1

il
-
-
Y
L
L S——

Equations (27) (29) have been integratcd for valucs of the
above paramcters and the solutions obtained are displayed in Figs.k - 6.
The corrcsponding solution of Model I(a) is also shown for comparison

L.3 Extreme solutions at large trensfer nunbers (Db ?_w)

We consider the casc in which the transfer number Db of

the sccend evoup of droplets dis very lorsn (sce also RefoB). Under these
conduitinrs Lre droplets will climosb lusbamianeotsly veperize o envering
the cowbuslion chamber so that onc uay take éb = O for g > O.
Assurming that both droplet groups have initinlly the saue radil and that
equel masscs are injccted into the combustion chamber the equations for
the first group of droplets become

X/
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. (34)
Xa . see
& Ga,
dy 1
x, === = 8 == (w~y,) vee (35)
e o] a
& g,
© = 1-7Z eee (36)
where we have teken ¢ = = vy, = D, = 1.

Equations (34) - (36) may be combined to give the single equation

ded S
2 (1_g;-¢a) eee (37)
%y g

where ¢, = A, ~ 1.

The boundary conditions are:

c';a = 0 : (,’ba = 1 1 . (38)
g, = 0: ¢ = 22 -1 = ¢ (say):J

a

4 Equation (37) 1s identical with the corresponding equation of
Spalding for combustion Model I(a). It may be intecgrated to give

/ 5 S S s G39)
b = (¢ +-—-)——+1—-—-; . e (39
¢ - 5-3 °

Integration of (34) gives the dislance from the injection end at which the

droplets disappcar. Onc obtains
t

¥ . L
E¥ = 2/0 (1+g,) &, 45, vee (10)
which on substitution gives
1 2
gr - ---<xo+,- s) . oo (41)
S+2 5
Comparison with equation (39) of Spalding shows that for complete

combustion the minimum length of the rocket must be increascd by an amount
1 S

5. Gonclusions

Examination of Figs.l = 6, and Scctions 3 and 4, shows that the
combustion Modecls considered have the following propertics:

(1)/
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(1) Both droplet groups decrcase continuously in diameter during
their travel from the ploane of injection. The distence of
disappcarancce of the droplets decreascs with diminishing
droplet radius or injection velocity. A similar effecs is
obtaincd if the droplct density is decrcased or the mass
transfer number increascd. The length of rocket rcguired
for complete combustion must be incrcascd in both cascs,

(ii) An upper limit for thc nccessary combustion chamber length is
given by equation (41) where €% and ), arc cvaluated for
the most slowly vaporizing droplcets. Considecration of
lodel III(&), with one of the propellants injccted in the gas
phasc, lecads to an cquation similar to (41) where E* and Xo
now refler to the droplet group with finite initial radius.

(iii) In practical cascs the rcguired inecrcasc in coubustion chamber
leagth is no greater than about 125, when comparcd with that
nccessary for propellant-systecms with uniform initial conditions
and physical propertics.

(iv) The droplet velocitics initially fall, rcaching their minimun
values when they corrcspond to that of the enclosing ges. The
droplets once more reach the gas vclocity at their point of
disappearancc.

(v) The gas velocity incrcases monotonically from zero and rcaches
its maximum value at the point of disappearance ol all droplets.
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