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A step-by-step graphical congtruction developed by E., Schmidt
is used to calculate the transicnt temperature distributions in a com-
pressor disc under stert-up conditions. A method is described by which
allowence may be made for the transfer of heat to the disc from the air
in the spaces between adjacent discs.

It is concluded, for the particular case evaluated, that the
temperature difference producin: thermal stress at the disc bore is avout
one third of the difference between the initial and final steady-state
disc temperatures, Some results obtained by an electrical analogue are
presented which indicate the effects of a change in heat transfer coeifi-
cient and in the manner in which the disc receives heat over the disc
face,

The relationship between the temperature differences and the calcu-
lated thermal stresses in a disc are discussed, and formulae are derived

which give approximately the thermal stresses at the bore and rim of discs

as a function of the disc dimensions and temperature distribution.

Previously issued as N.G.T.E. Momos Noe M348 = AWR.C.23,126.



-2 -

1.0 Introduction
2,0 The "Schmidi" graphical construction
3.0 Allowance for heat transfer at the disc face
L0 Temperature of the air at the disc face
Lo The compressor disc with air entering at the disc rim
Ly 2 The turbine rotor with cooling air entering at the bore
5.0 Heat transfer coefficients at the disc face
6.0 Estimation of temperature distribution for maximum stress
7.0 Evaluation by electrical analogue
8.0 Discussion
8e1 Limiting value of h
8.2 Correlation between thermal stress and temperature
difference
9.0 Approximate determination of thermal stress
91 Uncocled disc, %§~> 20
9,2 Cooled discs
10,0  Conclusions
Acknowledgements

List of symbols

References

Detachable Abstract Cards

No.

TABLES

Title
Comparison between thermal stresses calculated from
Equation (410) and by step-by-step method

Comparison between thermal stresses calculated fromw
Bouation (10) and by step-by-step method for six
different turbine discs

APFENDIX

Title

The thermal stresses in a disc of varying radial
thickness

g
127
s}
[}

- ;
O W W B ~ O & F F,

- e
P .

11
12

12
12

12
13
14
15

17

18

19



Tig, No,

N

-J (o )N O B o V!

10

"

12

13

14

15

17

18

19

-3 ~

TLLUSTRATIONS

Cross-section along radius of disc

Transformation and subdivision of sector of disc
Enlarged view of flange

Diagram for carrying out step-by-step construction
Start of construction at disc surface

Construction at bore surface

Tllustrating leakage air [lov path between
ad jacent discs

Tlustrating cooling air flow path over turbine
disc

Temperature distributions in disc for which bore
thermal stresses have been calculated

Thermal stress at disc bore versus temperature
3 r m,
difference (Tpean - Thore)

Temperature distributions in disc at wvarious
stages of transient

|

Temp?rature d}fference <Tmean - bore) during
heating transient

Comparison of transient temperatures obtained
by construction and analo-ue

Effect ol changing heat transfer coefficient at
rim on temperature difference

Effect of hecating at face of disc on teuperature
difference

moximum temperature difference as function of
disc rim heat transfer parameter

Relationship between thermal stress produced and
temperature difference

Proportionality between thermal stress and stress
based on temperature difference

Range of thermal stress in a disc of variable
thiclkness



1.0 Introduction

Thermal stresses arise in the rotor of the turbine of a gas turbine
engine when there are radial variations in temperature due to the action
of cooling air which is applied to the surfaces of the disc in order to
prevent it from reaching an excessive temperature, Under steady running
conditions there is usually a higher temperature at the rim than at the
bore of the disc, and the associated thermal strains are compressive at
the rim and tensile at the bore. In the turbine, the effect is of
interest because it tends to offset the high level of tensile stresc at
the rim caused by rotation.,

Axial multi-stage compressors may have rotors formed from a number
of discs; often the centrifugal stress at the vore is high because the
diameter of the bore may be a substantial fraction of the disc outside
diameter, so that any additional stress resulting from a radial tempera-
ture gradient may increase tne level of tensile stress at the bore by a
critical amount. Under steady running conditions the disc will usually
be at a uniform temperature but, on starting the engine, transient radial
temperature gradients may occur because the disc is heated mainly at the
rim, This effect may be encountered to a marked degree, particularly in
the high pressure compressor stages of double-compound engines, both by
reason of the high compression temperatures and because the compressors
may have to accommodate shafting which leads to a large bore being
required throuczh the discs.

It is with the calculation of transicnt temperatures in such a
case that this paper is mainly concerncd.

2.0 The "Sehmidt! gravhical construction

Ihe method used is that developed by L, Schmidt and otherss2,
A sector of the disc is considered to be a bar of varying cross section
in which the heat flow along its lenpth represents radial heat flow in
the disc, Figure 41 shows such a sector of a disc in cross section;
Figure 2 is a plot in which the vertical scale represents the cross-
sectional area of a sector of the disc, that is the thickness of the disc
in Figure 1 has been multiplied at each radial station by r/To . This
equivalent bar is now subdivided into elements of length 4x, If the
material of the bar has a constant thermal diffusivity, then all the
elements have an equal length, If the thermal diffusivity varies, then
the subdivision must be made such that

. /a
X = hxy £

In the present instance, it is assumed that the disc material has uniforn
thermal properties so that Ax is constant except at the point in the disc
where there is a circumferential flange which may represent an integral
spacing ring or an extension to carry a sealing memoer., This flange does
not greatly alter the cross-sectional area for radial heat flow, but it
does constitute an additional mass of metal vhich acts as a heat sink at
this point, Its presence may be rcegarded as being equivalent to an
increase in the specific heat of the disc material at this point.
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Figure 3 shows the region of the flange drawn to a larger scale.
One assumes that the apparent thickness is y' in this region, which is
divided into n elements of length Ax'. The additional amount of
material M represented by the shaded area is distributed equally among
the elements in which the specific heat is taken to be

.g.:u — 1 +---.-'M.——.

Gy ny'Ax!
Since

al _ gL

a3 c!

(assuming constant density and thermel conductivity)

hVES

Ax! . N
A%y S

or Axt' = [

(ignoring the negative root).

Since n must be an integer, we proceed to try several values of
n and y' to find a solution which gives a reasonable compromise between
the values of nAx' and y' draaum on Figure 3.

The whole length of the bar on Tigure 2 mey now be subdivided
into elements of length Ax, or Ax',  Ideally the length should be made up
of an integral number of elements; however, in the present instance the
addition or loss of the part of an element at the imner radius needed to
make an integral number of elements has an insignificant effect on the
process, provided that the elements are small.

Now the mean heights of each element, fj, fy, etc. are measured;
these values are used to determine the intervals AE on the "Schmidt"
diagram, which are the intervals ix corrected in inverse proportion to f,
That is

as indicated in Figure L.



-6 -

In the construction, the mid vpoints of these elements are needed,
. A,  Agy + A&y )
and these are placed at intervals o, T etc. as shown to one side
of the ordinate representing the surface through which heat is entering.
Ihe first and last ordinates are repeated on the other side of the surface
ordinates at the rim and bore positions, The vertical direction repre-
sents temperature and any suitable scale is chosen, 'Thus, the horizontal
base line represents the uniform temperature of the disc at time zero,

To carry out the construction a point A is chosen which represents
a sudden increase in the gas temperature at time zero. The distance of
A from the rim surface ordinate is chosen so that

S k/h
By Axy

the straight line ABO is drawn (see Figure 5), The temperature at X
after a time At is given by D, where the line joining B and C inter-
sects X; and the virtual temperature at X_; by E on the line joining AD,
After a further time interval At, the temperature at X; is given by I on
the line joining £ and C, and the temperature at X by H on the line
Jjoining D and G, Thus, the temperature at an ordinate Xp at any time
(t + At) is found by the intersection of that ordinate with the line
Joining the temperatures at ordinates Xp.; and Xp4; for time t.

After a number of time intervals equal to the number of ordinates
less one, the construction will have penetrated to the innermost element,
X1, as in Figure 6, At the next interval, the tempcrature I at X, is
found by joining K with point L on the other side of the bore surface,
This temperature is then transferred to N, the horizontal line MN repre-
senting the recuired condition of zero temperature gradient at the bore,
After a further time interval, the temperature at X;; is found by the line
adjoining P with N,

The construction is continued for any desired number of time
intervals, The interval At is given by

At = o (0%)?
1

We have assumed that the ges temperature and heat transfer coeffi-
cient remain constant with time, but any required variation in these
quantities may be represented by shifting point 4 to a position appro-
priate to the value of heat transfer coefficient and gas temperature
obtaining for the particular time interval under consideration.

3.0 Allowance for heat transfer at the disc face

In a turbine rotor, cooling air is often caused to flow up the
faces of the disc so that the disc will be maintained at a temperature
below thal of the gas at the rim during steady running conditions. In
the case of the compressor, the air in the spaces between the discs may
be at a different temperature from the disc, particularly during the
transient heating and cooling phases,
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If air at a temperature 0, is in contact with the disc face, then
an element of radial width Ax at radius r will receive heat at a rate

2 e Ax hg (0g - ©) C.h.u./scc

For a temperature rise A6 of this element, the amount of heat to be added
is

2 mr Ax ypC AO C.h,u,
If AO is the temperature rise in time At, then

2 ®mr Ax hg (0g - 6)

a6 = 2 rr Ox ypC At

be (6c - le .

At
ypC

In drawing the diagram, allowance can be made for heat added in this way
by adding on to the temperature of each element at the end of each time
interval a temperature change A0, Usually A6 will be small compared
with (8¢ - 8), but if this is not so, a better approximation may be made
by taking

hg At AG)
A = vo0 Be - <6 o

A8 = (6 - ©)

hy At
ypC

I\
!

where

If A6 is small, then the amount of work involved in the construction may

be reduced if an allowance nA8 is made at time intervals %ﬂ%?-%? etc,

4.0 femperature of the air at the disc face

It will usually be the case that the temperature of the air in
contact with the disc face is known only at the point at which it enters
the rotor system; thereafter, heat will be transferred between the disc
and the air, and we require to know the temperature of this at all points
on the disc. Two cases will be considered; firstly, the particular



-8 -

one under review, and secondly, the turbine rotor where cooling air enters
at the bore and flows outwerds over the disc face,

4y The compressor disc with air entering at the disc rim

At any annular element of the disc face, the rate of heat transfer
from air to the disc is

2 mr Ax hy (6 - 6) C.h,u./sec

In the present example, illustrated diagrammatically in Figure 7, the
space between discs is divided into two chambers by an abutment flange,
Air leaks into the outer chamber, then into the inner chamber through a
small aperture and thence away through the bore of the disc, It is
assumed that the air in each chanber is completely mixed to a uniform
temperature,

If w is the leakage rate into the disc space, then

wC
—.

(0 - 0) £ = D2 xr x ho (6 - ©)

where the summation is made for the elements in the outer chamber.

L mr Ax he ©
eg +:§
wC
6, = =

c
1.+:§f:12L§Ei}kz
VJ{uP

Similarly for the inner chamber,

It will be seen that to calculate 6; and 0,' at any time interval
we need to know 6, which depends upon the correction to be made for heat
added to the disc, itself dependent upon 6,. Usually the quantities are
such that the effect of the change in wall temperature, due to the allow-
ance for heat addition, is only a small one and so values of 8 for the
previous time interval may be used, but in some instances it may be
desirable to make a second approximation to 6, to check that this is so.

L2 The turbine rotor with cooling air entering at the bore

In this case the cooling air increases gradually in temperature as
it flows over the disc face (see Figure 8), Over an annular width Ax,
the temperature rise is

4 mr Ax hg Aec>
£y = ————— |0 ~ <§ + —=
c wCp C 2
Y
£6g = 7 (6 - 6g)
1 +'§
L mr Ax
where Y = —“-———-—EEZ

pr
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Starting at the bore where the air inlet temperature is known, we
can estimate the temperature rise across the first element and hence the
temperature at entry to the next, In this way the variation of cooling
air temperature across the disc can be determined from bore to rim,

5.0 Heat transfer coefficients at the dizc face

In the compressor disc, the heat transfer at the disc face has been
considered to result from natural convection currents set up in the spaces
between the disc, The air in the outer chamber is initially hotter than
the disc; as the air cools at the disc face, the increase in density will
cause an outward flow across the disc face and circulating currents
similar to those indicated in Figure 7 will result. Because of the rota-
tion of the disc, and the fact that the air enters at the rim with the
angular velocity of the disc, gravitational forces are very high, so that
the heat transfer coelficients are considerably above the values normally
associated with natural convection,

The heat transfer coefficients were calculated from the formulaB

Nean * 8 . O.LB iy (60 - BW) °rEe
k . Z+ Dwg TC

Ior the turbine rotor, the heat transfer coefficients are calcu-
lated on the basis of forced convection from the cooling air, and formulae
appropriate to the manner in which the air is ducted up the disc face must
be chosen, here the disc rotates in a stationary casing and the flow
rates are small the data of Rotemd may be used.

(A)I'2

v

hr
D 0,017 (

0e8
> (local value)

In other instances a formula based on pipe flow data may be more
appropriate.

6.0 Estimation of temperature distribution for maximum stress

The temperature distributions determined in the way described are
needed for calculating thermal stresses in discs. Since we are concerned
with a transient phenomenon, the temperature distribution is changing
continuously with time and likewise the thermal stresses are changing,
rising to a maximum and then approaching zero if the disc approaches a
uniform temperature, as in the case of an uncooled disc, It would be an
advantage to know in the transient temperature calculations when the con-
struction had been carried sufficiently far to include the temperature
distribution which gave the maximum thermal sitress.

Stress calculations have been madel+ for the present disc using
several different temperature distributions, These distributions are
shown on Figure 9, in which the vertical scale represents the temperature
and the horizontal scale the mass of the disc contained between the rim
and the radius at which the temperaturc is given. Hence the area under
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a curve represents the total quantity of heat in the disc, and the mean
height the mass-weighted meun temperature of the disc. On Figure 10 are
shown the thermal stresses at the disc bore calculated for the temperature
distributions of FPigure 9, plotted against the difference between disc
mean temperature and bore temperature, The inference from this is that
the value of the difference between the bore temperature and the mean
temperature of the whole disc on a mass basis is a good indication of the
level of thermal stress at the bore, irrespective of the particular manner
in which the temperature is assumed to vary with radius.

In Migure 11 is shown a series of temperature distributions evalu-
ated at different stages of a heating cycle. Figure 12 shows the resul-
tant change of bore-to-mean temperature difference against time. It is
seen that for the particular geometry and rate of rim heat transfer
selected, the maximum temperature difierence is reached in sbout 5 minutes
from the start of the cycle,

7.0 Evaluation by electrical analogue

An electrical analogue circuit built to study temperature changes
in turbine blades® was set up to represent the one-dimensional problem of
heat flow in a bar of varying cross section, the bar being the equivalent
of the segment of the disc, (see Tigure 2). Three cases were studied;
heat flow in at the disc rim only, rim heating and heat transfer from air
leaking through the space between discs, and a third case in which the air
between the dises was assumed to be sealed in but still to exchange heat
with the disc face as in the second case, The measure of the agrecment
between the analogue and the step-by-step construction method is shown on
Figure 13,

The heating conditions at the disc rim could ve varied easily on
the anzlogue, and Figure 4k shows the effect of changing the heat transfer
coefficient at the rim for the case of rim heatinz only. In figure 15
the three different modes of heating are compared, From Migure 14 it is
clear that at the highest values of heat transfer coefficient considered
here (k/h = 0,15 and 0.3 in.), the precise value of h used has very little
effect upon the value of maximum temperature diffcrence at the bore, The
effect of heat transfer at the disc face is seen from Curve 3 of
Figure 15 to be one of reducing the maximum temperature difference,  This
might be expected, since this mode of heat transfer is equivalent to
increasing the conduction of heat from rim to bore. ZJhen air at the com-
pressor stage temperature lesks into the space between the disc the effect
is to raise the maximum temperature difference (Curve 2) because more heat
is added to the outer parts of the disc than at the bore. The maximum
temperature difference producing strain at the bore is about the same in
this instance as for Curve 4, heating assumed to be only at the rim, out
the time to reach the maximum is only about one third of that in the
latter case, If the leakage rate were increased, the maximum temperature
difference would be increased up to a limiting value of about 0,38, as
indicated by Curve L on iMgure 15.

One concludes {rom these considerations that the maximum tempera-
ture difference producing strain at the bore of the disc is likely to be
0.3 to 0,34 of the change in temperature of the air in the comprescor
stage during the starting cycle, and that errors in the assumptions made
concerning the heat transfer conditions at the disc surfaces are not
likely to affect this conclusion seriously. The most favourable
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condition is one in which there is zero leakage of air from the compressor
annulus and where the greatest opportunity iz given for allowing natural
circulation within the space betueen adjacent compressor discs.,

8.0  Discussion

A though the results presented have referred only to one particular
design of disc, one may enquire whether they might not be applied more
generally to the problem of thermal stresses in discs. In particular,
two questions arise, Iirstly, it is clear that if h were reduced to a
small value, the thermal strains would be reduced; how far then must h be
reduced to give a significant reduction in thermal strain?  Secondly, is
the difference vetwecn the bore temperature and the mean temperature of
the disc related guantitatively to the thermal stresses at the bore in
any simple, approximate mamer, irrespective of the detailed shape of the
of the disc?

8.1 Liniting value of h

Since most of the temperature drop {rom rim to bore occurs in the
thin part of the disc, we moy liken this to temperature difference along
a bar, heated at one end by a zas, the temperature of which is suddenly
changed., An examination of data?l for transient temperature changes of

his type shows that the maximum transient difference occurs when the
bore is still scarcely changed in temperature, and from the same source
the data required to draw Iigure 16 may be obtained. The curve shows the
relation between moximum temperature difTerence across the ends of a bar
and the factor he/k, where h is the heat transfer coefficient at the
exposed end of the bar, ¢ its length and k the material conductivity.
By taking £ to be the radial length of the thin part of the disc, and by
increasing the rim heat transfer coef{icient by a factor to allow for the
fact that the rim is wider then the thin part of the disc, the maximum
values of the curves of Figure 14 may also be plotted on IFigure 16. The
indications are then that the parameter hé/k must ve reduced to values less
than about 15 in erder to secure worthwhile rcductions in thermal stress
and that in the range 10 > he/k > 0.5 the thermal stress is significantly
dependent upon the value of heat transfer coelficient.

8.2 Correlation between thermal stress and temperature
difference

Tigure 17 is a replot of Figure 10 in which effective strain
(= stress + E) is plotted against one-dimensional thermal strain based on
the difference between bore temperature and mean disc temperature. Other
resultsh for a turbine disc with a small ratio of bore radius/disc outer
radius are given and these likewise show a practically linear relationship
between stress and temperature difference; however the proportionality
between stress and thermal strain is different in the two cases. One
might anticipate that, when the ratic of bore radius/disc radius
approaches unity, the thermal strain would give directly the resultant
stress, so that a correlation of the sort shown on Iigure 18 might be B
Pproposed, However, the inclusion of other points taken {rom calculations®
made for a number of different turbine discs, each with different tempera-
ture distributions, indicates that this does not give an exact basis for
corzelation,
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The theory of thermal stresses(! in circular discs of uniform thick-
ness gives that the elastic thermal stresses at the bore and rim of a disc
are to be calculated from the thermal strains due to the differences in
temperature from the mean temperature of the disc, evaluated on 2 mass-
weighted basis, for any bore/rim radius ratio. Any apvarent correlation
with disc bore/rim radius ratio must, therefore, be associated with other
factors, such as the radial variation in thickness of the disc.

In order to examine the effect of bore/rim radius ratio on the
thermal stress in a disc of varyingz thickness, the calculations laid out
in detail in Appendix I have been made, It is shown that, for a disc in
which the thickness varies inversely as the radius, the ranze of stress
between bore and rim produced by a temperature distribution similar to
that occurring in practicol cases decreases asz the bore becomes a smaller
fraction of the rim diameter. L4 comparison with stresses coleulated for
a number of real discs shows quite close agreement between the stress
range in real cases and in the assumed model. The values are recorded
in Tables I and II,

9.0 Approximate determination of thermal stress

It may be concluded from the preceding section that an avproximate
estimate of the maximum transicent thermal stress at tne bore of a disc,
when subjected to gudden heating at the rim, may be determined rapidly as
follows.

9.1 Uncooled disc, %?-> 20

. ATeas
Stress o~ 4 x B x o x ==~
-
where
ATgas = step change in gas temperature

at the rim

b
|

= o constant dependent upon the
ratio of bore radius/rim
radius (see Pigure 18)

If he/k is substantially less than 20, the above formula will over-
eslimate the stress. In such an instance the maximum value of
(Tmean - Thore), replacing the term Alyas/3 in the above equation, may be
determined more accurately by the graphical construction described in
Section 2.0.

9.2 Cooled discs

Fmploying the graphical constructions descrived in Sections 2,0 to
5.0 the temperature distribution at a time when (Tpean = Thore) reaches a
maximum value may be determinea, This radial temperature distribution
and also the radial form of the disc may then be approximated by equations
of the form



T = KI'Y—1

c/rh

in which the appropriate values of K, y, ¢ and n are determined by trial
as described in Appendix I,

i

y

The thermal stresses at the bore and rim may then be determined
directly from Equation (10) of Appendix I.

10.0  Conclusions

The transient changes in temperature distribution in a compressor
disc resulting from sudden changes in temperature of the air in the com~
pressor stage have been calculated using a well-known step-by-step
graphical construction. A method ol allowing for heat transfer at the
disc face is explained.

In the case of the compressor disc studied, the maximum value of
temperature difference producing strain at the bore (mean disc tempera-
ture - bore temperature) is about one third of the step change in
temperature of the air heating the disc at the rim. Convection between
the air in the space between adjacent ciscs and the disc face reduces
this maximum difference, but if air is allowed to leak through this space
from the compressor anmmulus the temperature dif{erence increases, these
veriations do not exceed *12 per cent approximately.

Results from an electrical analogue are used to extend the range of
conditions covered,  ‘there was good asreement between the analogue
measurements and the temperature distributions calculated by the graphical
method.

A parameter ic given from which it may be decided approximately at
what level of heat transfer coefficient at the rim the thermal stresses
cease to be significantly aflected by changes in heat transfer coelficiert,

By adducing values of thermsl stress calculated elsewhere, it is
shown that the value of the difference between the surface temperatures
and the mass-weighted mean temperature of a disc is related approximately
linearly to the stresses produced at the bore and rim surfaces.

A theoretical calculation for a disc of varying thickness shows
that the stresses produced become less thaa the one-dimensional thermal
stresses as the bore radius Lecomes a small fraction of the rim radius,
A comparison between stresses calculated for real dicce and those of the
theoretical model indicates that the latter are good approximate indica-
tion of the thermal stregss in real turbine discs.
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List of symbols

thermal diffusivity = -é%
specific heat of disc material

specific heat of cooling air
cross-sectional area

acceleration

heat transfer coefficient

height of surface for natural convection
thermal conductivity

length

radius of point on disc face

k 0&
PR

Axy

time interwval

flow rate of air over disc (both faces)
radial interval ef element of disc sector
thickness of disc

interval between ordinates on diagram
kinematic viscosity

specific weight of disc material
temperature

rotational speed

coefficient of themal expansion

£88
sSec

C.hu,
1b OC

C.h.u,

et

1b OC
£12

P12
SEeC

C.h.u.
12 sec OC

£t

Coh,etls
£t sec °C

't
ft
£

se€cC

1o,
sec

ft

ft
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TABLE T

Comparison between thermal stresses calculated
from Bquation (10) and by step-by-step method

Turbine disc with bore/tip radius ratio = 0,1126
Temperature distributions T = KrY~1

. c
Thickness assumed to be as y = 75,58

Ty . =20,200 : 26,070 i -29,450 . =31,250
Equation (10) = . ... L e e é‘“.“ ...... .

.................................................................................................................

T . -19,530 | 26,320 © -29,051 i 30,848
K Step-by-step . : :

Pa L 9,330 | 5,751 : 4,158 | 3,060
:. % error, at rim 243 : 0.8 CL3 : 1.2 j

% error, at bore Lo : 1.6 T N A

Ph stress at rim, 1b/sq.in.
Pa stress at bore, 1b/sq.in,

Error is calculated as a percentage of the total
stresg range obtained from step-by-step method,
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TABLE IT

Comparison between thermal stresses calculated
from Equation (10) and by step-by-step method
for six different turbine discs

Disc Mo, 12 3 L5 ;6

" Radius ratio D = a/b : 0,143 0,100 0,244, 0,254 0.451° 0,115

D L LI T T T P A SR

n 0,875 0.77 0,60 : 0,935 1.0 0.86
Y =1 1.0 1.2 7 3,5 : 0.65 I 4.0 1.0
Py © 466 7.00 10,1 10,3 19.7 5,60
, Equation (10) : : - o TR S
. Pa D410 5048 ka2 10,7 ¢ 3,73 1 b63
o P La6L . 6.63 11.85 10,5 20,52 i 5,60
X Step~by-step C : : '
method : : : :
Pa “le2h - 5,95 7 3,65 M.k - 6,01 1 3.36
' % error, at rim E+O.2 :+3.0 =48 0 =31 g o}
: % error, at bore =16 =3.7  #,7  =3.2 :+8.6 ;+14.2
Pp compressive stress at rim  tons/sq.in,
P tensile stress at bore tons/sq.in.

Error is calculated as a percentage of the total
stress range obtained from step~by-step method,

£
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APPENDIX I

X

Pr B

Notation
radius at disc bhore
radius at disc rim
a constant iny = c/rP
constants of integration
radius ratio a/b
Toung's modulus, stress + strain
a censtant in T = K:CY.‘1
1/m = Poisson's ratio
a constant iny = o/
radial stress
tangential stress
radius
radius ratio r/b

temperature

radisl displacement of a peint originally

at radius r

thickness of disc

coefficient of thermal expansien
indices

a constant in T = KrY"1
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APFENDIX I (cont'd)

Iet us consider the stresses in a stationary disc in which it is
assumed that axial stresses are zero and the thickness y and temperature T

vary with radius.,

The displacement of an element in the disc originally at
is governed? by three equations.

ou Dt
Ear = Pr“"m +E(1T o
b
j3 r m
BI‘ = Pt"‘ - +EO¢.L sse
dpp TP g
- Lt SUN . A
Pr P-t+l d_]:' + y XdI‘ O sew

The radial and tangential stresses py and pt may be found

Equations (1) and (2) in terms of u and r

. —imjfu o du)
pr = mz = 1 <r + m dr) G,T(m + 1) e
B ]
Lm u . du
p.t = m2 . 1 <mr + dr)- G,T(m + 1) *ve

If the thickness is given by y = ¢/r™, then Equation (3)
by substitution from Equations (4) and (5)

a%u du m+n
2 L - s e S——
g+ (1-n)r g —u
m+ 1 r 4T
= ol - m <T dr n) r s

e assume also that the temperature distribution follows
power law

aT

ey

dr

-1

radius r

(1)

(2)

(3)

from

(&)

(5)

becones,

(6)

a simple
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So that Equation (6) becomes

2 du - Cdu mtno mel ol g Y
rdr+(1 n)xdr —u = oK. (y =1 =n)r
s e LI (7)
A solution of this equation is
- B Bz (m+1) (x=1=m) X
u = G r* +C r +m(Y2"'D"n(Ym+D a Kr
LA ] L ) (8)

where B; and B, are the roots of the equation

n+m
0

B°-np- - o=

I

Bl = 2
1
n - (na .l n + m)z
B, = o )

The constants C; and C, may be determined from the two boundary

conditions which are that p,, the radial stress, is zero at the rim and
bore surfaces of the disc.

Pr

That is, whenr =b and r = a, p, = 0,

Uy substituting for u from Equation (8) in Equation (L), we have

,_gEril T C, (1 + T BD rﬁl"l + Gy (1 . 32) rﬁz-—’l .
2
(m - 1) (Y— 1) . G:KI‘Y-"I se oo (9)

m(y2 -=1) ~n (my +1)
#With the given boundary conditions we evaluate G and C; to be

1 (w® - 1) (y - 1) AT A

T 0 f B (P - 1) -nmy + 1) pPife L B OT
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N € ) WU ) B S
T+mpB, m(yY¥* -1) -n(my+1) PP _ B-B

.G’K

By making the necessary substitutions in Equation (5) we find Py

m E Q K ('Y‘ - 1) bY—B2 - aY‘BZ I,Bl'.1

(=) —amy 1) | 7% TETE . _BR

-

5 'bY"Bl - aY-B]tm rB2"'1 (’
Y BeB _ BB !

i
i
>
o
i3
foll
ke
i
H
>

For convenience we write D

nEgK(y—-1).p"" r 4~ pYPe el

m (y? ~—ﬂ~n(mv+1)r‘?’2 4~ P

1~DY—BI i -1 —1
Bros e RET L (y - n) R e eee (10)
1 D|2 1

If we consider a disc of uniform thickness, i.e, n = o, then

B =1 and B, = -1, and it will be seen that m disappears {rom
Equation (10), and it may be shown that, at the rim and bore surfaces, the
stress is given by

E a (Tn ~ Tsurface)

where T, is the weighted mean temperature of the disc

b
/' Tyrde
a.
T, = T
yrdr
a

-)
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If we choose appropriate values for n and v, Equation (40) may be
used to determine the variztion of bhore and rim tangential stresses as the
ratio of bore radius/rim radius is altered. ior the purposes of illus-
tration, the thiclness of the disc has been taken to be inversely propor-
tional to radius, and the radial variation in temperature has been taken
to be proportional to r? and r®, values which cover most practical cases.
m has been taken to be 10/3.

In Pigure 19 the stress range (Pbore - Prim)’ referred to the one-
dimensional thermal stress (E o (Tpim - Tbore)] is shown as a function of

the radius ratio, The values of the same gquantities calculatedts® by the
step-by-step method10 for eight different rotor discs are shown on the
same graph,

The shapes of real discs do not usually follow a simple power law,
and in order to use Lquation (10) we must choose a value of n which
approximates the real variation in thickness by the simple power law,

The method used is to find a value of n which gives a disc of the same
bore/rim radius ratio and with the sume ratio of mean thickness/bore
thickness, For the assumed equivalent disc this ratio is

Ymean _ 2 D .DpP
A T 2-n it -D?

In the case of a disch for which stress calculations had been made with
radial temperatures following a series of power laws, the value ol n was
found to be 0.62, In Taeble I the velues of stress calculated from
Equation (10) are compared with the stresses calculated from the step-by-
step method; the cifferences are not more then a few per cent of the
overall thermal stress range in the disc,

In Table II a similar comparison i: made for six different discs.,
Here the index (y - 1) of the radial variation in temperature has been
chosen so that the assumed temperatures azree with the real ones at the
rim and bore stations (equal overall temperature difrerence) and the
assumed curve has a minirum mean deviation from the real curve, In most
instances, the differcnces between calculated and "resl" stresses amount
to only a few per cent.
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FIGS.5&6
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