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Ln anvestigaticn has been made into the design and £low character-
1stics of a duct sultable for the reoprosentation of a Jet engine in
free flight ground-launched model tests. The earlicr theoretical
work of Young and Winterbottom hae been extendcd to o duct of varying
crosg=section, and thic work has becn supplemented by some vand tunnel
tests,

The theoretical results arc uzed to predact the flov here there
are no internal shocks or geparation in the duct. The wend tunnel
results arc reguired to determine the flow wnoen separation occurs.

In such eczses it 12 found that the jumps ia static pressure in the
region of the breakaway sre in faie ngrecment with the Jumps found by
Bggink in experiments of a relsted nebure. It doos net sppear posaible
to predict the position of the regions of bredkawsoy from the few teste
rnogs,

It is considcred that ot supersonic frec stream Mach numbors the
wnternsl drag can be calculated with fair accuracy, but that at
subsonic Mach nurbears an appreciable uncertaainty may be caused by an
srror in the cstimetion of the statie pressurce on the bisc of the duct,
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1 Introduction

In the free flight ground-launched research progrosmme tests are 4o
be made to measure the drag of models of complete aeroplanes which have
Jet enginea in the body, One of the problems in the design of the
models is the correct representation of the internal flow which implies
that the Mach number at the entry must be the same as occurs full scale,
Morcover the drag associated with the internal flow must be estimoted
in order that it may be subtracted from the measured drag of the
complete model to give the required drag of the oxtermal surfaces.

This nete records the work that has been done on the design of
ducts for the correct representation of the internal flow. The one-
dimensional theory that has been used should give a sufficiently
accurate knowledge nf the flow at high forward speeds, when there is an
appreciable pressure difference across the duct. At low forward speeds,
when the pressure difference is less, the flow in the rear portions of
the duct will breok away, and internal shocks will form. Wind tunnel
tests were made to investigate the naturc of the flow in o particular
case of this sort. The theory, supplcomented by the wind tunnel tests,
enables the flow to be ascertained over the transonic range of forward
speeds for the particular duct considered, and its associated internal
drag has been estimated.

2 Analysis of the Flow in a Duct P
2.1 Theory

The theory that was used for the calculation of the intornal flow
is an extension of that of Young amd Winterbottomﬂ, which was for a
duct of constant cross-sectior, to the case of varying cross-section.
In addition the assumptions mode by Young and Winterbottom regarding
the characteristics of the boundary layer have been medified, as
discussed in detail in para. 2.2 below,

The problem of the internal flow in a duct can not be solved in a
closed form, and the theory aims, therefore, at deriving an expression
for the rate of growth of the boundary layer along the duct; from a
knewledge of which, the various other parameters of the flow can be
determined. .

The momentum equation for the flow at an axial distance x from
the entry is

Ir
ahb
= * % / (p + pué) 2x(r-y)days =0 (2.1)
Yo

where D is the "actual' dreg¥ of the duct from the entry to station x

r is the radius at station x
¥ is the radisd dastance from the wall of the duct

p is the static pressure at point (x,¥)

% The word "sctual" is intonded to indicate that the drag as here
given is the force actually cxperienced by the internal surfaces of
the duct. Care rmust therceforc be oxorclsed when the duct is
considered as pert of a free flight model, since it is conventional
to define the internal drag of such a model somewhat differently,

(See para.k.2)
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P is the density at point (x,y)

u is the velocity at point (x,¥)

The continuity equation is
m = pu 2 x(r-y) dy = constant (2.2)

where m is the rate of mass flow through the duct.

Tt will be assumed that the distributions of density and velocity
across the duct sre uniform except in a boundary layer of thickness 0.
In addition the usual boundary layer assumption will be made, namely
that the static pressure is constant across the boundary layer and
therefore across the duct,

Bernouillits equation for the flow outside the boundary layer may
be written as

2
U +7z—1a =3'2-U1 +.’?_.1.i a4 (2.3}

where U is the veloecity ocutside the boundary layer at station x
a is sonic velocity outside the boundary layer at station x
Uy 1s the velocity at the entry

8y is sonic velocity at the entry
Equation (2.3) may be written in the form
—%-2=1-I:.1M12 (w2 _4 (2.4)
a1 2 \ﬁ“‘:,‘ y
where My = Ua[/ a4 1s the Mach number at the entry.

The condition of isentropic flow outside the boundary layer
enables the static pressure and density to be expressed in terms of the
sonic velocaity as follows

2Y

L.—./E- m 2.5

2 \%) (2:5)
2.

P o (& )y=1
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where p; 1is the static pressure at the entry

P is the density*® ocutside the boundary layer at station x

Py is the density at the entry

From equations (2.4), (2.5), (2.6) we can show that

%E e - PU% (2.7)

The momentum equation (2.1) may be written as

o
/ ou? 2% (r-y) ay

8D - - dp 4.2 ar _ &
Er R R S i
e}
—-QEPU';c(r—é)z—- 4 PU?\:(r-é)21 (2.8)
dx dx *

The continuity equation (2,2) may be wrditten as

§

pu 27 (r-y)dy[ +-& | PUR(e- 82 =0 (2.9)

&
ax

Substituting for %E from equation (2.7) and for

[

-§x_ }‘PU'K (r»—é)z} from squation (2,9) into equation (2.8)

we obtain

L . % PUR (200 - &%) - 2%pr

dx
8 l )
a d

2 5 w{xr- -
- 3= puc 2 w(r y)dyJ + U pu 2 %( rey)dy

g1g

(2.10)

# The notation is that a capital letter (U,P) represents the value of
a quantity such as u,p outside the boundary layer. Since the static
pressure, p, is constant across the duct there is no need to
introduce the Roman symbol P, and thus the identacal Greek symbol P
1s free to be used to denote the value of p outside the boundary
layer.
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Introducing the boundsry layer displacement thickness &% and
momentum thickness ¢ , it can be shown that equation (2.10) can be
expressed in the form

.3 2 s AU dr 2,14
= (2mr PU= 8) + 2%xr PU 3= ~ 2P = (2.11)
where 6%, § are defined by
ad
"
& = / (1- %g-) (1- %)dy (2,12)
Q
O
pu A
ﬁ = — — E _.-I .
PU(1 U) 4 r) ay (2.43)

o

The first two terms on the right hand side of equation (2,11)
represent the drag due to surface friction, and the third term the
drag due to the resolved component of the normal pressures. Expressing
the local surface friction drag as a coefficicnt, cp, based on the
local conditions outside the boundary layer, an alternative expression
for dp/dx is given by

= $PU% 2xr op - 2x I‘p% (2.14)

&8

and comparing equations (2.11), (2.14) we see that cp is given by

cf=2%§+-§(éx+2§) %—xg-l-%z%—i-%z% (2.15)
From equations (2.4), (2.6) we can show that
L& 1 a (2.16)
P dx U dx
and also, from equation (2.3), that
& =%(1 +Y—51M2)% (2417)

where M = U/a is the Mach rnumber outside the boundary layer at
station x,



Writing H = 6%/9 we see that

@ _ 4 48" ¢ ag au
AR I I (2.18)

Substituting for _é_‘i s % from equations (2.16), (2.18) into

equation (2.15), and using equation (2.17) we obtain an equation for cp

5
in terms of the derivatives % s _é_a':; , %i only, as follows
x

2 48" |2 [ 2y eh 28 Y ¥ aH | 4y
fEiE * g o+ (2-)0 "'ff‘("*"'z"Ma @ | &
A
24 dr
+—§_E (2.49)

Using the definition of displacement thickness given by equation
(2.12), the continuity equation ](32.2) may be written in the form

C
m= IE’U’.!\'.I'2 (’I -~ 2 9. ) = B,y 7cr12 = constant (2.20)
T

where ry ds the radius at the entry,

On being differentiated logarithmically, snd using equation
(2.16), equation (2.20) gives

YL 2 ¥ *
1-M7 4y =__£_... a” . &% ax (2.21)
] dx  1<20%7 |dx T | &

We can eliminate ?-_iz between equations (2.19), (2.21) and obtain

an equation for %gc ag follows

¢ dr 28™/r (1-6“/3:-) dr
at® _ (1*Mz>@ °f~ T dx) Y Ik F &
= - (2.22)
1--M2 26¥%r
H + 2
1w 25%/r
Yel )
2 - 2
where F = 1 4+ 2=M -'MG TM/QE 2.2

Equation (2.22) is the required expression for the rate of growth
of the boundary layer along the duct,
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From the continurty equation (2.20), we can, using equation {(2.4),
(2.6), obtain an implicit equation for U in terms of r, 6% as
follows

Yl 2| (U
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2.2 Assgmgtions

In order to apply the theory of para. 2,1 certain assumptions rust
be made sbout the relations between the surface friction coefficient and
the boundary layer thickness. The assumptiona that will be made are as
follows:-

(1) That the flow in the boundary layer is turbulent from
the entry.

(2) That the effects of an axial pressure gradient on the
boundary layer profile characteristics can be neglected:
or, in other words, that the surface friction coefficient
(cr) and the ratios of the boundary layer displacement
thickness and momsntum thickness to the total thickness
(6%/6 and 9/5 ) are the same as for the flow past a flat
plate with the same local conditions cutside the boundary
layer, and the same boundary layer thickness.

(3) That the quantities 6%/0 and ¢/80 are functions only
of the local Mach number outside the boundary layer, and are
independent of Reynolds number,

(4) That for the flow past a flat plate the ratio of the
boundary layer total thickness %o the distance from the
leading edge (6/x) is a function only of Reynolds nuuber,
end is independent of Mach number.

The expressions for 0%/0 and #/86 as functions of lMach number
that will be adopted in accordance with assumption (3) above, will be
those given for a one-seventh power law veloeity profile by Cope and
Watson © and shown in figuwre 1., In Cope and Watson's theory the ratio
of displacement thickness to momentum thickness, H = 8%/¢ ,
increases from H=1.29at M=0 to H=1,72 2t M =1 and to
H= 5307 at M = 2. This variation of H with M 1is a departure
from the assumption of Young snd Winterbottom?, who took H = 1.4 for
all M, but is substantiated by recent oxperimentsd.

The expression for O as a function of Reynolds number that will
be adopted in accordance with assumption (4) above, will be the wéll-
nown law for the incompressible turbulent flow past o flat plateh

] 0037 2.25
~ (2.25)
Rx

Hlc



‘where R, is the Reynolds number based on x.

If we let Cope and Watson's funetion for the variation of ¢/0
with Mach number be £(M), then

—g = () (2.26)

and therefore, from equations (2.25), (2.26) we have

_ G337 (M
= —'—1/-5(*)' (2.27)

Rx

4

For the compressible flow past a flat plate. Since for the flow past

a flat plate cp = 2-%3

= 8.592 £(M
ep = -~——1§§§-l (2.28)

Rx

ond elimnating x  between equations (2.25), (2.28) we obtain

0.462 £(11
Cf = ___?LJ_).. (2.29)
Rée
where Ry is the Reynolds nurber based en &,
In accordance with assumption {2) abowve, it will be assumed that

the fermula for cp glven by eouation {2.29) will =pply in ocur case
of compressible flow in a duct with an axisl pressure gradient.

2+3 Results of Caleulations

By means of the theory given i1n para. 2.1 and the assumptions made
in para. 2.2 we are in o position to dctermine the flow through a duct
of gaven geometry provided that the flew does not bresk away and that
there arc no internzl shocks.

The duets considered were of similar design., They were 30 in.
long with a 2 in. diameter entry., There was an initial parallel
perticn followed by a conical contraction, & throat, a conical
expansion, and finally a short parallel portion, The free flight
mrdel siill be attached to the bhoost by e spigot on the latter which
will it anto the rear end of the duct on the model. The shape of the
rear end of the duct i1s therefore dictated somewhat by the requarements
of the spigot, in particulsr the need for the final parallel partion
and the angle of thc conical expansion. For convenience the angle of
the conical contraction wes mode tho same as the engle of the conical
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expansion, and the throat, which covered a length of one inch in all
cases, consisted of an ore of a sine curve joined to the conical
portions at the points of inflexaon. The curvature was thereby kept
continuous,

The first duct considered, duct A, had a 23 in. diameter exit and
the total angle of the conical portions was 4,52 deg. The drop in
static pressure through this duct, assuming no internal shocks or
sgparation, was over 10: 1, which was too great for the assumption of
no internal shocks to be true in practicc. Accordingly in duct B the
exit diameter was reduced to 2% in., and at the same time the total
angle of the conical portions was recduced to 2,86 deg. The static
pressure dron through this duct was about 7:1, which was still
considered too great., Therefore in duct C the exit diameter was
further reduced to 15 in., but the total angle of the conical portions
was left unchanged at 2,86 deg., The static pressurc drop through this
duct was under Lt :1, which was probably low cnough f'or one to expect
that the internel flow would be frec of internal shocks over most of
the spood range in the free flight tests (Sec para. 4.2).

The ducts were desaigned for an entry Mach number of 0.4, assuming
an entry Reynolds number, based on entry diamcter, of 0.70 million¥,
For the ducts considered this Reynolds number corresponds to free
flight at sea level at a Mach number of 1,1 with a normal shock ahcad
of the entry.

The method of design consisted of assuming the position, and hence
the diameter, of the throat, and then determining the flow by the theory
and assumptions made in paras. 2,1, 2.2 respectively. Knowing the i
values of v, 6™, U, M, etc. at any station x, one can ovaluate d&%/dx
from equation (2.22) and hence obtain the valuc of 0¥ at a station a
short distance further downstream. Knowing ©O* one con then determine
U from equation (2.24), and hence a, p cte. from eguations (2.4),
(2.5) etc. respectively. In this manncr onc con determinc the flow
through the duct by a step-by-step process. If, when one reaches the
throat, the Mach number is not unity, the position, and hence the
diameter of the throat must be adjusted, and the calculations repeated
from the beginning of the conical portion until the throat diameter is
correet for sonic flow within the accuracy adopted (0.0005 in,)

The results of the calculations are given in tables 1, 2, 3, and
are shown in figurcs 3, 4, 5. The main feature of the results
requiring comment 1s the behaviour of* &% and d 8%/ax., Over the
initial parallel portion of the ducts the surface friction causes the
boundary layer to thicken (d 6%/dx positive), although at a diminishing
rate (d 6%/dx decreasing), Upon entering the conical contraction the
eff'ects of the large favourable pressure gradient offset the thickening
effects due to the surface friction and the boundary layer thickness
is reduced (@6%*/dx negative), As the boundary layer becomes thinner,
however, the surface frictional intensity increases, and eventually
predominates just beyond the throat, so that in the conical expansion
the boundary layer agsin beging to thicken (d 6%/dx positive), and
at an increasing rate (4 6%/dx inecreasing). This latter effect is
because the favourable effect of a posisive pressure gradient
diminishes rapidly at supersonic speeds until at a certain Mach
nurmber (M = 1,725 on our assumptions regarding the variation of H with
M, as given by F = 0} a positive pressure gradient causes the

# When referring to the work of Young snd Winterbottom!, it should
be noted that they based the entry Reynolds number cn the entry
radius.
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boundary layer to thicken.

It will be noticed that the boundary layer thicimess is small in
the neighbourhood of the throat, which substantiates to some extent
the assumption frequently made in wind tunnel nozzle design that the
boundary layer starts at the throat, Just before the throat, i.e.
Just as the Mach number approaches unity, it will be noticed that
d 6%/dx ceases to increase for a short distance, and tends somewhat
rapidly towerds - °°, This corrcsponds to dU/dx tending to +o0, as
was found by Young and Winterbottom! when the Mach. number approached
unity. In their problem of a parallel duct choking cccurred, but in
our case it will be observed that the presence of a throat allows the
boundary layer to thicken at the same time as the streamlines expand
upon entering the supcrsonic region - a state of affairs that could
not occur in a parallel duct.

3  Wind Tunnel Tesisz

3 o1 Details

The object of the wind tunnel tests was to investigate the flow in
the conical expansion for vericus base pressures, A partial model of
duct C, consisting of the correct internal shape except for a shortened
initial parallel portion, was rigged in the No.2 5% inch square
supersonic wind tunnel, the space between the model and the tunnel walls
being blocked so that the tumnel acted merely as a means of sucking dry
air through the model. (See figure 6). The model had twenty-four
static pressure holes of 0.0135 in. diameter at axial intervals of a
guarter of an inch along the conical e xpansion from the throat to the
oxit, and arranged on two hclices having an advance of one foot per
revolution, giving an angle of stagger of about 25°, The method of
test consisted of decrcasing the back pressure until the pressure as
measured by a tube near the base of the model was less than one~fifth
of an atmesphere, when the pressures at the holes in the model werc
measured. The back pressure was then increased in stages and the
measurements repeated at each stage., In addition the total pressure of
the air entering the model was measured by o pitot tube upstream of the
model,

The tests were mede during October, 1949, The Reynolds nunber
corresponded to Rg = 0.42 million.

3.2 Results of Tests

The results of the tests arc given in table L., For run No.1, in
which the back pressure was sufficiently low to ensure that there were
no internal shocks or scparation in the duct, the results agrecd with
the caleulations of para., 2.3 (see figure 7), These calculations,
almittedly, were made for the Reynolds number corresponding to the free
flight model, but the effect of the lower Reynclds number of the wind
tunnel tests should not be discernmable, and should, in any case, be
compensated to some extent by the shortened initial parallel portion.
As the back pressure was increased a poant cocurred at which the
pressure at the last static pressure hole suddenly increased, and with
further increases in back pressure the pressure at this hole continued
to increase further, but more gradually, Similar behaviour occurred
at the other static pressure holes in turn, cccording to their distance
from the exit. The resulting pressure dlstribution for various back
pressures is shown in figure 7 for o representative selection of runs,
For a certain distance the pressures were, of course, essentially the
same as occurred in run No.1, when minimum back prcssure was applied.
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at a more or less definite point a sudden jJump in pressure occurred, the
pressure then continuing to increase to the exit™. From this type of
pressure distribution one infers that some type of breskawsy and its
agsociated shock moves progressively upstream from the exit as the
applied back pressure is increased.

The first analysis of the experimental results that was made
consisted of estimating the position of ihe breakeway from the pressure
distributions, which could be done to within about 0.1 in. and plotting
the position of this breakaway against the static pressure on the base,
as shown in figure 8. It will be seen that the points lie on a smooth
curve, and the positions of the breakaway as given by this curve have
been used in subsequent caleculations.

As regards the mechanism for deciding the rate at which the break-
away moves up the duct, when the static pressure on the base, y 18
equal to the static pressure at the exit for shock~free internal flow,
the flow out of the exit should be straight, with no tendency for the
Jjet to contract or expand., For duct C this corresponds to PB/&H = 0,229

(seec table 3). As the base pressure is incroased abeve this velue
shocks will occur at the exit, contrecting the jet, bub not affecting
the flow within the duct. Theoretically it is possible to satisfy the
boundary conditions at the exit, without affecting the internal flow, by
postulating progressively stronger shock formations, until the ratio of
the static pressure on the base to the static pressure at the exit is
equal to the ratio across a pnormal shock at a Mach number corresponding
to that at the exit for shock-free internal flow. For duct C this
corresponds to PB/ p, = 0.727. For higher values of pp/pj 1O

theoretical solution is possible that does not involve a change of the
flew within the duct., However, the strong shock formations required
For high values of pB/p1 sre not realised in practice, owing to the
boundary layer on the walls of the duct being unable to stand the
pressure jumps involved. If the static pressurc at the exit is po, then
at a certain value of the ratio ppfp, the boundary layer will break
away just inside the exit. 4s the base pressure is increased further
the position of the breakaway will move up the duct., Now Eggink® has
shown that at Mach numbers somewhat higher than occur in our problems,
the maximum pressures Jump duc to a shock that o boundary layer can
stand without breaking away is given roughly by

t
%; =1+ 0.25 47 (3.1)

where p' is the static pressure behind the shock. In our problem
the Mach number outside the boundary layer at the exit when therec are
no internel shocks or separation i1s My = 1.692 (see table 3).
Equation (3.1) would indicate, therefore, that a breakaway would be
expected to move inside the duct when the ratio pp/b, = 1.743,

corresponding to pB/p1 = 0,399. In point of fact figure 8 shows that
it actually storted to move 1nside the duct when pB/b1 = 0,420, so

that there is feir asgrecment with Eggink's resulis. Moreover, the
position of the breskaway for various base pressures has been
established in figure 8, and, since the measured pressure distribution
when there are no internal shocks or separation agrees well with the

# The static pressures measured on the bhase have been plotted as
though they occurred at the exit station (x = 30 in,) It will be
seen that they fit in feirly well with the static pressure measured
at the internal static pressure holes.
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theoretical calculations of para. 2.3, we can accept the theoretical
Mach number distribution given in table 3 and figure 5. We can,
therefore, calculate the jump an static pressure to be expected at
each position of the breakaway according to equation (3.1). These
calculated jumps are shown in figure 7, and it will be seen that the
results fair inrecscnobly with the measured results, No sudden jump
occurs in practice, of course, the static pressure actually rising
steeply for an axial distance of about half an inch.

We conclude, therefore, that the experimental results can be
explained fairly satisfactorily in terms of theory and earlier
experimental results. No satisfactory method of predicting the pressure
distribution due to the complex flow behind the position of the break-
away has been found, so that the application of the wind tunnel results
is limited to ducts of similar geometry aft of the throat to that
investigated here.

4  Application of Theorstical and Experamental Rosults to
Free Flight Experiments

The theory of the flow in a duct has been investigated in para.2,
and the wind tunnel tests described in para.3 show that, provided the
cxternal conditions are such that no internal shocks or separation
occur, the results of the theory are borne out fairly well experimentally,
The wind tunnel tests indicate, in addition, the pressure distribution
at the rear of the duct 1n cases when the external pressure at the exit
is sufficiently high to cause the flow to breakaway before the exit.
It is now necessary to match up the internal flow results with the
external conditions that will occur in free flight, and to calculate
the internal drag of the duct for various free flight speeds.

4.1 Matching up ef the Internal Flow with the External Conditions

The conditions at the entry are relsted to the stream conditions
occurring in free £flight by the equation

[ v T
T"’I L% P Y"";
1+ —-2 Jdo

B4 P41
—— I .1
Po  Pio | 1. Y_51M12 (4et)

where M, 1s the Mach number in the free stream
P, 1s the static pressure in the free stream

is the total pressure in the free stream
Pyq is the total pressure at the entry

At subsonic flight speeds, of course, the ratio Pt1/@to is unity, but
at supersonic flight speeds the ratio was assumed to be given by the
ratio of total pressure across a normal shock at Mach number WM,. The
veriation of P1/b0 with M, and My 1is ghown in figure 9. The enfry

Reynolds nunber, based on the entry dizmeter of 2 in., can, in a similar
menner, be sxpressed in terms of M, and My and is shown in figure 10.

The Reynolds murber of the calculations and of the wind tunnel tests are
sufficiently near to those that will occur in flight to make the
theoretical and experamental results directly applicable.
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Consider now conditionsg at the exit. At sufficlently high forward
speeds the flow in the duct will be free from internal shocks and
separation, as was found in para. 3.2 for sufficiently high suctions.
As the forward speed is reduced, however, the static pressure at the
exit, po, which is given by

P2 By Pq

Py Py Pg (4.2)

will decrease, owing to the decrease in p1/ib as M, decrcases

{(see figure 9). At some forward speed, therefore, the type of flow in
the duct will change, and the wind tunnel tests indicate that a break-
away will occur Jjust inside the exit, and, as the forward speed is
further reduced, this breakaway will move up the duct. In the wind
tunnel tests the position of this breakaway depended upon the static
pressure on the base of the model, Pgs and we shall, accordingly,

assume that in £light also the position of the breakaway is related to
the base pressure. The estimation of the base pressure to be expocted
in free flight is, however, difficult, and represents the weakest link
in the chain of information necessary to estimate the intermal flow

and drag of a ducted body in flight, A certain amgugt of information
exists on the base pressure on shell-type bases,”: ! but the ducted body
considered here will have an anmular base and a boat-tailed afterbody,
and the width of the anmulus is likely to be of the order of a quarter
of an ainch, Owing to the paucity of information on the static pressure
likely to occur on the ennular base of = boat-tailed body we can at

the present time do no better than make the best use of the information
given in references 6,7. Any effects of boat-tailing will be ignored
and the variation of BB/PO with M, that will be assumed to occur in

free £flight is therefore given in figure 11, and in view of the
probable unreliability of the assumption, the effect of errors in
Pp/p, of ¥ 0.1 will be investigated.

4.2 Calculation of the Internal Drag

The internal drag of the duct will be defined as the negative of
the usual definition of the nett thrust of a jet engine, as follows

ro
2
D, =n U, - f (pu” + p=py) 27 (r, = y) dy (443)
0

where U, is the velocity in the free stream, and the integration is
made across the exit, where the radius is rp. Using equation (2.1) we

can write zquation (4.3} in the form

£
2 2 2
Dy =nmU, + Py RTp  + /% dx - (ByU;" + py) Ty ey
o
where £ is the length of the duct.
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Let us now assume that a breakaway occurs in the duct at a dlstance
&, from the entry. The integral in equation (44) may be written as

£ Eb &
aD db dD

In the first integral on the right hand side of equation {(4.5) we se
the expression for dD/dx given by equation (2.11), which applies when
the flow is of & one-dimensional character as assumed in the theory of

para. 2.1, and we obtain

dD o 2 au dr
fb&- dx = /’&b = (2rr PU" 6) + 2%r PU &F = - 2re & (4.6)
o o

Substituting for »¥% from emeation (2.20) and using equation (2.7) the
integrand in equation (4.6) becomes a perfect differential, and we obtain

£
b
2 2 2
f %.?t dx = 2mry py B ° 6, ~ (pb Ar, 4 m Ub) + (p1‘JT,1 + m U1> (&.7)
Q

where 1, is the radius ot the position of the breakaway
is the static pressure at the position of the breakaway

P, 1s the density outside the boundary layer at the position
of the breakaway

U,  is the velocity ocutside the boundary layer at the position
b of the breakaway

¢, 185 the momentum thickness of the boundary layer at the
position of the breakaway

In the second integral on the right hand side of equation (4.5) we use
the general expression for dD/dx givea by equation (2.14) and obtain

£ £

= PU2 2rr cp = 2|TD % dx (4.8)

18
&

b Yy
)

Substituting for / % from equations (4.7), (4.8) and for m
o

from equation (2.20) into equation (4.4} we cbtain

1 6m



] 245 - 2 ’
Dy = 27wy B, 1" 8y = Py Uy (U, = U ) =y + (py = pp) %ry

¢ 2 k2 2
+ 3 PU“27%r op dx + " dp (4e9)

<p Py

When there is no breakaway within the duct equation (4.9) reduces to

2

2 2
Dy = 2rry ByUp By = By Uy (Up = Up) xy® + (0o = P2) 7ir, (24.10)

where P, is the density outside the boundary layer at the exit
U, is the velocity outside the boundary layer at the exit

¢, dis the momentum thickness of the boundary layer at the cxit

2

The internal drag ef duct C was now calculated in the following
manner. The wind tunnel tests indicate that there will be no hreak-
away within the duct as long as PB/PH < 0,420 (see figure 8). From

the values for Pps P4 given in figures 9, 11 we see that this

corresponds to a free stream Mach number M, » 1.08. For M, » 1.08,

therefore, the internal drag was caloulated for given free stream and
entry conditions from equation (4.10), the theoretical results given
in table 3 and figure 5 being used to determine the conditions at the
ecit, For M, < 1.08 equation (4.9) was used, The theoretical
results were now used to determine the conditions at the position of
the breakaway, and the wind tumnel measurements of static pressure
given in table 4 and figure 7 were used to evaluate the second
integral in equation (4.9). In the sbsence of any knowledge of the
skin friction behind the position of the breaksway the contribution due
to the first integral in equation (4.9) was ignered., Its contribution
is likely to be small, and would in fact be zero should therc be a
dead water region behind the breakaway, so the error in neglecting
this term is not likely to be seriocus.

The resulis of the calculations are shown in figure 42, and the
effects of moking different assumptions regarding the static pressure
on the base are slso shown, The £low was sonic at the throat of the
duct for all the cases investigated, It will be noticed that an crror
in the estimation of the static pressure on the base will not affect
the internal drag of the duct at supersonic free stream Mach numbers,
but that at subsonic Mach numbers an appreciable uncertainty may be
intreduced.

5 Conclusions
The flow in a duct has been investigated theoretically for the
case when thers are no internal shocks or separation, and the results

have been confirmed by wind tunnel tests. The wind tunnel tests also
show the nature of the flow when a breakaway occurs before the exav,
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and the jumps in static pressure in the regions where the breakaway

occur are in fair agreement with the jumps found by Eggink in experi-
ments of a related nature. It does not, however, appear possible to
predict the position of the regions of breakaway in the general case.

From the results, both theoretical and experimental, the internal
drag of a particular duct has been calculated. It is considered that
at supersonic frec stream Mach numbers the calculated internal drag
can be accepted with confidence, but that at subsonic Mach numbers an
error in the assumption as to the static pressure on the base of the
ducted body may introduce an apprccisble uncertainty in the calculated
internal drag., Nevertheless the methods developed appear to be
suitable feor the preblem of estimating the internal drag of free flight
models,

LIST OF SYMBOLS

a sonic velocity outside the boundary layer at station x

2y sonic velocity at the entry

Cp local surface frictaon coofficient

D "actual" drag of the duct from the entry to station x
(See equation(2.1))

D; internal drag of the duct (See eguation (L.3))

F function of M defined by equation (2.23)

£ function of M defincd by equation (2.26)

H 5%/ 9

£ length of the duct

N distance of the breakaway from the entry

M Mach number outside the boundary layer at station x

Mp Mach number in the free stream

My Mach number at the entry

Mo Mach nunber ocutside the boundary layer at the exat

m rate of mass flow through the duct
P static pressure at point (x,y)

Po static pressure in the frec stream
Py static pressurc at the entry

Py static pressure at the exit
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LIST (F SYMBROLS (contd,)

static pressure at the pesition of the breakoway

static pressure on the base

static pressure behind a shock
total pressure in the free stremm

total pressure at the entry

kinetic pressure in the froe stream {= % Po Uoz)

2U1I‘1
entry Reynolds number | = -
1

Reymolds number based on x (_—. Ec')

Reynolds number based en O (.-_-, ..f:@)
v

radius =t station x

radius at the entry

radius at the exit

radius at the position of the breskaway
velocity outside the boundary layer at station x
velocity in the free stream

velocity at the entry

velocity outside the boundary layer ot the exit

velocity outside the boundary layer at the pesition of
the breakaway

velocity at peint {x,y)

axial distance from the entry

radisl distance from the wall of the duct
ratio of the specific heats, taken as 1.40
thickness of the boundary layer at station x

displacement thickness of the bourdary layer at station x
(See equation (2.12))
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LIST OF SYMBOLS (contd.)

momentum thickness of the boundary layer at station x
(See equation (2,13))

momentum thickness of the boundary layer at the exit

momentum thickness of the boundary layer at the position
of' the breakaway

kinematic viscosity outside the boundary layer at
station x

kanematic viscosity at the entry

density cutside the boundary layer at station x
density in the free stream

density at the entry

density outside the boundary laycr at the exit

density outside the boundary iaycr at the position of
the breakaway

density at point (x,y)
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Semi-~angle of conical portions = 2,26°
Re

Ma} = OOLF

TABLE 1
Duct A

Results of theoretical calculations
Exit diameter = 23 in.
1,604 in, diameter throeat at x = 19,31 in.

—

= 0,70 million

No internal shocks or separation
(See figure 3)

arctan 3/76

=

% (in)| r (in.) 6(un) 6®an) | ¢ () %}% cp U/u, | u p/p1

0 1 0 0 0 - oo 1 Lol 1
1 1 10.029 | 0,004 | 0.003 | 0.00299|0.00442! 1.008| 0,403 0.997
2 1 1 7.0485| 0.0065| 0,0055| ©.00257|0.00388] 1.017|0.407| 0.996
3 10,067 | 0,009 |0.0065| 0,00233|0.00357|1.023|0.440] 0.995
I 1 ]0.085 | 0.,0115/0.008 | 0.00219}0.00335| 1.030{0.442| 0,993
5 1 10,1005 0.0135| 0.0095 0.00207]0.00%21}1.035} 0415 0,992
7.5 1 | 0.137 |0.0185/ 0,013 | 0,00181|0,00296| 1.0i8{0.420{ 0,950
10 1 | 0.1665|0.0225/0.016 | 0,00167]0.00284]1.059|0.424] 0. 987
12.5 4 10,197 | 0.0265/0.019 | 0,00155!0.00269| 1,070 0,429] 0.98%
4421 1 | 0.24650,029 {0,024 :8:88133 0,00263}1.,077| 0,432} 0,982
15 | 0,965/ 00,1875} 0.025 {0,018 |=0,00449|0,0026711.164]0.469] 0,960
16 | 0.925|0.1555| 0.0205/0.015 1=0.00409|0.00273|1.292|0.524| 0.926
17 10.886/0.126 |0.0175/0.012 |~0.00369|0.00280!4.450{0,590| 0.882
18.5 10.827/0.082 {0,012  {0,0075 [~0.00368|0.002941.82610.759| 0.762
18,81 | 0.815/0.073 |0.011 {0,007 |-0.00L59]0.00297!1.971|0.828| 0.712
18.98 | 0.809!0.0685|0.010%|0.0065 |-0.004:80|0.00299| 2.065|0.673| 0.679
19.14 | 0.804{ 0,061 |C.0095|0.0055 |~0,00382 [0.00301 |2.186{0.933|0.636
19,48 {0,804 0.053 |0.,0085|0,0045 =0,0025710,00305 | 2,481 11,086 0,531
19,64 | 0,809|0,049 |0.008 |0.0045 (0.00110{0,0C30812,616]1.160| 0,485
20 |0.822|0.047 |0.008 |0.00L [+0.00072}0,0030612,79811.265| 0,422
20,5 |0.842]0.049 ]0.009 |0.004 | 0.00169]0.00298/2,9791.377|0.362
217 10.861/0.0525{0,010 |0.0045 | 0.00208|0,00290|3.109 [1.463]0.321
22 10.901|0.059510,012 |0.005 | 0.00256|0.00276|%. 314 |1.606] 0,260
2 ]0.980|0.0805|0.018 |0,C065 | 0.0030110.00251 |3,59811,831|0.186
26 11.059]0.102 [0.024 |0.008 | 0.00%30]0.00233|3.799!2.012|0.140
28  11,138]0.1225]0.031 10.009 | 0.00%59|0.00220 3,953 2.168|0.110
29,25 | 1487510.136 |0.0355(0.010 g'ggggg 0.0021214.03, |2.258| 0.095
30 |1.16750.147 [0.0385/0.011 | 0.00357|0.002084,029 {2,254 0,096
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TABLE 2

Duct

B

Results of theoretical calculations

Exit diameter = 24 in,

1.605 in. diamster throat at x = 18,67 in.

Semi~ongle of conical portions

M1:

O.l‘.

14430

R, = C.70 million

No internal shocks or separation
(See figure 4)

arctan 1/40

x(in)l ©Gn) | o) (6% @) o)l L7} op | U ¥ | o/py
o' 1 0 0 0 co oo 1 Ouk | 1
1 1+ 0,029 |0.004 [0.003 | 0.,00299|0.00442|1,008]0,403| 0.997
2 1 | 0.0485| 0,0065|0.0045! 0,0025710,00388|1.017|0.407| 0.996
3 1 10,067 | 0.009 |0.0065 0,00233| 0,00357|4.023| 0,410, 0.995
L 1 | 0.085 | 0.0145,0.,008 | 0.00219]0.00335|1,030| 0.412] 0,953
5 1 10,1005 0,013%510.0095! ©,00207|0.00321} 1,035| 0,415 0,992
7.5 1 10.137 | 0.0185(0.013 | ©.,00181|0,00296{ 1,048} 0,420( 0.930
10 1| 0.1665|0.0225(0,016 | 0.00167]0.00281]1.059| 0,424 0,987
10459 1 [0.176 |0.,0235 (0,017 fg:ggi?ﬁ:o.ooz77 1,061 |0.425}0,986
11 0.990 | 0,168 {0,023 [0.016 |-0,00170}0,00279|1.090} 0,438 0,978
12 0.965 | 0,154 10,021510.015 | =0.00153]0.00281!1,155{0.465|0.963
13 0,940 | 0,1435|0.020 |0,0435! =0.00151{0.002821 1,232]0.497{ 0, %2
1k 0.915 | 0.131 |0.0185|0.0125|=0,001L6 |0,00283{14321|0.535| 0,919
15 0.890 | 0,119 [0.017 [0.0115|~0.00142|0,00285|1.423|0.578] 0,891
17 0.840 | 0,095 |0.013510.009 |=-0.00167{0,00288}1.723{0.712| 0.797
18,17 | 0.8105 0.073 |0.011 10,007 |=~0,00313|0,00291|2.050|0.866|0.685
18,34 | 0.8065 0,069 |0,0105 10,0065]=0,00368|0,00296|2,13910,909| 0,653
18,50 | 0.8035 0.06k [0,010 (0,006 |1~0,0037810,00298|2.245{0,962] 0,616
18,8 | 0.8035 0.055 |0.009 |0.0055|=0,00179]|0,00303| 2,451 ]41.070| 0.542
19.00 | 0.8065 0.054 |0.009 [0.005 |=0.00122|0,00302{2.541[1.419|0.510
19,47 | 0.8105| 0.0525| 0,009 |0.0045|+0,00001{0.00302]|2.633|1.170| 0479
20 0.831 | 0,053 |0.0095|0,0045| 0,00183|0,002942.878|1.314] 0,395
21 0.856 | 0,063 |0,0115!0.0055 0,0021910,00278|3.07511.440] 04331
22 0,881 | 0.0705/ 0,014 10,006 | 0,00237/0,00268 3,217 1.537| 0,288
25 0.956 | 0,100 |0,0215]0,008 | 0,00266|0.00240] 3,502{1.751| 0,210
28 1.034 | 0,428 |0,030 [0.010 | 0,00292|0,00222| 3.713(1.931|0.158
29,25 | 1,0625]0.1415(0.0335 D.014 8:38%32 0,00215]3.782(14996| 0,143
30 41,0625 0.1505( 0,036 [0,0115| 0.00317C.00211| 3.777|1.992| 0. 144
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1.609 in, diameter throat at x
Semi~angle of conical porticns

TATLE 3

Duct C

Results of theoretical calculations
Exat dlameter = 1§ in.

M-l = G'L}-

=

1e43°

23.75 in.

=

R = 0,70 miliion

No internal shocks or separation

{See figure 5)

arotan 1/40

L)

x (in) r (i)l 6Gn) [6™6En) | o(in) %.x@ oo v, M| B/

0 1 0 0 0 oo 00 1 Ouls 1
! 1 0.029 [0.004 10,003 | 0,00299|0,0042] 1.008] 0.403| 0.997
2 1 0.0485{ 0,0065|0.C0L5| C,00257|0,00388]1.017! 0407 0,996
3 1 0,067 {0,009 |0.0065( 0,00233] 0,0035711.023; 0.410] 0,995
L 1 0.085 | 0.0115[ 0,008 | 0.00219 0,00335[1.030; 0412 0,993
5 4 01005} 0.0135] 0.0095] 0,00207] 0,0032111.035] 0,415 C.392
7.5 1 0.137 {0.0185{0,013 | C.00187]0,00296|1.048]0.420 0,990
10 1 0.1665[0.0225| 0,016 | C.00167{0,00281|1,059; 0424} 0.987
12,5 1 0197 [0.0265[0.,019 | 0.00155[0,002691{4.070! 0.429| 0.984
15 1 0,225 |0,0305| 0.0215| 0,00146]0,00260|1.080| 04433} 0.961
1575 | 1 | 0.2325/0.0315|0.0225 +g-gg;g§ 0,00258{1.083| 0.4 3k4| 04981
17 0.969 | 0.205 {0,028 | 0.0195]~0,00262|0,00261!1,162{0.,468| 0,960
20 0.89 | 0.1475{0,021 | C.01L {~0,00217[0,0027011.425|0,580| 0,889
22 0,84 |0.1155]0,0165| 0,011 |~0,00240|0,0027511.717|0.709;C.798
23,25 | 0.8425|0,08351 0,0125| 0,008 |-0,00389{0,00285:2,058)0.870]{0.682
23.42 | 0,.8085|0.0795[0,012 | 0.0075|=0.00416|0,00286 |2.128i0,904] 0.656
23.58 | 0.8055] 0,0745]0,0115! 0,007 |=~0.00348]0,00288(2.222|0,951;0.624
23.92 1 06,8085 0,0645]0.,0105] 0,006 [=0.00219{0,00291 |2.46611.078i 04536
24.08 | 0.8085{0.0615]0,010 ! 0.,0055|~0.,00154{0,002922,55811.128]0.505
24,25 | 0.8125]/0.0585]/0,010 | 0.005 |~0,00026]0.0029312.646(1.177|C.4L74
24.5 |0.819 [0,057 {0.010 | 0,005 |+0,00083|0,00293 (2,743 44233| Oakl
25 0.831 |0.0595]0.0105| ©.C05 | 0.00146(0.0028712,867|1.307|0,.399
26 0.856 |0.0645]{0,0125|0,0055| 0.00207|0,00277 |3.060!1.43110.336
28 0,906 |0.0835|0.017 { 0,007 | 0.,00240|0,00254 [3,31414.606[0,260
29.25 | 0,9575|0,0945(0,020 | 0.0075| 9+0025% 000244 3435 1,697 |0.228
30 0.9375/0.1045!0.,0225! 0.0085; 0,00308{0,0023813,429(1.692|0.229
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TABLE 4

Duct C - Wand tunnel measurements of static pressurc in the conical cxpansion,

The positzon of the holes arc given as axial distances, x, from the catry of
the complete duct, so that x = 30 an. rcfers to the cxit.
Th= static pressures are expressed as multiples of p,, the static pressurc
at the entry of the complete duct for the casc M, = 044: 1t 18 rclated to the
total pressure at the entry, ptq, by the rélation pty = 1.117 Py

(sec figure 7)

X Run No.

(an)} o 3 L 5 6 7 8 9 10 11 12 13 14 15 16

23.751 0.587 0,606
2 0.521 0.599
2,25 0,485 There there is no cntry the C.651
2h.5 | 0.462 measurcments were sensibly 0.684
24.75| 0.427 the some as for run No.l 0,427 | 0,707
25 | 0.397 0.3971 0.401| 0.726
25.25| 0,389 0.5311 0.58L | C.742
25.5 | G.380 0.380 | 0,380| 0.622} 0.640! 0,758
25475| C.543 0.351 | 0.505]| 0,654, 0.668} 0,768
26 0.336 0.336| 0.526 | 0.583| 0.682| 0,69, | 0,782
26.25| 0,326 | 0.426) 0.57k | C.614( 0.701] 0,711} 0,793
26.5 | 0.301 0,301} 0.301| 0.514| 0.590 | 0,627 0.708] G.717| 0.79%
26.75| 0.293 ! 0.312 0.536| 0.547| 0.616 1 C.6531 G.722! 0.730! 0.803
27 0,294 ! , 0.29h ) 0.486| 0.498! 0.581| 0.645 « 0.677| C.74k| 0.7521 0.816
27.25  0.287 ! 0,287 | 0.287 | 0.445] 0.519! 0.529! 0.,60%4| 0.668 0.696| 0.759| 0.766| C.828
27.5 0,273 | . 0.273] 0.289 | 0.L39 1 0.496] 0,542 0.552] 0.627| 0.686 | 0.7131 0.770| 0.776 | C.53%5
27.75 0,263 | 0,271y 0.432 | 0.479 1 0.519] 0.566 | 0.574 0.648| 0.703 | 0.728} C.780| 0.786 | 0,344
28 0,26k 0.264, 0.4211 0.473 | 0.501 | 0.559| 0,58k | 0,593 0.668| 0.718 | 0.743| 0.792| 0,798 | 0.853
28,25 0.257 0.257| 0,260 0.459! 0.i:92 | 0.520 | 0.558| 0.604 | 0.612] 0.683| 0.732 | 0.754| 0.799| 0,805 0.858
28.5 | 0,25k 0.258| 0.396, 0.479| 0.511 | 0,538 | 0.575! 0.619 0.629| 0.698| 0.742 . 0.762| 0.805| 0.809| 0.860
28,75 | 0.2hh | 024 |0, 390 | D434 0.L97] 0,531 10,558 | 0,596, 0.640 | 0.648] 0.716| 0,756 | 0.776| 0.817| 0.822} 0.871
29 | 0.236| 0,288 0.428| 0.456 0.509| 0.547 | 057k | 0.612 0.655| 0.666| 0.728| 0,766+ 0,78, €.823| 0.828' 0,875
29.25 | .23 1 298 1044k | C.475) 0.552) 0.5%0 | 0.598 | 0.651| 0.673| 0.683 0744 | 0.775: C.796 | 0,832 0.857 | 0.883
29.5 . 0.241 | 0.1,20/0.460 | 0.489| 0.549| 0.582 | 0,608 | 0.6k | 0.680| 0.6951 0.748| 0.782 | 0.798| C.833| 0.837 | 0,883
base 0.420 . 0.45510.496 | C.52 | 0.582| 0.612 | C.636 | 0,666| 0.702 0.708! 0.7561 0,785 | 0,800| 0.834' 0,837 0.£80
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VARIATION WITH MACH NUMBER OF THE QUANTITIES H & F FOR A
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BASE OF THE PARTIAL MODEL OF DUCT C.
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