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A step-by-step graphical construction developed by E. Schmidt 

is used to calculate the transient temperature distributions in a com- 

pressor disc under start-up conditions. A method is described by v&ich 

allowance may be made for the transfer of heat to the disc from the air 

in the spaces between adjacent discs. 

It is concluded, for the particular case evaluate& that the 

temperature difference proclucinz thermal stress at the disc bore is a-oout 

one third of the difference betvreen the initial and final steady-state 

disc temperatures. Some results obtained by an electrical analogue are 

presented which indicate the effects of a change in heat transfer coeffi- 

cient and in the manner in which the disc receives heat over the disc 

face. 

The relationship belxeen the temperature differences aizd the calcu- 

lated thermal stresses in a disc are discussed, and formulae are derived 

which give approximately the thermal stresses at the bore and rim of discs 

as a function of the disc dimensions and temperature distribution. 
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1.0 Introduction -- m.em- 

Thermal stresses arise in the rotor of the tu3%.ne of a gas tur'aine 
engine when there are radial variations in temperature due to the action 
of cooling air whicll is applied to the szi‘aces of the disc in order to 
prevent it from reac~hing an excessive temi3erature. Under steady running 
conditions there is usually a hi&er temperature at the rim than n-t the 
bore of tne disc, anti the associated thermal strains are compressive at 
the rim and tensile at the bore. In the turbine, the effect is of 
interest because it tends to offset the high level of tensile stres,: at 
the rim caused by rotation. 

Axial multi-stage compressors may have rotors formed from a number 
of discs; often the centrifugal stress at the bore is high because the 
diameter of the bore may be a substantial fraction of the disc outside 
diameter, so that any additional stress resulting from a radial tempera- 
ture gradient may increase the level of tensile stress at the bore by a 
critical amount. Under steady running conditions the disc will usually 
be at a uniform temperature but, on starting the engine, transient radial 
temperature gradients may occur because the disc is heated mainly at the 
rim. This effect may be encountered to a marked degree, particularly in 
the high pressure compressor stages of double-compound engines, both by 
reason of the high compression temperatures and because the compressors 
may have to accommodate shafting which leads to a large bore being 
required through the discs. 

It is with the cLLculr;tion of transient temperatures in such a 
case that this paper is mninly concerned, 

2.0 The 'Schmidt" graph&al construction I- - --- 

The method used is that developed by 2. Schmidt and others1r2. 
A sector of the disc is considered to be a bar of varying cross section 
in Ghich the heat flow along its length represents radial heat flow in 
the disc. Figure 1 shows such a sector of a disc in cross section; 
Figure 2 is a plot in :Jllich the vertical scale represents the cross- 
sectional area of a sector of the disc, that is the thickness of the disc 
in P'i,o;ure 1 has been multiplied at each radial station by r/rO. Thi S 

equivalent bar is now subdivided into elements of length Lx. If the 
material of the bar has a constant thermal diffusivity, then all the 
elements have an equal length. If the therrd diffusivity varies, then 
the subdivision must be made such that 

In the present instance, it is assumed that the disc material has uniform 
thermal properties so that Qx is constant except at the point in the disc 
where there is a circumferential flange which may represent an integral 
spacing ring or an extension to carry a sealing meeker. This flange does 
not greatly alter the cross-sectional area for radial heat flow, but it 
does constitute an additional mass of metal s-hich acts as a heat sink at 
this point, Its presence may be regarded as being equivalent to an 
increase in the specific heat of the disc material at this point. 

I 

t 
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Figure 3 shows the region of the flange drawn to a larger scale. 
One assumes that the apparent thickness is y' in this region, which is 
divided into n elements of length Ax'. The additional amount of 
material I\!! represented by the shaded area is distributed equally <among 
%he elements in which the specific heat is taken to be 

'2' ^.-* = 1 + Ai 
Cl ny' Ax’ 

Since 

a’ -- = 5 
a1 C' 

(assuming constant density and thermal conductivity) 

-- Ax’ 1 : 
- = --- 
AX, L 1 I+ Ii ' 

ny!Ax' 

(imoring the negative root). 

Since n must be an integer, we proceed to try several values of 
n and y1 to find a solution which gives a reasonable compromise between 
the values of nAx' and y' dra;,n on Z'i~ure 3. 

The whole lengt!l of the bar on i"igure 2 mzy now be subdivided 
into elements of lene;th Axl or Ax'. Ideally the length should be made up 
of an integal number of elements; however, in the present instance the . . addztlon or loss of the part of an element at the inner radius needed to 
make an integral number of elements has an insignificant effect on the 
process, provided that the elements are small. 

Now the mean heights of each element, fi, fi, etc. are measured; 
these values are used to determine the intervals Ag on the "Schmidt" 
diagram, which are the intervals Ax corrected in inverse proportion to f. 
That is 

as indicated in Eligure .!+. 



-6- 

In the construction, the mid points of these elements are needed, 
A& &h + &a and these are placed at intervals --, 

2 
------ etc. as 

2 
shown to one side 

of the ordinate representing the surface through which heat is entering. 
Jhe first and last ordinates are repeated on the other side of the surface 
ordinates at the rim and bore positions. The vertical direction repre- 
sents temperature and any suitable scale is chosen. Thus, the horizontal 
base line represents the uniform temperature of the disc at time zero. 

To carry out the construction a point A is chosen which represents 
a sudden increase in the gas temperature at time zero. The distance of 
A from the rim surface ordinate is chosen so that 

S -- = _k/h 

A&l kl 

The straight line &30 is drawn (see Pigwe 5). The temperature at X, 
after a time At is given by D, l,ihere the line joining B and C in-ter- 
sects X, and the virtual temperature at X,, by E on the line joining AD. 
After a further time interval At, the temperature at X1 is given by I? on 
the line joining 8 and C, and the temperature at X, by 11 on the line 
joining II and G. Thus, the temperature at an ordinate Xn at any time 
(1' -t At) is found by the intersection of that ordinate vtith the line 
joining the temperatures at ordinates XnW1 and Xn,, for time t. 

After a number of time intervals equal to the number of ordinates 
less one, the construction will have penetrated to the innermost element, 
xzl, as in I'igure 6. At the next interval, the temperature $Z at &,, is 
found by joining K with point L on the other side of the bore surface. 
This temperature is then transferred to IT, the horizontal line 201 repre- 
senting the required condition of zero temperature gradient at the bore. 
After a further time interval, the temperature at &, is found by the line 
adjoining P with N. 

The construction is continued for any desired number of time 
intervals. The interval At is given by 

At = &. 1 (ma 

We have assumed that the gas temperature and heat transfer coeffi- 
cient remain constant with time, but any required variation in these 
quantities may be represented by shifting point ri to a -position appro- 
priate to the value of heat transfer coefficient and gas temperature 
obtaining for the particular time interval under consideration. 

3.0 &Llowance for heat transfer at the disc face 

In a turbine rotor, cooling air is often caused to flow up the 
faces of Ike disc so that the disc zlrill be maintained at a temperature 
below that of the GG at the rim during steady running conditions. In 
the case of the coi;;?3l'essor, the air in the spaces betlceen the discs may 
be at a different temperature from the disc, particularly during the 
transient heating and cooling phases. 
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If air at a temperature 3, is in contact with the disc face, then 
an element of radial width Ax at radius r vrill receive heat at a rate 

2 xx- aX & (0, - 0) C.h.u./scc 

For a temperature rise A3 of this element, the amount of heat to be added 
is 

2 m Ax ~$3 A3 C.h.u. 

If A3 is the temperature rise in time At, then 

2 xK.* ax hc (0, - e) 
A3 = 2 XL' Ox ypC At 

= b (@c - (;7) . nt 
YPC 

In drawing the diagram, allowance can be made for heat added in this way 
by adding on to the temperature of each element at the end of each time 
interval a temperature change A3. Usually A0 will be small compared 
with (0, - O), but if this is not so, a better approximation may be made 
by taking 

h, At 
A3 = - 

WC 

ne = -ZL- (3, - e) 
I+$ 

where z 
h, At 

= 
WC 

If A3 is small, then the amount of work involved in the construction may 
be reduced if an allowance nA3 is made at time intervals 2 2 2 2 222.2 etc. 

4.0 Temperature of the air at the disc face 

It will usually be the case that the temperature of the air in 
contact with the disc face is known only at the point at which it enters 
the rotor system; thereafter, heat will be transferred between the disc 
and the air, and we require to know the temperature of this at all points 
on the Ilisc. Two cases will be considered; firstly, the particular 
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one under review, and secondly, the turbine rotor where cooling air enters 
at the bore and flows outwards over the disc face. 

4. I The compressor disc with air entering at the disc rim -- 

At any annular element of the disc face, the rate of heat transfer 
from air to the disc is 

2 * Ax h, (0, - 8) C.h.u./sec 

In the present example, illustrated diagrammatically in Figure 7, the 
space between discs is divided into t:vo chambers by an abutment flange. 
Air leaks into the outer chamber, then into the inner chamber through a 
small aperture and thence away through the bore of the disc. It is 
assumed that the air in each chamber is completely mixed to a uniform 
temperature. 

If w is the leakage rate into the disc space, then 

(Og - ecj T = 12 w I%C h, (0, - 0) 

where the summation is made for the elements in the outer chamber, 

eg + 

47U?AXh,0 

- vc -- 

0, = P 

I + 
&WAX&‘ 

vcp 

Similarly for the inner chamber. 

It will be seen that to calculate 8, and 0,' at any time interval 
we need to know 0, which depends upon the correction to be made for heat 
added to the disc, itself dependent upon 8,. Usually thz quantities are 
such that the effect of the change in wall temperature, due to the allow- 
ance for heat addition, is only a small one and so values of 6 for the 
previous time interval may be used, but in some instances it may be 
desirable to make a second approximation to 0, to check that this is so. 

k2 The turbine rotor with cooling air entering at the bore 

In this case the cooling air increases gradually in temperature as 
it flows over the disc face (see Figure 8). Over an annular width Ax, 
the temperature rise is 

A6, = 

where Y = 
4mrur:& 

vJcP 
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Starting at the bore where the air inlet temperature is known, we 
can estimate the temperature rise across the first element and hence the 
temperature at entry to the next. In this way the variation of cooling 
air temperature across the disc can be determined from bore to rim, 

5.0 Heat transfer coefficients at the disc face, -- 

In the compressor disc, the heat transfer at the disc face has been 
considered to result from natural convection currents set up in the spaces 
between the disc. The air in the outer chamber is initially hotter than 
the disc; as the air cools at the disc face, the increase in density will 
cause an outward flow across the disc face and circulating currents 
similar to those indicated in Figure 7 will result. because of the rota- 
tion of the disc, and the fact that the air enters at the rim with the 
angular velocity of the disc, gravitational forces are very high, so that 
the heat transfer coefficients are considerably above the values normally 
associated with natural convection. 

Tne heat transfer coefficients were calculated from the formula8 

hm 8811 .H 
-a 

k = 0.48 

Par the turbine rotor, the heat transfer coefficients are calcu- 
lated on the basis of forced convection from the cooling air, and formulae 
a-ppropriate to the manner in which the air is ducted up the disc face must 
be chosen. Where the disc rotates in a stationary casing and the flow 
rates are small the data of Rotem may be used. 

l-lx ^-- = 
k (local value) 

In other instances a formula based on pipe flow data may be more 
appropriate. 

6.0 Estimation of tem-oerature distribution for maximum stress .- 

The temperature distributions determined in the ~imy described are 
needed for calculating thermal stresses in discs. Since we are concerned 
with a transient phenomenon, the temperature distribution is changing 
continuously i-sith time and likexise the thermal stresses are changing, 
rising to a maximum and then approaching zero if the disc approaches a 
uniform temperature, as in the case of an uncooled disc. It :fould be an 
advantage to know in the transient temperature calculations Txhen the con- 
struction had been carried sufficiently far to include the temperature 
distribution which gave the maximum thermal stress. 

Stress calculations have been made4 for the present disc using 
several different temperature distributions. These distributions are 
ShOWl on i%gxe 9, in v&&h the vertical scale represents the temperature 
and the horizontal scale the mass of the disc contained betxeen the rim 
and Yne radius at whlich the temperature is given. Eence the area under 
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a curve represents the total quantity of heat in the disc, and the mean 
height the mass-weighted mean temperature of the disc, On Figure IO are 
shown the thermal stresses at t!le disc bore calculated for the temperature 
distributions of Figure 9, plotted against the difference between disc 
mean temperature and bore temperature. The inference from this is that 
the value of the difference between the bore temperature and the mean 
temperature of the whole disc on a mass basis is a good indication of the 
level of thermal stress at the bore, irrespective of the particular manner 
in which the temperature is assumed to vary with radius. 

In Figure 11 is shown a series of temperature distributions evalu- 
ated at different stages of a heating cycle. Figure 12 shows the resul- 
tant change of bore-to-mean temperature difference against time. It is 
seen that for the particular geometry and rate of rim heat transfer 
selected, the maximum temperature difl.erence is reached in about 5 minutes 
from the start of the cycle, 

7.0 Evaluation by electrical analoo?Le . . . ..o- -_ _ .&.L,. 

&-I electrical analogue circuit built to study temperature changes 
in turbine blades5 was set up to represent the one-dimensional problem of 
heat flow in a bar of varying cross section, the bar being the equivalent 
of the segment of the disc, (see Figure 2). Three cases were studied; 
heat flow in at the disc rim on&-, rim heating and heat transfer from air 
leaking through the space between discs, and a third case in which the air 
between the discs was assumed to be sealed in but still to exchange heat 
with the disc face as in the second case. The measure of the agreement 
between the analogue and the step-by-step construction method is shown on 
Pi,oure 13. 

The heating conditions at the disc rim could be varied easily on 
the analogue, and Figure 14 shows the effect of changing the heat transfer 
coefficient at the rim for the case of rim heating only. In iJigure 15 
the three different modes of heating are compared, &om l3gure 14 it is 
clear that at the hidlest values of heat -transfer coefficient considered 
here (k/h = 0.15 and 0.3 in,), the precise value of h used has very little 
effect upon the value of maximum temperature difioerence at the bore. The 
effect of heat transfer at the disc face is seen from Curve j of 
Figure 15 to be one of reducing the maximum temperature difference. This 
might be expected, since this mode of heat transfer is equivalent to 
increasing the conduction of heat from rim to bore. Ahen air at the com- 
pressor stage temperature leak s into the space between the disc t:he ef'fect 
is to raise the maximum temperature difference (Curve 2) because more heat 
is added to the outer parts of the disc than at the bore. The maximum 
temperature difference producing strain at the bore is about the same in 
this instance as for Curve I, heating assumed to be only at the rim, Lut 
the time to reach the maximum is only about one third of that in the 
latter case, If the leakage rate were increased, the maximum temperature 
difference would be increased up to a limiting value of about 0.38, as 
indicated by Curve 4 on L%gure 15. 

One concludes from these considerations that the maximum tempera- 
ture difference producing strain at the bore of the disc is likely to bl: 
0.3 to 0.34 of the change in temperature of the air in the compressor 
stage during the starting cycla, and that errors in the assumptions made 
concerning the heat transfer conditions at the disc surfaces are not 
likely to affect thi s conclusion seriously. The most favourable 

, 
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condition is one in which there is zero leakage of air from the compressor 
annulus and where the greatest opi3ortunity is given for allowing natural 
circulation within the space bet;reen adjacent compressor discs. 

8.0 Discussion -ma-* . -.- 

Al'ihough the results presented have referred only to one particular 
design of disc, one may enquire whether they might not be applied more 
generally to the problem of thermal stresses in discs. In particular, 
two questions arise. E'irs-tly, it is clear that if h were reduced to a 
small value, the thermal strains would be reduced; how far then must h be 
reduced to give a siaificant reduction in thermal strain? Secondly, is 
the difference between the bore temperature and the mean temperature of 
the disc related quantitatively to the thermal stresses at the bore in 
ally simple, a~pro&mate mar22er, irrespective of the detailed shape of the 
of the disc? 

8.1 Limiwalue of h I-. -*UL-. 

Since most of the temperature drop from rim to bore occurs in the 
thin part of the disc, we may liken this to temperature difference along 
a bar, heated at one end by a gas, the temperature of which is suddenly 
changed. An examination of data2 for transient temperature changes of 
this type shows that the maximum transient difference occurs when the 
bore is still scarcely changed in temperature, and from the same source 
the data required to draw Figure 16 may be obtained. The curve shows the 
relation between maximum temperature difference across the ends of a bar 
and the factor h&/k, where h is the heat transfer coefficient at the 
exposed end of the bar, C its length and k the material conductivity. 
By taking & to be the radial length of the thin part of the disc, and by 
increasing the rim heat transfer coei'ficie~t by a factor to allow for the 
fact that the rim is wider than the thin part of the disc, the maximum 
values of the curves of Figure I.!+. may also be 12otted on >'iL,rwe 16. The 
indications are then that the parameter h&/k must be reduced to values less 
than about 15 in arder to secure worth&Cle reductions in thermal stress 
and that in the rawe IO > h&/k > 0.5 the thermal stress is significantly 
dependent upon the value of' heat transfer coefficient. 

8.2 Correlation betl/reen thermal stress and tem..erature "?----- I---meC.-%wm 
difference - ,eu- -- -. 

Xgure 17 is a replot of lQure 10 in which effective strain 
(= stress i E) is plotted against one-dimensional thermal strain based on 
the difference between bore temperature and mean disc temperature. Other 
result& for a turbine disc with a small ratio of bore radius/disc outer 
radius are given and these likewise shoit- a practically linear relationship 
between stress and temperature difference; however the proportionality 
between stress and thermal strain is different in the two cases. One 
might anticipate that, v$nen the ratio of bore radius/disc radius 
approaches unity, the thormal strain would give directly the resultant 
stress, so that a comeln'cion of the sort shown on Figure 18 might be 
proposed. Xowever, the inclusion of other points taken from calculation& 
made for a number of different turbine discs, each with different tempera- 
ture distributions, indicates that this does not give an exact basis for 
correlation. 
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The theory of thermal stresses7 in circular discs of uniform thick- 
ness gives that the elastic thermal stresses at the bore and rim of a disc 
are to be calculated from the thermal strains due to the differences in 
temperature from the mean temperature of the disc, evaluated on a mass- 
weighted basis, for any bore/rim radius ratio. Any np-parent correlation 
with disc bore/rim radius ratio must, therefore, be associated with other 
factors, such as the radial variation in thickness of the disc. 

In order to examine the effect of bore/rim radius ratio on the 
thermal stress in a disc of varying thickness, the calculations laid out 
in detail is &pendix I have been made. It is sho;jn that, for a disc in 
which the thickness varies inversely as the radius, the range of stress 
between bore and rim produced by a temperature distribution similar to 
that occurring in practical cases decreases as the bore becomes a smaller 
fraction of the rim dinmetc?:r. A comparison \dC;h stresses calculated for 
a number of real discs shows qite close agreement between the stress 
range in real cases and in the assumed model. The values are recorded 
in Tables I and II. 

9.0 &roximate determination of thermal stress L---.-a- ---. __l_.sw-_l---- 

It may be concluded from the preceding section that an a?$roximate 
estimate of the maximum transient thermal stress at the bore of a disc, 
when subjected to sudden heatins at the rim, may be determined ra;?idly as 
follows. 

9.1 Uncooled disc, -y* > 20 
-----.------. 

Stress f exxxax&!&g 
3 

where 

ATgas = step change in gas temperature 
at the rim 

2 = a constant dependent uA)on the 
ratio of bore radius/rim 
radius (see Pigure 1s) 

If hJ/k is substantially less than 20, the above formula will over- 
estimate the stress. 31 such an instance the maximum value of 
(Tmean - Bore), replacing the term ALLgas/' in the ajove equation, may be 
determined more accurately b, v the graphical construction described in 
Section 2.0. 

9.2 Cooied discs --l.----j. 

l&nploying the graphic;al constructions described in Sections 2.0 to 
5.0 the temperature distribution at a time when (T,,,, - Tbore) reaches a 
maximum value may be determine&. 'I'his radial terqerature distribution 
and also the radial form of the disc may then be a?proxirrfited by equations 
of the form 



T = &Y--l 

y = c/m 
in which the appropriate value- J of K, y, c and n are determined by trial 
as described in Appendix S. 

The thermal stresses at the bore and rim may then be determined 
directly f'rom Ecpation (IO) of Appendix 1. 

10.0 gonclusions --. 

The transient changes in temperature distribution in a compressor 
disc resulting from sudden changes in telqerature of the air in the com- 
pressor stage have been calculated using a well-known step-by-step 
graphical construction. A method of a.llolCng for heat transfer at the 
disc face is exq$ained. 

In the case of the compressor disc studied, the maximum value of 
temperatTure difference producing strain at the bore (mean disc tenqera- 
txre - bore temljemture) is about one third of the step Change in 
temperature of the air heating the disc at the rim. Convection between 
the air in the space between adjacent discs and the disc face reduces 
this maximum difference, but if air is allowed to leak through this space 
from the compressor annulus the temperature difference increases. These 
variations do not exceed +I2 per cent approximately. 

Results from an electrical analogue are used to extend the range of 
conditions covered. lihere wa* O good agreement beti;reen the analogue 
measurements and the temperature distri3utions calculated by the graphical 
method. 

A parameter is given from which it may be decided approximately at 
what level of heat transfer coefficient at the rim the thermal stresses 
cease to be significantly affected by changes in heat transfer coel"ficier& 

By adducing values of thermal stress calculated elsewhere, it is 
shown that the value of the difference between the surface temperatures 
and the mass-wei&ted mean temperature of a disc is related approximately 
linearly to the stresses produced at the bore and rim surfaces. 

A theoretical calculation for a disc of varying thickness shows 
that the stresses produced Secome less thall the ozle-dimensional thermal 
stresses as the bore radius 'tiecomes a small fraction of the rim radius. 
A comparison betbreen stresses calculated for real discs and those of the 
theoretical model indicates that the latter are good agproximate indica- 
tion of the thermal stress in real i;u.FSne discs. 

Yhe measurements on the electrical analogue were made by 
xr , -4 . A. Abbott, assisted by 1':s. C. L. SJorfey, a vacation student 
from Queen's College, Cambridge. 
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Gist of s.ymbolsV 

thermal diffusivity = -k-n 
PC 

specific heat of disc material 

specific heat of cooling air 

cross-sectional area 

acceleration 

heat transfer coefficient 

height of surface for natural convection 

thermal conductivity 

length 

radius of point on disc face 

k A& . =- h "GT 

time interval 

flow rate of air over disc (both faces) 

radial interval of element of disc sector 

thickness of disc 

interval between ordinates on diagram 

kinematic viscosity 

specific weight of disc material 

temperature 

rotational speed 

coefficient of thermal expansion 

fta -- 
set 
c. 11. se, 
lb OC 

fi? 

ft2 
set 

C.h.u. 
ft2 set OC 

ft 

C.h.u. 
ft set oc 

ft 

ft 

ft 

set 

lb -. 
set 

ft 

ft 

ft 

fta 
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radian/set 
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Compmison belxeen thermal stresses calculated~ 
from Equation (10) and by step-by-step method 

Turbine disc with bore/tip radius ratio = 0.1126 

Temperature distributions T = L;rY-" 

Thickness asswned to be as y = * 

i -26,070 ; -29,450 ; -31,250 1; 

6,3& ; 4,520 ; 3,530 1: 

; -19,530 
Step-by-step ; . . . . . . . . . . . . . . ,.. . .,...., .*,. ,..: . . . . . . ..,,..., .a . . ,,,.,.. a.. .<,. .a . ..I 
method 

9,330 ; 5,751 ; 4,158 i 3,060 -1 
:' $ error, at rim i 2.3 i 0.8 ! 'I.3 / 1.2 ' 

PI-3 stress at rim, lb/sq.in. 

pa stress at bore, lb/sq.in. 

Error is calculated as a percentage of the total 
stresg range o'otained from step-by-step method. 
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Tmm II 

Comparison between thermal stresses calculated --_I---*.__II,- . 
from EquatiKT:Gi bEsteP-by-step method 

for six diff'ezz turbine discs 
-m 

-- --m-. 

% 
’ I 

; 4.66 i 7.00 Go.1 :10.3 j19.7 ; 5.60 

Equation (10) i .., . . . . . . . ..,,......, <.*... . . . . . I.....,... . . , . ; . . , . . . 

: Pa ; 4..10 : 5.48 . 4.24 ;IOJ i 3.73 : 4.63 , 

( < . .,.... ~ ., ..,.. . . . . ,..~..... . ,. ,.,, ..,. , ~ . . . . . .;, ,..,.* . . . ,(, . , . I ,. ,j .,,.. 1.... .,,,. . . 

P-b 

I 

Step-by-step 
; 4.64 : 6.63 11.85 I1o.j :20.52 i 5.60 ’ 

.! i. . T..,... . :, . ., . . .I , . . 
method 

Pa ; 4.24 : 5.95 . 3.65 11.4 . 6.01 ; 3.36 ‘ 
I , . . I . , * . 1. . . . . I . . . . . , . . . , , ; . . . . . .I . . . . . :’ . . .,_,., 1. ..,. . . . . . . . . . . ,: . . , 

. $ error, at rim I-tO.2 +3.0 .-4.8 0 I-3.1 I 0 

.Y o error, at bore .-I.6 -3.7 +4,7 -3.2 '+8.6 k14.2 j 

pb compressive stress at rim tons/sq.in. 

Pa tensile stress at bore tons/sq.in. 

Error is calculated as a percentage of the total 
stress range obtained from step-by-step method. 
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a 

b 

C 

T'ne thermal stresses in a disc of varying mdiLal thickness - 

Notation 

radius at disc bore 

C 1, c2 

D 

E 

K 

m 

n 

Pr 

pt 

r 

R 

T 

U 

Y 

a 

Plpa 

Y 

radius at disc rim 

a constant in y = c/m 

constants of integration 

radius ratio a/% 

yomg ’ 2 ~modulus, stress i s-i;min 

a censtant in T = &Y-l 

l/m = loisson's ratio 

a constant in y = c/r" 

radial stress 

tangential stress 

radius 

radius ratio r/b 

temperature 

radial displacement of a paint originally 
at radius r 

thieianess of disc 

coefficient of thermal expansim 

indices 

a constant in T = &f-' 
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fGY?ENDIX I (cont'd) --se-- 

Let us consider the stresses in a stationary disc in which it is 
assun=d that axial stresses are zero and the thickness y and temperature 
vary with radius. 

The displacement of an element in the disc originally at radius r 
is governed by three equations. 

32% 
a22 = Pr ++EaT 

U z-- = pr 
r Pt --&-+EcT 

Q?t? Qr 
pr " pt +r---I---- 

ar Y 

The radial and tangeiltial stresses 
Equations (4) and (2) in terms of u and r 

r 

T 

. . . . . . 0) 

.*. . . . (2) 

i!z xar = 0 . . . . . . (3) 

pr and pt may be found from 

1 
Pr = Fy[:+m$$ -aT(m+ qj . . . . . . (4) 

$ + $$- aT(m + 1) 

I 

.,. . . . (5) 

If the thickness is given by y = C/I?, then Equation (3) becomes, 
by substitution from Equations (4) and (5) 

= “+1- UT- m 
( 

E.dT-n 
T dr ) 

l r . . . . . . (6) 

i4e assume also that the temperature distribution follows a simple 
power law 

T 



- 21 - 

So that Equation (6) becomes 

k solution of this equation is 

u = c, r a pz -kc&r + m+l (y-l-n) 
-t-3 m y2 - 1 - n(ym+v 

where p1 and pa axe the roots of the equation 

( 

1 _- 
11 - n3 n+m2 

) 
Pa = 

f 4 T-- 
#I.-- 

2 

The constants cl al+i c2 may be determii?ed 
conditions which are that prz the radial stress, 
bore surfaces of the disc. 

That is, when r = b and r = a, pr = o. 

from the two boundary 

. . . . . . 

l aKr 
Y  

.  .  .  l .  .  

is zero at the rim and 

dy substituting for u from Equation (8) in Equation (It), we have 

Em -PI 
pr = m2 _ 1 

[ 

Cl (1 f m &) rP1-' + Cz (1 + m pZ) rp2-' - 

;-+F* 9 a cymj .-. . . . (9) 

Cith the given boundary conditions V,RZ evaluate C, and C, to be 

c, = 1 m2 - 1 (y- I) 
m y2 - 1 )-n(my+1 
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c,= ' (nzz - 1 (y - 1) ,r-#DLL 
I + m &‘ ' m (p - 1) - n (m y -4 17 l ,&-PI 

- fJ-@l 
-aP2-P1'aK 

By making the necessary substitutions in Equation (5) we find Pt 

For convenience we wite D = a/b and 3 = r/s 

Pt = mEaK(y- 4) l by" 
T(G) - n (m y + I 

r I I ,y-@J . $J1'1 1 _ ,&-P, 
. . . . . . l-10) 

Pl = 
If we consider a disc of uniform thickness, i.e. n = o, then 

1 and pZ = -1, and it will be seen that m disapi>ears from 
Equation (IO), and it may be shown that, 
stress is given by 

at the rim and bore surfaces, the 

E a ('urn - Tsurface) 

where Tm is the v&ghted mean temperature of the disc 

s b 
Tyrdr 

T, = ; 

/ 
Yrk 

a 

= f( . by-’ . $-.f ; ; , ’ _ Dpn+l 
1 -r?-n 
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If' we choose apijropria-te values for n and y, Equation (10) may be 
used to determine the variation of bore and rim tangential stresses as the 
ratio of bore radius/rim radius is altered. ;'or the purposes of illus- 
tration, the thickness of the disc has been taken to .be inversely propor- 
tional to radius, and the radial variation in temperature has been taken 
to be pro-gortional to ra and r8, values Nhich cover most practical cases. 
m has been taken to be IO/j. 

In Figure 19 t'le stress range (pbore - prim), referred to the one- 
dimensional thermal stress 

I 
E a (Trim - %ore)] is shown as a function of 

the radius ratio. The values of the same quantities cnlculated~~6 by the 
step-by-step method lo for eight different rotor discs are shown on the 
same graph. 

The shapes of real discs do not usually follow a simple $otver la%, 
and in order to use Equation (10) we mus t choose a value of n which 
approximates the real variation in thickness by the simple power law. 
The method used is to find a value of n :Thich gives a disc of the same 
bore/rim radius ratio and with the same ratio of mean thickness/bore 
thickness. For the assumed equivalent disc this ratio is 

ymean -.- = 
ya 

-i-LX ~~-Dg 

In the case of a disc4 for which stress calculations had been made with 
radial temperatures following a series of power laws, the value of n was 
found to be 0.62. In Table I the values of stress calculated from 
Equation (10) are compared with the stresses c:*lculated from the step-by- 
step method; the differences care not more than a few per cent of the 
overall thermal stress range ia the disc, 

In Table II a similar comparison 5.k made for six different discs. 
Here the index (y - I) of the radial variation in temperature has been 
chosen SO that the assmmi temperatures asee with the real ones at the 
rim and bore stations (equal overall temperature difi'erence) and the 
assumed curve has a minimum mean deviation from the real curve, In most 
instances, the diffewnces between calculated and "real" stresses amount 
to only a few per cent. 
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