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SUMMARY --II_- 

A description is given of wind tunnel experimental investigations 
of rotational flows through diffus'ers and contractions. The purpose of the 
investigations was to test the accuracy of a theory previously derived for 
two-dimensional plane walled diverging or converging ducts and of actuator 
&SC theory for conid snnuli. Conical flow tests wers made in one case 
with a free vortex blade row of large deflection. Otkier tests were made 
with an sxlal compressor inlet guide vane nozzle generating a small 
swirling velocity dzstribution close to solid rotation. Particular 
attention is drawn to the separate influences exerted by two vortioity 

. components originating from gradients of stagnation pressure and of fluid 
angular momentum. 
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1. &rtroduction 

The fluid dynamic design of an axial turbo-machine requires the 
solution of three main problems. In the first stage the energy transfer 
process between the working fluid and the rotor is specified for each 
streamlme. This involves the specification of stagnation pressure or 
enthalpy along each streamline and in consequence the distribution of 
fluid angular momentum. It is necessary here to assume a streamline 
pattern. For example, the potontinl flow streamline distribution which 
can be computed for the annulus with the blades removed is usually taken 
as the starting point. 

In the second design stage the centrifugal balance of the fluid 
is calculated for the specified distributions of stagnation pressure and 
fluid angular momentum. If gradients of these quantities exist normal to 
the assumed z&symmetric potential flow surfaces, the flow is in fact 
rotational. The stream surfaces of revolution then depart slightly from 
the potential flow surfaces computed in Stage No.1. The velocities thus 
calculated are of second order of accuracy for first order rotational 
perturbations which is quite good enough for practical purposes. If, on 
the other hand, gradients of' stagnation pressure and fluid angular 
momentum are zero normal to the stream surfaces of revolution, the flow 
is irrotational and design Stage No.2 is not required. Among the available 
analyses the most successful for ax'al flow machines are radial equilibrium', 
actuator disc2 and single parameter 4 theories. With these theories it is 
possible to estimate the axial velocity profiles which for all cases except 
the rotational or free vortex case, are non-uniform. With this information 
it is then possible to construct the correct velocity triangles. 

The third design stage consists of the selection of blade cascades 
which are aerodynamically suitable for producing the correct velocity 
triangles. 

This paper is concerned mainly with experimental investigations 
of the radial balance of swirling fluids in conical annuli, in connection 
with the second design stage. The development of actuator disc theory for 
cylindrical annuli* can be traced through Refs.3 to 7. A fair volme of 
supporting experimental work has been undertaken in parallel which has shown 
the accuracy of the theory, for example, Refs.8 and 9. The present project 
has been conoerned with the extension of actuator disc theory to 
non-cylindrical ducts. As a first step the flow through two-dimensional 
plane walled diverging ducts was considereal and also the non-swirling flow 
through conical annuli. These systems correspond to the flow from line and 
point sources, respectively, with the introduction of rotational velocity 
perturbations. The conical theory was then extended to inolude swirling 
velocity components and a conical actuator disc theory was developed12. 
In parallel with these theoretical studies the present paper sets out to 
present an experimental investigation of both stages of development of the 
theory. Section 3 describes the two-dimensional plane walled duct 
experiments. Sections 4 and 5 describe various conical duct experiments 
designed to bring out some of the more interesting results of the theory. 
In particular, these experiments have been arranged to illustrate the two 
types of vorticity which are found In incompressible flow arising from 
gradients of stagnation pressure and fluid angular momentum normal to the 
stream. 

In the section which follows, some of the fundamental background 
theory is given. Equations giving the actual theoretioal predictions in 
terms of the experimental duct geometries are included in each section for 
reference as well as for illustrative purposes. The detailed derivation 
of some of these equations is included in Appendix II. 

2. Fundamental Back-2 

The fluid is assumed to be inviscid and incompressible. Ihe 
further assumption is made that the flow is sxisymmetric, for which case the 
continuity equation may be written in cylindrical co-ordinates 2, R, 8, , 
Fig.1 as follows: 



From this equation Stokes' strem functxm $ may be defined 
such that 

a$ '\ 
UR = -- 

aR ! 

3 

I 

. . . (2) 

w 
VR = -- . 

1 az 

The tangential (0) component of vorticlty is defined as 

av au 
q = --- .*. (3) 

a2 aR 
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au av v 
-+-.I.- = 0. 
a2 aR R 

. . . (1) 

whhlch, 0n substitution from (Z), glvcs an equation relatmg $ 4~ 11 

aaJr I a$ a2* 
--m---+-w = qR. 
aR= R aR aZa 

AILSO s~.nce $ is a function of R and Z only 

. . . (4) 

a* a$ dx aJr az 
= -.-+-.- 

dt 3R at az at 

or for steady flow usxng equations (2) 

aJr a* 
v--+u- = 0. 

aR az 
. . . (5) 

In veotor notation we have 

q . grad Jr = 0 . . . (5a) 

whloh states that the gradient of I# 1s normal to the velocity In the Z, R 
plane. In other words 4 is constant along each streamlIne. 

It 1s possible to deduce aJxo4~'3 from the equations of motion ad 
easy to vz%s.lise that III the absenoe of blade forces the fluId total 
pressure p. and awular momentum about the axu (wR) will both be conserved 
along streamlines. 

PO' 
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PO = fi ($1 

wR = f, (‘$1 . 
a.. (6) 

Another important equation, derived by Bragg and Hawthorne' relates 11 to 

PO and (wR) 

a(@) R +o 
r = w-------- . .*. (7) 

w P a* 

All of these derivations are dealt with in more detail m Ref.13. 

Equation (7) states that gradients of (wR) and p, normal to 

the streamlines correspond to the exlstenoe of two components of the 
tangential vorticity n. It has also been shown in Ref.13 that these 
components are quite distinct from one another. The first 1s known as 
streamwise vorticity and originates from the shedding of blade bound 
vcrticity into the stream with the vector direction of the velocity. This 
vorticity resolves into axial, radial and tangential components. The 
seoond component of n, due to gradients of pc, is known as smoke-ring 
vortiolty because it forms closed rings concentric with the machine axis. 
The streamwise and smoke-ring vorticities are illustrated in Fig.2, 

If derivatives of p and (wR) normal to the streamlines are 
zero, n is zero also and theoflow is irrctational as mentioned in the 
introduction. 

Equations (6) and (7) may now be combined to give 

where 1"; and F2 are functions of $ and we related to derivatives 
of (wR) and po. 

It is evident from equation (8) that for converging or diverging 
flows in which B varies following each streamline, the streamwzse and 
smoke-ring tsngential vorticities mill vary diffcrcntially. One mill 
increase in strength in proportion to R while the other will decrease 
inversely with It. In the case of cylindrical flow this result has no 
significance. The conical theory and experiments have been conceived 
for the purpose of illustrating this result for the simplest known 
diverging flow namely that of a rotational source flow. The smoke-ring and 
streamwise vortex filaments arc convected along surfaces vrhlch are almost 
conical and produce aknown variation of R. The detailed analytical 
results are derived in Refs.11 and 12 and summarised in Ref.13. 

Smoke-ring vorticity has been introduced by using suitable gauzes 
to generate variations of p . Streamwise vorticity has been generated by 
the mtroduction'cf annular8asoades of blades. Experimental details are 
included m en& sectkonw i -A :' = _ 

-"*-& , ;.*- _ I 

3. -" Two-Dimcnsional~Experiments w+th Plane Walled Diffusers and Contractions -.--_ --- 

The experiments described in this section were conducted with plane 
walled diffusers and contractions illustrated in Fig.3. The purpose of the 
tests was to investig&te the effect of duct divergence or oonvergenoe upon 
velooity profiles generated by gradients of stagnation pressure. In this 

case/ 
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case a vorticity component is present normal to the two-dimensional plane 
and similar to the smoke-ring vorticity found in sxisymmetric flow. In the 
presence of this vorticity it has been shown" that inlet an& outlet axial 
velocity perturbations u', that J.S departures from the irrotational 
velocity U, for each streamline are related by the equation 

. . . (9) 

where 
cutlet area 

J, = ------. 
inlet area 

3.1 Desc&ion of ri. -- 

A special working section, shown in Fig.3, was built into the 
10 in. x 5 m. low speed wind tunnel at the Cambridge University Engineering 
Laboratory. The duct was in two sections of constant depth 10 in. The first 
section was 12 in. in length and had parallel side walls 5 in. apart. The 
side walls of the second section continued parallel for a further length of 
16 in. and then merged through a short flexible length of perspex into 
another plane walled section of variable divergence angle 8,. The duct 
ejected into the room. 

Pitot traverses were made at entry into the diverging section, 
Station I, and. at cutlet, Station 2. Two static pressure tappings were 
prOVlded Just upstream of Station 1, in the top wall. Another tapping was 
provided in Section 1 which, in combination with a total pressure probe 
inserted in the same plane, gave a mass flow calibration uninfluenced by 
changes of Section 2 or by gauzes introduced between Sections 1 and 2. 

Pitct static meaSU!?ements were made at Station 2. At Station 1 
total pressure probe readings were combined with ste,tic pressure recorded 
at the wall, in order to compute inlet velo0i.D~. 

3.2 Prelimmarv tests 

An initial test was made with a narrow gauze strip generating a 
strongly sheared profile and with parallel walls, in order to oheok 
whether or not significant v~sccus diffusion of the vortioity cf the 
sheared profile was likely to take place. Velocity profiles at Stations I 
and 2 are shown in Flg.Lm. It is apparent that little change in the 
velocity profile occurred between inlet and cutlet. 

The duct angle was then increased to Iso of diffusion. Resulting 
inlet and cutlet velocity profiles are shown in Fig.4b. 

The dashed curve is the theoretical cutlet velocity predicted from 
the inlet velocity profile by equation (9). The area ratio was 1.47. 

Further tests with this gauze were abandoned because of flow 
separatmns in the low velocity regions at the centre of the top and bcttcm 
walls, which distorted the two-dimensional pattern Of the flCv?. Small 
separation scnes were present in the test described. Sven so, close agreement 
was obtained with t'ne theoretical prediction. Maximum perturbations were as 
great as 4@. 

This preliminary test did md.icate that a ocnoave velocity 
distribution inhibits flow separation from the divergong walls of a plane 
diffuser to a marked degree. The duct angle was increased to 20' before any 
large scale stalling occurred, except of course in the low velocity regions on 
the top and bottom walls where reasonably steady separation ecnes mere fcuna. 

3.3/ 
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3.3 Linear veloci+3 profile -.- 

A linear shear profile was generated by sn array of $ in. diameter 

steel rods set at a graded spacing. With this profile the flow separated from 
the diverging wall on the low velocity side even for small angles of 
drsvergence. One experiment was completed with IO' of convergence and with nn 
are* ratio of 0.7. inlet and outlet velocity profiles are compared in Pig.5 
with a theoretical linear shear profile ignoring boundary layers. Cxtremely 
close agreement was obtained for the main stream velocity. 

3.4 Concave velocity profiles 

More detailed tests were made using gauzes 1 and 2, Fig.3, which 
were shaped to generate concave velocity profiles with small perturbations 
to restrict the separation soncs on the top and bottom walls. 

Detailed surveys of the inlet velociti profiles were made at 
Station 1, Figs.6a and 6b. Similar traverses were made at various duct 
depths which revealed that the inlet velocity variations were approximately 
two dimensional. Cause No.2 had slightly better characteristics than 
gauze No.7 in this respect. With gauze No.2, detailed traverses were also 
made at outlet revealing equally good two-dimensional conditions at outlet, 
Fig.60. 

Gauze No.1 -- 

With this gauee measurements were made of the outlet 
velocity profile with IO0 of divergence and an area 
ratio of l-3 and also with IO0 of convergence and an 
area ratio of 0.67. Results compared closely with 
equation (9) for both tests, Fig.7. It can'be seen 
that perturbations are increased in magnitude by 
diffuser and attenuated by a contraction. 

Gauze No.? 

In Fig.8 one comparison only is given of the 
thecretioal snd experimental outlet velocity 
profiles with a divergence of 12*l". Agreement was 
very good, the worst errors occurring m the low 
velocxty region, It 1s always the case that the 
linearised theory over-predicts the perturbation ' 
(compare Figs.4, 7 and 8). 

4. Annular Cascade Experiments for CoGcal Flow 

The annular cascade experiments to be described now were modelled 
on conic&actuator disc theory. As already mentioned a point source flow 
is taken as the basio irrotational flow system in the absence of blade rows. 
When working in spherical co-ordinates it is convenient then to take, as hub 
and casing, cones with a common vertex located at the source. Inlet and 
outlet areas are spheres of radius r, and r,, Fig.1. In the theory12 the 
fluid is assumed to be in radial equilibrium, that is cylindrical flow, 
at r, and rs, when swirling velocities are present. In the absence of 
swirl, constant static pressure is assumed to exist at ri or rs. For 
experimental purposes short cylindrical lengths were provided at inlet to 
and outlet from the conical working section. 

A detailed description of the annular cascade wind tunnel has been 
given m Ref.15. The rig is shown in Fig.9 and in cross section in Fig.10. 
The m&n components are the Dorda inlet contraction, working SeOtiOn, outlet 
section and diffuser. The rig is located on the inlet orifice Of a 

oentrz.fugal/ 



aentrlfugal fan and operates as a suction tunnel receiving air from the 
laboratory with constant stagnatIon pressure equal to room pressure. 
Gradients of stagnation pressure were obtained by suspending suitably shaped 
gauzes in the Inlet oontraotion. 

The working section consists of an accurately bored frame in 
wbioh components such as blade rings, traversmg rings or shaped casings can 
be housed. These are then free to rotate if clrcumfercntial traverses are 
required. The conical duct assembly inclutig a blade row is shown 
diagrammatically m Flg.10. 

The tests which are to be described may be summarised as follows: 

(i) Flows without swirl, but with gradients of 
stagnation pressure. 

(ii) Flows with small swirling components, with 
and without gradients of stagnation 
pressure. 

(iii) Flows with a free vortex cascade of large 
deflection vrlth and without gradients of 
stagnation pressure. 

(LV) Flows with a solid rotation cascade of small 
deflection ~vlth and without gradients of 
stagnation pressure. 

4.1 meal flovr without swirl 

The duct used for the non-swirlmg test, Flg.lla, was contracted 
in diameter from 14 In. to 10.76 in. through a cone of total angle 20° 24' 
and with an area ratio of 0.59. This was preceded by a cylindrical section 
s in. long and followed by a cylindrical outlet section 15 In. long. 
Traversing stations are .?&so shown in Flg.lla. Total and static pressures 
were measured by means of a wedge probe described in Ref.13. This probe was 
found to be subject to smaller oalibrataon errors near to the malls than the 
cylindrical probe of more conventional usage. 

4.1.1 Uniform total pressure 

As previously mentioned, constant statzo pressure is assumed to 
prevail at rI and rs. In these experiments It was not possible to arrange 

these boundary conditions exactly because the unperturbed irrotational flow 
pattern upstream of rL and downstream of ra was not that of a point source, 
but of a souroe flow merged into a cylindrical flow. In consequence, slight 
static pressure graticnts were found at stations 1 and 2 m the sense that one 
mould expect for the merging regions. A test was made with constant inlet 
stagnation pressure to investigate these effects, Fig.12. 

The plots of nta&c pressure and velocity shown In Flg.12 are 
slightly distorted by calibration error s near to the wall through which tho 
probe was inserted. The dashed curves show an estimate of the true statio 
pressure. 

This test suggested that the boundary oond;LtzLons were olose to those 
assumed theoretically. 

4.1.2 Stagnation pressuresadient -- 

The experimental procedure was repeated with non-uniform stagnation 
pressure generated by a conical shaped gauze, wzth a 60' vertex angle, 
suspended in the inlet contraction In the manner illustrated m Fig.10. A 
concave sxisymmetric velocity profile was generated with this arrangement, 

Fig.l3./ 
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Fig.13. The dashed ourve shows the theoretical outlet profile according 
to equation (y), compared with that reoorded experimentally. Agreement "%s 
very close indeed. The maximum perturbation was attenuated from about 2% 
to 7% through this contraction. Similar small variations of static 
pressure across the duct were recorded as for the previous experiment. 
For the purpose of computing velocity, reoorded total pressure was combined 
with the mean value of static pressure. 

4.2 Conical flzvith small svnrlimies me- *- 

For this experiment the same casing was used, Fig.llb, but a 
conical hub of common vertex was introduced, having a total angle of 
90 40’. Swirling velocities were introduced by means of a row of oompressor 
inlet guide vanes designed to generate a vortex near to solid rotation. For 
this experiment however the stagger was set 5 o less than design to reduce 
the maetude of the swirling velocities. The hub was located centrally by 
the blades at one end and by three struts, set mutually at 120°, downstream 
of the working section. The traversing stations are also shown in Fig.llb. 
Mean readings over one circumferential blade pitch were taken of swirl 
angle, static pressure andtotal pressure using the wedge probe. 

A gradient of stagnation pressure at Station 1, Fig.14, was 
generated by means of the conical gauze. In this way smoke-ring vorticity 
was introduced upstream of the inlet guide vanes. Streammse vortlclty of 
similar magnitude was also shed from the blade trailing edges, so that both 
components were present in the duct. 

The axial velocity profiles at Stations 1 and 2 are shown in 
Fig.15a. The shear rate was almost linear and quite large. Since the 
flow was almost axial, the tangential component of the streamwise vorticity 
was very small compared with the smoke-ring vorticity. The theoretical 
outlet profile shown in Fig.13 has therefore been computed from equation (9) 
neglecting the streamwise vortioity. The theory predicts the outlet Profile 
quite adequately. 

The swirl velocity, shown in Fig.l5b, also compares well with 
the solution derived in Ref.12 which simply expresses that angular momentum 

L%oal surfaces: 
is oonserved approximately along unperturbed stream surfaces, that is 

w'r 4 f(e) . .*. (IO) 

Exoellent agreement between theory and experiment has been 
obtained for small swirling flows on this basis. The swirl angles here had 
a maximum value of 22O at the casing, with the result that tangential 
oomponents of the streamwise vortioity were so small as hardly to affect 
the axial velocity profile. 

4.3 Conical annular flows with large free vortex and perturbed free -----I. __I-_ - 
vortex swirl 

.__-~ 

The experiments described in this section were conducted with the 
annulus used for the small swirl experiments, Section 4.2, but with a free 
vortex blade row of large deflection introduoed half-way along the annulus. 
Experiments were made with and without gradients of inlet stagnation pressure. 

A cross seotional view of the conical duct assembly used for the 
experiments is shown in Fig.10. The duct under consideration is bounded by 
the conical hub and casing and by planes perpendioular to the axis at r, 
and rs. The mathematical model requires spherical inlet and outlet 
boundaries ri and rs. Planes were chosen to simplify the traversing 
arrangements. In fact the traversing planes 1 and 4 uoro placed within the 
cylindrical inlet and outlet lengths where radial equilibrium uas assumed 
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to exist in accordance with the theoretical requirements for r, and rs. 
In other words the fluid was assumed to aohleve radial equilibrium at 
5 and rs and to continue in radial equilibrzum to StatIons 1 and 4. 

Experiments were made mth both convergzng and diverging ducts 
although only the converpg assembly is shown in Fig.10. For these 
experiments a free vortex nozzle blade row was located half-way along the 
oonlcal section. The ssme conical section was used as for the small 
swlrllng tests, with additlons.1 traversing Stations 2 and 3 located at 
approximately one quarter of a blade chord upstream and downstream of the 
blades. It was also possible to m&e czrcumferential traverses at other 
positions by allotnng the conloal seotlons to rotate with the probe. At 
Stations 1 to 4 special traversing rings were provided. 

The two coccal sections, separated by the blade ring, were made 
of perspex to permit the use of flow visualisation techniques. Another 
advantage was found m the simplicity with whloh the probe could be set 
visually to zero at the casmg. 

4.3.1 Test No.1 - Convsg duct wzth constant total 
-;6essure hfi;i 

_----- . -m-w 

In the first test a=r entered the duct with constant total 
pressure equal to atmospheric pressure. The hub and casing boundary layers 
at Stations 1 and 2 are shown In Flg.lb. Nthough the main stream &low 
was Irrotational, there was & considerable variation of static pressure and 
velocity at Station 1, from hub to oaslng, Fig.17. It was found to be 
?osslble to mo&fy the theory gven In Ref.12 to take this statlo pressure 
gradient into consideration. 

The traverse at Station 2 just upstream of the blades, Wg.17, 
showed that static pressure and velocity were almost constant. This is 
m aocordance wzth expeotatlons for a point source free vortex flow, for 
which the axial velocity U 1s constant at ra&us r 

C 
U =-. 

ra 

The value of r would vary but little for the actual plane of 
traverse because of the narrow angle of the duct. 

Conditions at the blade row were thus ideal for the generation 
of a free vortex conlcal flow. 

The swzrl angles measured at Station 3 are compared in Fig.18 
with the design angles for oylindrical flow at the same radii, It is of 
partioul r interest that blades aesignea from two-dznenslonal cascade 
data1591t should produce the same swirl angles in a three-dimensional 
conical flow m whch the angle of intersection of the conical stream 
surfaces and the plane of the cascade varied from approximately 80' to 85”. 

Flg.19 shows the axial and swlrllng velocity components U and 
w at Stations 3 and 4 in comparison with predicted. values assuming the 
deszgn potential conical free-vortex e;Lven by 

K 
"# = -- 

r sin 0 

K 
= - 

x 

. . . (11) 

where C and K are oonstants. 
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It is much to the credit of the oascade data that the design 
swirl velocity was obtalned to wlthin I& Rather larger axial velocity 
variations occurred due to secondary flow effects. The secondary 
vorticity, however, exeroised little mnfluence upon the swlrllng velocity. 

At Station 4 a very thick hub boundary layer had grown. This 1s 
thought not to have been due to normal growth, but rather to the accumulation 
of low energy air from the blade wakes centrduged under the strong radial 
pressure gradient imposed by the large swlrllng veloczties. Outszde the 
boundary layer regions the flow compared well with the conical free vortex 
at Station 4 also, Fig.19. The axial velocity was almost unlform but 
increased by the blockage resulting from the thick hub boundary layer. 
The swirling velocity remalned close to a free vortex swirl. 

From this test with irrotational lnflom some idea has boen 
obtaIned of the possible extent to which v~soous effects were 1lkel.y to have 
affected Test No.2 with rotational inflow conditions. Outsde the boundary 
layer regions good agreement with the invlscd theory is to be expected. 

4.3.2 Test No.2 - Converging duct with non-uniform inlet 
Y.tafnat&on p---‘̂ - 

.- 
rcssure 

The experimental procedure of Test No.1 was repeated with the 
conical gauze flxerl m the inlet contrachon to generaCe a gradient of 
stagnation pressure po. The distributions of p. at StatIons 1, 2, 3 and 
4 are shown m Fig.20. The full curve (a) showing the distribution at 
Station 1 has been superlmposed upon the others for comparison, Accorfing 
to approximate conical actuator disc theoryI p. is a function of 8 only. 
At StatIon 2 there was little change from the tistrlbutlon of p. at 
Statzon 1. Just downstream of the cascade at Station 3, the total pressure 
was reduced by the blade wake losses, This reduction was greatest near to 
the hub where the blade passages were long and narrow and the mass flow per 
unit blade height was least. Also an inward flow of the blade bounrlaary 
layer under the radial pmssurc gradlent probably tended to zncrease the 
losses near to the hub. At Station 4 the growth of a thlok hub boundcry 
layer considerably modified the tistrlbutlon of p. near to the hub although 
the distrlbutlon was substantially the same over most of the duct ares. 

The mean statx pressure was combined tnth measured total pressure 
to compute the axial veloolty at Station 1. A llncar curve, F1g.21, has been 
drawn through the experimental points to be used for making theoretical 
pre&otlons. Velocity components at the other stations have been computed 
for this inlet velocity proflle, assuming the cascade to be replaced by an 
equivalent actuator &LSO placed (a) at the rmd-chord position, and (b) at 
the blade trailing edges. In applying the theory the design cascade 
defleotlon angles were assumed, Fig.18. 

The experimental anal thcoretzcal velocity components at Stations 2, 
3 and 4 are oompared in Figs.21 and 22. Apart from the hub boundary layer 
and the profile distortion lntrocluced by secondary vorticity, excellent 
predictions were obtained by the linearlscd conical actuator &so theory. 

An lnteresting.feature of this experiment was the Anversion of 
the axial velocity profile between inlet and outlet. For example, in the 
absence of Swirl the predicted cutlet profile, as shown m Fig.21, mould hsvc 
vortlcity of the same sign but reduced In magnitude. Thus the law for, 
smoke-ring vorticity would apply 

Double and treble primes &note smoke-rug and stremwisc 
vortd.cities respectively. 

With/ 
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\vith free-vortex blades present, however, the theoretical outlet 
velocity hstribution as derived in Appendix II is 

Since the fluid is in radial equilibrium the vorticitles at inlet 
and outlet are then related as follows 

r 2 
1 (zi tan's] 

q2 = 2 q,- -__ 

() ! i 

% . . . (I&) 
rl I + ; ta? a 

q, has two components of opposite sign. One of these IS the smoke-ring 
vorticity admitted at inlet which obeys equation (9) above, Just as it 
would in the absenoe of the cascade. The other component is the tangentially 
resolved component of the streamwise vorticity shed from the cascade because 
of the initial presence of smoke-ring vorticity. The streamwise component 

q;" = - 

I 

'( pan%.‘i 

---- - 

1 + 4 tans a J qi .*. (15) 

is opposite in sign to q;. Furthermore, while smoke-ring vortlciiy is 
attenuated by a contraction, streamwise vortici* is increased in strength. 
Consequently, as the fluid proceeds along the duct the weak streamwise 
vortiolty introduced at the cascade grows until finally it dominates the 
smoke-ring vortioity, causing the inversion of the axial velocity profile 
at outlet. It is an lnterestmg fact that the streamwise vortioity, while 
owing its origu to the smoke-ring vortlclty, finally dosmnates at outlet. 

It msy also be seen from the equations above that the axial 
position of the actuator &SC is a controlling parameter for determining 
the relative magnitudes of the vorticlty components. As the cascade is 
moved towards inlet (increasing rm/rl), the streamwise vorticity has 
increasing predominance. It would be possible to find a position such that 
the two components almost cancel one another at outlet resulting 111 almost 
zero tangential vortlcity and uniform axial velocity. Pre&ctions with the 
actuator disc at the ml&-chord or trailing edge positions, however, were 
almost identical. 

The? SWlrllW Velocity aerecd quite well with the perturbed free 
Vortex predicted. 

The greater curvature of' the experimental profile at Station 2 
than the predicted profile may indicate that the equivalent actuator also was 
In fact not parallel to the traversing plane. 

The s-1 angles at StatlOn 3 have been compared in Fig.18 with 
those recorded m Test No.1. There was negligzble hfferenoe betmeen the two, 

demonstratmg/ 
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demonstrating that secondary flows, due to the defleotion of the main stream 
vorticity, were negligible. 

Similar tests were made with the duct reversed. The resulting 
dlffuszon gave rise to severe boundary layer growth, although flow 
separations were restricted to a thin layer on the hub downstream of the 
blades. Poor agreement with inviscid theory was obtained, although the 
trends were observed. These experiments are reported in detail in Ref.?4. 
Space does not permit their inclusion here. 

5. Conical Annular Flows with Swirll_ngVelocities Close to Solid Rotation _^" .-._-- -._-l__--.l-w .- _---1 * I -I- ...--LI-I--yII-.I-I 

The experiments Just described were concerned with flows with 
large swirling velocities close to a free vortex. The actuator &SC theory 
used for comparison is equally valid for arbitrary swirl distributions 
provided the induced axial velocity perturbations do not exceed the magnitude 
permitted by the linearising assumptions. 

With irrotational inflow, the flow remains lrro'cetional downstream 
of the free-vortex cascade because of the constanoy of bound circulation 
along the blade length. The introduction of smoke-ring vortioity at inlet 
to the duct in the previous experiment caused a change in bound circulation 
and, in consequence, the shedding of trailing vortex sheets from the blade 
trailing edges, treated analytically as distributed streamwise vorticity. 

With other types of cascade, the blade circulation is intentionally 
chosen to vary slang the blade length. The streamwise vortioity then shed 
into the stream determines tho type of vortex swirl which IS generated. P01- 
a solid rotation swirl, only restricted deflection angles arc permissible 
to avoid large axial velocity perturbations. For the experiments doscribed 
here the oompressor inlet wide vane row was used, which has swirl angles, 
measured from the axsal. direction which rranged from about IO0 at the hub to 
24' at the casing. The pmsenoe of smoke-ring vortioity in the stream, as 
for the free vortex blade row, causes the shedding of additional streamwise 
vorticity at the casoado. For these small deflections, however, the 
tangential component of this small additional streamwisc vortlolty is quite 

. negligible. It u then sufficiently accurate to superimpose the mdavidual 
effects of the smoke-ring vorticity with the ccscadc romovcd and the 
streamwisc vortioity which would appear in the absence of the smoke-ring 
vortioity at inlet. 

The duct geometry was identical to that for the free vortex tests. 
Tests were conducted with uniform and non-uniform inlet stagnation pressure 
as before. 

5.1 Jb+bfsm inlet stagnation pressure VP 

The swirl angles measured at Station 3, Fig.10, are shovm in 
Fig.23a. By applying the corroctlon for oonlcal flou described in Appcndzx III 
it was possible to estimate the swirl angles at the plane of the actuator disc. 
The tangent of this angle also is shown in Fig.Zjb uith a theoretical curve 
which ropresents tan u.,,, quite closely, given by 

tan cxrn = 3*3e - 0.128. 

The actuator disc was placed at a distance of one third of the 
blade chord from theileading edge: 

In evaluating the test results an estimate has been made in these 
experiments of the effects of inlet static pressure gradients. With constant 
inlet stagnation prossure the inlet static pressure and velocity 
distributions are shown in Fig.24. The vclooity profile was almost linear 
and of the same ordor of magnitude as the rotational perturbations induced 
within the duct, Fig.25. Tho thcorctical outlot velocity profile $/Us 
as dorived in Appendix II is as follows: 

u' 
2 

US I 



where 

. . . (16) 

In TestNc.l K, had a value of I-054 compared wxth unity for 
the case of' constant inlet static pressure. The resulting theoretical 
velocity profile at cutlet IS compared in Table I with that for constant 
inlet static pressure. 

-- I 
0 

O-05137 
“-.--m-o 

0~05141 

Table 1 --- 

, I ---I 

0.2 0.4 o-6 0.8 

I 
The slmdarity between these two predictions shows that the inlet 

pressure variations decayed to suffxiently small proportions to ensure that 
the ohange In streamwise vcrtloity shed from the actuator c&o was negl@ble. 
The axial velcclty within the duct may then be adequately predxted by 
superlmpcsing the effect of the inlet pressure gradient upon the sclutlcn 
calculated for constant inlet stat10 pressure. 

Thus we have, upstream of the actuator disc 

u’ = u:(;,“-‘+;(y+2u; . . . (17a) 

and downstream of the disc 

u’ = u: (:y-’ +[ 1 -y.,"']u; . . . (17b) 

where 
K 

-- I . 

t 

. . . (18) 

[*+ tan"am J 
a 

I 

To illustrate the influence of the inlet static pressure gradient 
the mean shear rate of the axial velocity perturbat~cn profile has been shohn 
in Fig.25 as a function of pcslticn along the duct. The full curve shows that 

according/ 
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according to Theory A the perturbations at the aotuator disc reach half of 
their flnal value at outlet. The dashed curve, Theory B, on the other 
hand illustrates the manner in which the inlet static pressure perturbation 
attenuates rapidly, almost vanlshlng at the cascade, while the rotational 
velocity proflle produced by the actuator disc develops rapidly over the last 
two thirds of the duct. 

As before, Fig.16, hub and casing boundary layers were desirably 
thin at inlet. The n@.instream Inlet velocity proTile was represented 
closely by 

ti 
---Ez - 1.7288 + 0'2792 . 
ui 

axial velocity profdes at Stations I to 5 are compared In Fig.26 
with Theories A and B respectively. 

Theory A pred;Loted the outlet velocity at StatIon 4 to within I$ 
over most of the duct. As mentIoned above there was negligible dlfferenoe 
between Theories A and B at Station 4. At StatIons 2, 3 and 5, however, 
Theory B showed a great improvement over Theory A. Close agreement with 
experiment was obtained at all stations. Slight secondary flow effects oan 
be observed at Stations 3 and 5 but these did not persist as far as Station 4. 

The measured shear rates of the profiles are compared with the 
predicted shear rate in Pig.25. This suggests that the position of the 
actuator &LSO was well chosen at one third of the blade chord from the 
leading edge. Fig.25 also shows that the theoretical rate of development 
of the perturbations exceeded the experimental. 

Flg.27 shows the swirling components of velocity at Stations 3, 
5 and 4 compared with the assumption that (wR) remains constant along 
oonlcal surfaces. Agreement was excellent on this basis. 

The total blade oirculatlon r at a ra&~us R 1s also equal to 
the circulatzon around a olrcular path concentric vnth the axes and lying 
on a cone. 

r = 2&w. 

The constancy of oirculatlon along the cone 1s also illustrated 
in Fig.27, which shows the radial variation of circulation and gives some 
idea of the streamwise vorticity shed from the oascnde. 

5.2 Non-uniform inlet stagnation pressure -- 

The experiment was repeated with the conical gauze suspended in 
the inlet contraction. 
now of two components, 

The inlet velocity perturbation, Fig.28, consists 
The component, due to the inlet statio pressure 

variation, was approxlnately given by 

ui -= -00966e + 0~361 
ui . . - 

whereas that due to the smoke-ring vortioity was closcl$ fitted by the curve 

u:’ 
-= -4*027:0 + 0.5673 . 
4 

The/ 
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The points plotted 1x1 FLg.28 were computed from readings of p. 
oombined with the mean inlet static pressure. 

The measured swirl angles, Flg.23a, compared well with those for 
$rrotational inflow. 

5.2.1 Theoreticedictlon af'-f'~~~l-o~&-y profllc -.-- 

There were three axxd veloolty perturbations to be consdered. 

The perturbation u' resulting from the variation of inlet static 
pressure may be treated as before by superimposing It upon the prediction 
obtained wxth the assumption of constant inlet static pressure 

n-l 

u' =qr I 

( > ri 

The velooity component u" lnduoed by the smoke-rng vorticity 
develops throughout the enzlre duct as before according to the law, 

Fmally, we have to cons~3er also the streamwise vortioity u"' 
shed from the cascade, whxh depends upon the sum of all three components 
at the cascade. From the ctidence of the previous test, however, u' may 
be neglected at the cascade. The outlet veloo~ty at Station 4, as clerlved 
ir; Appendix II, 1s then gLven by 

where 

and tanam = a8+b. 

tan am [2 + $ tansam] 

-1 + ---______ 

(2 + tanaam)a 

. . . (IVj 

U:’ 

- = A0 + B 
u I 

The axial velocity perturbations wlthln the duct are 

u’ = u;(;)n-‘+u;(;j +pj”“u: . . . (20a) 

upstrosm/ 



- 17 -- 

upstream of the actuator disc, and 

n-l /r ,a r 
n-l 

,r, 1 /r 1 7 
+ ":(,j + I"- ;(,) j ": . ..(2Ob) 

i 

downstream of the actuator disc. 

5.2.2 Comparison with experiment 

The maasured axial velocity components sre compared with this 
analysis in Fig.293. As before corrections were applied to the predictions 
at Stations 2, 3 and 5 to account for the variation of the unperturbed 
velocity across the duct at those traversing stations. Excellent agrccroent 

was obtained throughout the duct. The profile shear oomparcs very well, 
confirming again that the actuator disc was well positioned. 

As in the previous exporimcnt the sxial velocity pcrturbatlons 
decrcasod in magnitude between Stations 1 and 2. Both the irrotstional and 
the smoke-ring perturbations arc attenuated through the contracting annulus. 
Approaching the blade row, however, tho actuator disc perturbations incroasod 
rapidly. In thus case the streamwise vortlclty was of the same dcslgn as the 
smoke-ring vorticity, sn that the profile shcor rata increased in passing 
through the cascsdc to c vc.luc just less than the inlet shear rate. The 
shed strcamwisc vorticity was considcra?oly stronger at outlet than the 
smoke-ring vorticity. 

The swirling velocity at Stations 3, 5 wb l+ again ccmp3red well 
with theory, Fig.29b. 

6. Conclusions 

A variety of experiments have been described in which plane 
source and conical actuator disc theories have been mvestigated. These 
experiments have verzfLed mteresting snalytlcal conclusions about the 
differing laws governing therctational flows associated with two types of 
vortioiiy. 
vortlcity, 

These vortscity components, known as smoke-ring and strcassvise 
exist as 8 result of gradients, 

stagnation pressure or angular momentum. 
normal to the streamllncs, of 

The experiments have confIrmed 
that in diverging flows these components must be considered separately, 
In cylindrical flow this necessity does not arise because vortlcity 
flowzng along the cylindrical flow surfaces remains constant In strength. 
In conlcal flow or any other type of diverging flow the vortex i'rlaments 

are stretched sufficiently to change the two vorticltles differentially. 
One =noreases in magnitude whzle the other decreases. 

The converging conical flow experiments have confirmed that the 
smoke-ring vortioity is attenuated by the contrschon whzle the strL3mwuc 

vorticity is accentuated. The zero swirl expersment, Section 4.1, illustrated 
the attenuation of smoke-rmg vorticlty. The introduction of a streamwise 
component similar An magnitude, but 171th only a small tangential component, 

caused little modification of the sxzal velocity profile rrhich ~3s still 

dominated by the smoke-ring vortlcity and attenuated according tc the laM 

where X is the ratio of outlet to inlet area. 

Studzes with free-vortex blades of large doflcction lllustratod 
that with irrotational inflow a conical free-vcrtcx flair could bc enorated. 

The/ 
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The lntroductlon of smoke-ring vortlclty into the duct at inlet, however, 
resulted in the sheddlng of streamwIse vorticlty from the blade row. 
At outlet from the duct this streamwlse vortlclty increased ~1 strength 
to such an extent that Its influence dormnated that of the attenuated 
smoke-rmg vorticlty. In this case the two vorticlties were of opposite 
sign. In consequence a reversal of shear rate of the proflle occurred 
between Inlet and outlet. 

Slrmlar studies with a blade row producing a smaller swirl close 
to solid rotation further Illustrated these effects. With zrotstlonal 
inflow streamwIse vortlclty was generated nt the blade row. The 
lntroductlon of smoke-ring vortlolty gave rise to a slight modlficatlon 
of the streamvnse vortlcity agpearlng at the cascade. In this case the 
vortlcltles were of the saine sqp so that reversal of the proflle shear 
rate did not occur. Gqually good agreement with theory was obtained. 
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APPJSNDIXI -,.. 

1 a* 
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Notation 
_I- 

cylwdrlcal co-ordinates 

Stokes' stream function 

velocity xn Z tirectlon 

velocrty In R direction 

velocity in 8 dzection 

velocity vector 

flud density 

static pressure 

stagnation pressure 

vortiolty xn 0 direction 

spherical co-ordinates 

velocity m r tirection 

velocity in 8 dzection 

velocity in $ d-Lrcction 

lrrotational source velocity (C = constant) 

free vortex swirl velocity (K = constant) 

ratio of outlet to Inlet area of diffuser 
or contraction 

rotational velocity perturbations 

perturbation due to static pressure gradient 

perturbation due to smoke-ring vortioity 

perturbation due to streamwise vortioity 

1--1. 

.&iT?KNDM II/' 
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AF??ENDrXII l_._l.l_ 

Application of Conical Actuator Dzsc Theory 
to Flow through Blade Rows 

Equations are derived m thus Append= for flow through free 
vortex and near sold. rotation blade rows situated in a conical ar?rULus. 

The theoretiod model is shown in Fig.1. Inlet and outlet 
planes are represented by spherical surfaces r, and r, at which the 
flud is assumed to be in radial equillbnum, Ref.12. 

BadialEqu~libr~um -- __---- 

The condition of radial equilibrium or cylindrical flow can be 
expressed z.n spherical co-orbnates as follows: 

1 ap w a au 
-0 = ---. - (w 53.n 0) + u -- . .*. (2.1) 
P ae slt3 0 a0 a0 

. . 

If P, is assumed to be a function of 0 only WC have 

ap,i aP -- z-22 
ae a0 

where suffices i and a refer to Stations 1 and 2. Suffix m will 
refer to the actuator disc. 

If second order products of the Perturbations are neglected 
equation (2.1) yields 

Conical Actuator Disc Solution .I___ -- 

au! 
-L- 

w 2 
a ( -_ w B sin 8) , . . . (2.2) 

at3 U2 sm 0 ao 

The conical actuator disc solution, Ref.12, for the axial 
velocity perturbation within the duct is as follows: 
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u1 = [~~2(~2i)(~)--‘Jra 

I! 3 

-n-2 
downstream of rm . ..(2.3b) ' 

c 

r 
+ ,,I - gq - u':') - 

. 
m 

In the plane of the actuator disc we have 

Double and treble primes refer to the contributions of smoke-rxg 
and streamwise vorticity components respectively, 

Anoth- result given 111 Ref.12 IS 

wr sm f3 = f(0) . . . . (2.5) 

General Equation for &nical Duct o_ontalningkotuator DiE -- 

If there 1s zero swirl upstream of r m 

and if there is no changs in p, at the actuator disc 

this follows from equation (9). 

Equation (2.4) then becomes 

z = 23 (9[2(3 -,]z. . ..(2.6) 

Also equation (2.5) yields 

w = a 
( ) 

2 ’ (Urn + I$) tan a 

ra 

where a is the outlet angle from the actuator &so. 

Equations/ 
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Equations (2.6) and (2.7) may be introduced mtc the ratin 
equilibrium equation (2.2). If' seoond order produots of perturbations 
are again neglected the following first order differential equation for 
U’ m is obtained. 

;(;+z)+Fi (i+Z) = F2;(;) .,, (2.8) 

where 

and 

F 
2 oot 8 tansa + -$ (tana,) 

= ._-_-_ -.- 
1 2 + tanad 

4 

( > 
r, 
rl F = . 

a 2+tanaa 

.*. (2.9) 

. . . (2.10) 

Solutions of equation (2.8), whloh 1s general, oanbe found for 
cascade outlet angles which are smple functions of 0. The general 
solution -is as follows: 

where 
,Fi xl 

F 
3 = (e) * 

*.. (2.11) 

. . . (2.13) 

Solution for Free Vortex Cascade 

The cascade outlet angle dlstrlbution required for the generation 
of a free vortex conioal swirl 1s 

tan aL sin t3 
tan a = 

sin O1 / 

suffix 1 referring to the hub. 

With constant static pressure at mlet and a velocity var3z.tion 
given by 

.;; utt- - 
i i -= __a sin C +. b 

j-.-"-I - if 1 ~~<~~;-.. , 

the solution for the outlet velociiy, us& equation (2.11) is 

U’ 

2 

U a I 
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. . . (2.14) 

where o IS chosen Srephxaally such that 

sim 8 de = 0 . . . (2.15) 

whioh satisfies the condition of continuity of mass flow through the 
annulus. 

Solution for Near Solid Rotation Case 

If tan a = ai + b 

and 8 is small, equation (2.9) approX3.mates to 

With constant inlet statx pressure and a velooity distribution 
given by 

!lke outlet veloolty, by equation (2.11) becomes 

4’(Zj (:) tan a (2 + i tansa) + K1 

+ 

(2 + tanaa)a 

where & is a oonstant determined by equation (2.15). 

If, on the other hand the Anlet velocity perturbation is an 
irrotatlonal one, and the stagnation pressure 1s constant, equations 
and (2.4) have an additxonal term u"" 

(2.3) 

ullll/ 



- 25 - 

r n-l 
u"" = ul - 

( > r1 

both upstream and downstream of the actuator &LSO. In other words, the 
inlet pressure or velocity perturbation decays progressively through the 
duct. At the cascade the velocity perturbation is 

u' n-l 

K = A+21 "i . 
( > U', Yn 

If this result 1s mtroducsd into equation (2.2) one has finally 

-1. ,.. (2.16) 

APlmDIx III/ 
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Corrections to Probe Readings 

1. Correction for the Angle of Inclination of a Prpbe to the Flow 

The relation of the probe to the velocity vector q in conical 
flow is shown in Fig.30. The velocity may be resolved in two ways. It 
may be regarded as the vector sum of axial and tangential components u and 
w. Alternatively q may be resolved into a component qr normal to the 
probe and a component q, parallel with the probe axis. If the probe were 
intinitely thin the readings would be unaffected by qs and the dynamic head 
registered would be 

Measurements made by Winternits 17 with a cylindrical pitot probe 
showed a fair measure of agreement with tne cosine squared law. Applying 
this result to conical flow with a swirl angle a, the measured and actual 
velocities are related as follows: 

G = qs(1 - cc2 a sm'0) 

and also 
True dynamic head I 

= --we-- . 
Reoorded dynamic head I - cosaa sin'6 

The recorded swirl angle a' is related to the actual swirl angle 
on a conical surface by 

tan a 
__- = se0 8 , 
tan a' 

2. Variation of the Irrotational Source Velooity at a Plane Traversing 
Station 

In the conical duct experiments traversing stations were plane 
rather than spherical surfaces. The theoretical predictions were based on 
the model shown in Flg.1. At Station m within the duct the irrotatlonal 
velocity U varies from hub to casing because of the variation of r the 
radial distance from the point souroe to the traversing plane. If thlS 
distanoe is equal to rm at the centre of the annulus 8,, then 

r 
m 

00s em = r cos 8 

and 

2 
00s 8 

u = u m ( ) 
. 

c~s e 
m 
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If e and 0 m are expanded as a series, then for small values 

of a we have approxlnately 

U 
- = I + a" - ea. 

% 
m 

For the duct used m the experiments this ratio 1s as follows: 

0 I.01492 

0*2 I *00910 

o-4 1 .OOLk% 

0.6 1~00000 

0.3 0*99436 
1.0 0.7c307 

D 3i146/+/Wt.60 K4 z/65 R/CL 
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