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1. l__l-_ Introduction 

In these notes we shall be concerned with irrotationsl 
two-dimensional flow past aerofoils, with the establishment of 
simple methods and formulae for finding useful Information about a 
given aerofoi.l,and with the inverse problem of establishing 
methods and formulae useful Ln designing an aerofoil with given 
properties. 

The usual,thoory of thin aerofoils as presented, for 
example, by Glauert is in fact a theory of aerofolls of zero 
thickness nnd small hnmber at small Uft coefficients. In these 
notes the npproximntions npplied roauire only thnt the thickness 
and comber shrill not be too lnrge; the errors with vnrious 
thicknesses, cnmbers nnd lift coefficients will be illustrated by 
comparisons with numoricolly occurnte results derived from nn 
exnct theory. 

ipsrt from the reports on the exact theory by 
Theodorsen nnd by Theodoroen nnd Gnrrick3 the only papers in 
which thickness is considered npponr to be a pnper by Jeffreys" 
and o recent note by Sguiree; mference to these papers will 
be mnde later. 

The results In these notes m@y be obtained by severs1 
methods 
theory See Rcferonces a ond 3). t 

we here deduce them nil from the results of the exnct 

In this first port we are concerned with the velocity 
distribution (and therefore, becnuse of Bernoulli~s eouction, 
with the pressure distribution) nt the surfnce of R given 
symmetrical nerofoil. Iinter notes will don1 with cmbered 
nerofoils, with the Lnverse problem of the design of nerofoils 
for gtven velocity distributions, with cnlculnti.ons of moments, 
nnd with numericnl compnrisons of this theory with aocurnte 
results from the exnct,theory. 

Pihen/ 
-a--. -- 
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When sppliea to find the properties of a given eerofoil, 
the theory is specially designed to be applied to serofoils with 
ordinates given by algebraic81 foruulse, or which csn be fittea 
to suoh formulae. It my olso be npplied if the ordinates nre 
given numerically only (though the fitting of nlgebmicsl formulae+ 
If possible, is recommended). It 5.~3 not meant to be nppliea to 
eerofoils derived by simple conformnl trnnsformotions from s 
circls. 

In this first port the reguisito formulne sre Obtsinea 
in three different forms, We hove, first, Fourier series 
conjugate to Fourier serias for given functions. !Phcse Fourier 
series are summed nnd ths sums expressed genernlly by means Of 
integrnls. Binslly the sums nro ovnluotea in finite terms, with 
the occurrence of simple functions only, for a wide vnriety of 

the trailing edge may be rounded off by n oircltt, nn ellipse or s 
hyperbola up to nny distnnce from the trailing edge. Moreover the 
same mothemotioal methods will ovoil to provide results, if reguired, 
for csrtoin other types of formulae. In this woy results in finite 
terms may be obtnined for prnoticnlly every norofoil for whioh 
formulae have aver been proposed, For n numbor of definite 
serofoils (NACA 0012, NACA 16-012, Ulnrk Y fniring, EQH 1260, 
EQH 1250, E&H 1240) these formulae in finite terms ore set out 
0s examples. For one aerofoil (EQH 1260), nil the computstions 
ore Oorried through, rind the results compnrea with nunericnlly 
occurste results from the exnot theory, with o wholly sptisfnotory 
nensure of ngreenent. 

Pinnlly,it should be rennrked thnt the results of the 
npproximnte theory of these notos may bo used 0s n kind of first 
opproximotion,in exnot colculrtions of numericr.lly nccurnte 
results. 

2. Exnct Theory nna Nonenclnturq - -- 

As usus we denote the lift coeffioiont by 0~ ona the - 
geometrionl incidence by e?, We dcnoto by +3 the theoretionl 
no-lift angle, by U tho velocity of tho undisturbed strenm, by 
9 the fluid velocity nt n point on tho Dorofoil surfnoe, by x the 
aistenoe in frnCtiOnE of the chord from the leneing edge (mensurea 
010% the chord), by y the ordinnto in fractions of the chord, 

According to the exnct thnory, if* 

CL = no sin (a f e) , . . . (1) 
then 

where/ 

*If the sxperiuentel no-lift ongle is not eausl to its theoretics1 
value or if in any other respect (I) does not hold, we must 
substjtute sin (0: + p) for Cl/no 
ecluation (2). 

in the first two terms of 



where 

X = 28 cash +L - 28 oosh + 00s 8 
,.....(3) 

Y 1 20 slnh 1) aln 8 

E(e) = 2 I? p q(t) {I + c'(t)]act 8[t 
2x -II 

P denotes that the “principnl vnluen of the integral io to be tnken, 
rind the dnsh denotes n derivntivvo, 

No) = 
e[‘l(l -I- &I(S)) 

I 
[l t (~~(e))qqRlnha II, + sIna ey 

, A;.:(5) 

;- 
and , 

ca = ; c [II(t) - E(tN’(t>lat. . . . ..-A& 

e is positive on tho upper surfnce and negntive on the lower surfmeg 
. it is zero at the lending edge rind. m nt the trniling edge. When 

the Kuttn-Joukowski condition is sntisfied nt n shnrp trniling edge, 
or the trniling edge 
caL vnlue of no 

la, ;~o;~~aed., is n etngnntion potit, the theoreti- 

is the vnlue of Jo 
Equnt ions 
define 9 

l% define 9 ond 8 
nt the lending edge, 8 R o, 

cm n functl.on of 8. 
nt nny point of the eerofoil, nnd 

for E. 
Equation (4) is an Inte~~nl oqustion 

The value of S is the vnlue of E ?t e = 5~. 

The choice of s ma 9 is to some extent nrbitrmy, 
they nre nlwnys chosen so that wh& second powers of the thiokness 

but 

me neglected we my nlwnys trike cash $, = I,, 4n = 1. 

3. First Asorox!lmtion for on Aerofoil of Smsll Thickness. -- 

To be 
f thth?fore secon 

U with neglect second powers of the thickness, nnd 
and higher powers and products of I$, 91, E, ~1. 

x = ---. 1 ( - COB e), y = & f3~n e . . . ...(7) 

PI = co (my) = L $” +(t)dt, . . . ...(8) 
2x -Jc 

cot $(t - e)dt. #r....(9) 

Also 

p(e) = 
I * co + Et(e) 

Isin el ’ 

I 

,....(lO) 

end if we also neglect 
ES 

@I/“0 )” 
E(, or (lo, we have 

rind the product of C,./~O with 
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g 1 + co + c’(e) 

3 
E 

Isin 01 
%I CLI sin f3 + (E - p) cos 0 + - cos 8 + - 
a0 27% 

I 

' ” %I = 1 * Co + c'(e) t (E - p) cot e % t - 00t e + - ~06~0 8. (11) I a0 2n 

The theoretical value of a, 1s approximately 2m Cd . 

4. Symmetrical Aerofoil. at Zero Incidence. 

For a symmctr~cal aerofoil at zero incidence 

c/u- 1 f iT9 . ..I. (12) 

where g = co + Ed t E cot 8. .,*.. (13) 

For a symmetrical aerofoLl 9 1s even in 0 and E is odd, and if 

I+ = "c" 0, co9 n6, 
n=o 

w 
E ZZ z n C sin n0. . ..*... (15) 

ll=l 

Hence (Appendix, Lemma (1)) 

then (cf. Appondix, Lemma (5)). 

2y = + sin 8 = (Co - +C,)sln 8 + Y Q(c,, - c,+,)sin ne. (16) 
n=2 

Sknce 11, sin e is zero at 0 and x ~ its Fourier sine series may be 
differentiated term-by-term, so if we r-;rlte 

~(4 A f(e), r.... (17) z 

then 
w 

2f'(f3) = (0, - -Jc,) co9 e + c (18) 
m=2 

&n(Cc,, - Cnt,) cos ne. 

Now by Lemma (3) (Appendix), 

~sine = -$c, + $2, co9 'e - ; $(cn-, - c n+l ) cos ne, (19) r 
n=2 

and c Fourier cosine series may be differentiated term-by-term, so 

g sin 0 = co sin 0 + - (E sin 8) 
de 

= (CO - ->c,) sin-e t F -%n(Gn-, - Cnt,) sin ne,(20) 
n=2 

ad/ 
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and g sin 0 has a Fourier series ConJugatc to that for zfl(Q 
Hence (Appendix, Lemma (G)), 

1. 

2 iin 0 f'(t)83 
gain8 = - PdT[ a.... (21) 

R cos 0 - co9 t' 

. . . . ..(22) 

The same result nay also be obtained & follows. 
Appendix, 

By L?runa i,;;, 6 
. 1 TE 

s 'a-- - p 
n q(t) sin 3 

/ 
q'(t) sin t dt 

* n O cos 8 - co9 t at, E'(O) = -'Pi 
IL cos 0 -- cos t 

I 
. ...* (23) 

Also 

co = ; 6" qJ(t)at. . . . . . (24) 

5iZ;eXl ce 

e = Co+E'+&cote " -- ; P 6" -$& I- q(t) cos 8 

+ q(t) co3 t + q'(t) szn t + Q(t) cos s] 

. . . . . (22 his) 
5. A Better Aoproximation for a S-gun etrical Aerofoil at Zero .-__- 
Incidence. 

It will be noticed that oh approximating to F(e) in (lo) 

[sinh" + + su? f3]+ was/ 
_- 

'The formula q/U- = 1 + g, where 

for the velocity distribution due to a symnetrical aerofoil at zero 
incidence hcs been obtained indcpsndontly by Squire" by the method of 
sounes. From this formula he deduces the oonju ate relation betweso 
the Fourier series for g sin 0 and zf'(f3) in ? 18) and (20), and 
pro 0%~ ths use of the seriss 
f(O P 

in calculations to find the values of 
for a given g, 
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was replaced by 

When sin 0 is small this 1s not s good approximation? a much better 
approximation is obtained by repl.acLng the’above expression by 

which is equivalent to multiplying our 
-elyp l+e, by 

previous expression for s/v, 

(1 t -$Coa)(sin al 

(p f 532 s)+ * 
.,.#. (25) 

Our approximate formule for c/U is now 

q (1 + +d&“)lnin 8J ’ 
- D 

($a + slna e)-Z 
(1 + e) 

u 
. . . . . (26) 

where g is given by (zz), $ is found 38.~2~ coeec e (see (7))! 
rmcl 00 is given by (24). 

.msy be found by numericcl inl;egrni.ion of the values of 
If;, c2;j ~%,,“;f;;~ however, on Gllnl@.Cfll ev?luction of the integral 

, rind in prcparstlon WC note fhnt 

6. S.ymmet&.col Aerofoil at Non-Zero Lifts. 

I if ‘cjyho 
products with E, E’ 

is small, and we neglect its nqucre and its 
?nd Co D then from ( I I ) it follows thot 

1 + Gs + i’iL . . . . . (28) 

where 

gS = co t e'(O) 0 

and isthe g of $4, being glvon by 

G cot 0, . . . . . (29) 

(22), Qna 

A better opproxim::tlon is ngain obtained by multiplying 
the answers KO found’by (25), and then our npproximnte formula for 
q/U becomes 
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q-(1+ -@~2,)Isin 01 
-= 
U 

r (1 + gs + &&I 
(9" + sin" O)2 s 

( 1 + $0 2 

= (+2 

lI~inAeI 
(1 + gs) + 

(1 + &O")CL 

(lp + sina e$ 

1 j. ws q $31) - 

+ sina 0)” 2R 00 I 

the positive sign being taken on the upper surface and the negative 
sign on the lower surface. (Note that, 0 being positive on the 
upper surface r.nd negative on the lower surface, E is odd, ~1 
even, gs evon rind gL da.) 

7. A Closer Approximation 2-L High Lifts. 

The assumption that CL/a0 is smnll is quite distinct from 
the assumption of smnll thicknessi for large values of CL for 
which the npproximatlons of §G are not, sotisfnctory we 
the orifjinal expressions (2) rind (s)~ simplifying them 
formula 

may revert to 
to the 

% 
f&(8 t E) + - COS(8 + 

QO 

8 being negative on the lower surface, with + even, 
i' even. 

El + P 

e.,.. (32) 

E odd and 

TO use (32) we reQUi??e E and E' SeparaTelyg we shall 
co'!sd.ate then for the upper surface (8 positz.ve). Note that 
if we intend to use (32) and onlculate s, s1 we do not cnlculnte g. 

t!i,at 
Si2co y(x) = f(e) = &~(a) Sin 8, \1t follows from (21) 

. - 2 sin e f(t)dt 
c c.a - 

It 
p {" 

1-- I<. 
sin t(coe' 0 - co6 t) 

., - sin e 
i= - p /’ 

y(E)dE 

211 O 5(1 - Lz)(E - xl 
b..L.. (33) 

"Jeffrey+ obtained a formula for the flud velocity at Q point on 
the surface of sny cerofoil which.is equivnlent to 

4 (1 + C,)(l f E') ' 

i 

a 
e = 

(1 t +f2)%(-+” t sin2 e>Q 
s&(titetc)t -- 

i 

8Tm(l + co) I ' U 
gt$o;$h it is not quite in tsis form), where $ is y/(2a sin O), 

. 
Do 

I) = 1 (Cn 
n=o 

ccs netD,sinne) ' 

then 
w 

E - . c (cn sin ne - D, cos no). 
n=l 

The Fourier series for s was not suI?meii, 
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and 

80 

sin 8 = 2x (1 - x)T, 5% 1 

8 
x+ 1 

4 
- x)" 

c z - 
R p 61 t;(, "':;;: - x)' 

I . . . .  (34) 

,*... (35) 

8. Remarks on the Formulae. 

In the following sections we shall show how to evnluote 
&, cot Et E’ !in finite terms when, the chord being divided. into 
my number of segments, in each segment the ordinate y is given by 
an olgebrric fozmuln of very general type, Before we become immersed 
in the details of these cnlculntions, however, we may make some 
remarks on the formulae already obtained. 

We have three different approximate formulae for s/v, 
Formula (31) is more nccurete but 

and (32) more accurate but harder to use 
only) to use (31) ws require 

calculatC?d as 2y cosec e) g ana CO; 
but not g. Thus, &thou& 

functions g, F. aa $1 
shall exhibit fmmulne for all the three 

it should be remembered that we shdl.1 
never need to CfIlculate ail three; we shall cnlculate either g only 
or E ana E 1 . 

h comxmtirq g or E or ~1 
open to us; 

three methods cre sPPsgentlY- 
We 50~ use the Fourier series, the integral, pr the . 

f0md.m off the follovrj.ng sections. In all cases it is thoroughly 
recommerdd that the ftirmd.aeof the following sections be used 
WhereVer poesible. 

The Pourier series look 
in computation is defhite3.y not 
which 1s the case if, Cana orlly of, 
multiplied by a P6lynominl in X. 

we should have to 
and tne slunmai;ion would have to be carried Oqt flth 

considerable accuracy for small values of 
aivi;; ththl;um by sin 9, 
v 

or at any rate biin(ig +'% ~~*~%l%e' 
. 

into 
used 

The integrals are improper 
proper integrals by the use of 
for computation, For example, 

dy be changed 
Appendix, and then 

Lemma (7), 

I 

gs = ,.,I. (36) 

where y IS‘ f(8). If y is given numerioall only, we muBt 
find numerically a smooth,set of values of 

F" yi it isp 

fl(Oy which integrate 

= 0 
in fact, necessary to find f”(e) also, since at 

the integrand is ,given by 

f’(8) -f’(t) - 
lh -. . .“_ 

f”(8) 

t* cos t, - co9 t’ ,= 
--I 

sine ’ 
The/ 
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co .= 2. tjl fo, Xi) + 32 CL, X2) + j3 (X2, 111 
n 

E ’ ~JI ( E .-- x; 0, xx) + J2 (x; X1, X2) + Jz (x; Xs, I)). 
7L 

’ Case IV. 

Let , Y = Y4 (xl 0 6 x 6 XI (6 A/B) 

Y = Yz (xl x, 6 x 6 1, 

Then 

gs = - ; L,(xj 0, Xl) + 12 (x; Xl, 111 

co = i Ij4 (0, XI) + j, (X1, 111 

E = -: {J-i (x; 0) XI) + J2 (x; X1, l)f. 
7c 

Case Vi 

Let Y = Ye(X) 0 6 x 6 xi (6 A/B) 

= Yz(X) x1 6 x 6 X2 

= Y3(X) X2 6 x 6 1. 

Then 

- .A 114 gs= n, (Xi 0, Xl) + 12 (xi Xl, X2) + I3 (Xl X2, 1)) 

co = j2 (X1, X2) + 53 (X2, 1)) 

E = - .!m {JI. (x; 0, X,) + Jz (x; XI, X,) + JJ dx; X2, 1)). 
7x 

Thus to obtain formulae for these five general cases, we 
require formulae for the I, j, and J; since we wish also to be 
able to calculate E’(e), we shall also exhrbit formulae for 
aJ/ae , The necessary mathematics is contained in the lemmas in the 
Appendix, and WC have merely to make the correct substitutions in the 
formulae contained therein. 

It is convenient to enlarge OUT notation slightly by 
wxiting 
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Then 

Y1 \ 
%h = 2yl cosec 0 = 

x%( 1 - x)Q’ 

Y4 
$4 = 

x&( 1 - x)8' , 

1 - 2x 
b’(e) = Yl’(X) - 

2x(1 
_ x) Yl(X), .*... (38) 

and similarly for gal(e), qJ’(e), q:'(e). 

We may note that in case 11,‘for example, 

?i, f 91, qJ’ = 7+l,’ (0 < x 4 xa) 

4J = $2, “3’ = ‘lb* (Xl 4 x < 1) 

and similarly in other cases. 

In considering formdae for the I, J, J and- dJ/dB 
it is convenient to commence with the formulae for Iz (x; X1, Xz), 
32 (X1, X8), etc. Since . 

Yz’(X) = c 
n-1 
2nr-2 (*n + I)bn+2x*n, 

by substituting M = m - 1, 
find that 

Iz(x; Xl, L) = Y&q log, 

Cn = -c-b + l)bn+2 in Lemma 12 we 

x- Xa 

X - Xl 

-( 

m-1 x,2 5, $ 
2 (hn + 

+ x 
log- 

n=o , e x,3 + xl 

+ T XI” 
2-n-2 r + 2n + 2 

1 c b (x,+-r - X$). 
n=o l-1 r 

r+2n+2 

Similarly, on putting 0 
in Lemmas 12 and 14, we i%d,=thZC 

c, = bn for nZ0, M = m 

jd 
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1 - x2 
j2(&, x2) = - Yz(l) log, 

1 - xi 
+ ~(7’ b,,,,) 

1 t x2 ii 

log 
n=o e 1 +x$ 

x2 m-l x2 r - x, r m 
+ b. loge - - C 

x1 I?=1 r c b2s s=r+l 

51 x,F2-x,+ ; 
b 

r=l r - $ s=rt 1 
2s-I' 

x 3. 
t 

( H 

.L 

2(5'b 
1 + x3-J 

- ys(1)log 
l-X2 'i 
- 

1 -x n=o 
an+, ), lo&$ 1 

1 t x1- cl-X1 : 

1 -x -5 

-( ) 

/ 

X,2 

X 
6, 10;‘ - - x $ (1 

r m-3 
- x)" 

Xl 

C Bnxn 
n=O 

where 

m-n-2 xsr-Xlr m rmr;! x2 r-LXIA m 

Bn= C 
l-=1 r 

c b,s+ C 
s=rtnt2 r=l r - $- 

c b2s-l' 
s=r-tn+Z 

rind" 
a. 

; Ja(x;X,,Xa) = ‘h’(e) log, 
x-x?, 

---t 
-2 

x-xx 

E-1 

r 

~6 (nf3)bzn.+,~~ 
n=o 

1 -2x m-l $4 1 log d+x* 
' b2n+l 

2x(1-x) n=o I e x,+&x+ I 
1 m-1 

2( 

1 t&Q i 

t 

2ll-x) 
C b,,+,) log, - - 

l+xL* 
Ya(lj log 

1-x2 s 
-( 

n=o e 'I-xx) 

bo x2 m-2 
c pnxn + 

Yz(X,) 
+ - log - + 

_ Y2(&) 

2x eX1 r-l=0 x-x2 x-x, 

where 
2m-2~~2 r f 2n 

p,= c - 
r=i r 

br.+2n+2 (XS'~ - Xi51 - !kBn* _ 

with B, as nbove for o<n<m-3 ana BW2 = 0. i 

!Phe/ -- 
"Terms underlined in formulnc for aJ/dO may be omitted, since, y 
being continuous, they cancel in the cnlculntion Of E*, 
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The values of Iz (x; X1, q), etc. are now found from the 
above formulae by putting Xz = these valzessre required only 
in Casee II and IV, in which caseslithe ordinate vanishing-at the 
trtr$l~h~tedge, we shall have Ya(J = Q* With ~~(1) = 0 we 

1-Z 9 
12(x;&, 1) = Ya'(X) log, - (5' (2n+?)bzn+,xn--i;)loge -$& 

1 x--x1 1 n=o I 

m-2 n 2m-2n-2 r + 2n + 2 
+ c x c b rt2n+2 (1 -x1%, 

n=o I-=1 r 

IPI. l-Xlr m 
jz(G,l) = $7 b,,,,)log, 

2 
T- bO log, X, - C - c b2s n=o 1+x12 r-1 r s=r+l 

m-l 1 -x1 r+m 
- c C b2s-,v 

r=l r-9 s=rt 1 

Jk~&,1) 

- x 8 +Y3Bxn, (1 - x) 
n=o n 

m-n-2 l-Xlr m m-2 l-X1 &rn 
where Bn = C- C b,, + C c 

r=l r s=rin+2 r=l r -* s=rtn+2 .b2s-19 

an& 

d c 
& Jz(x;&,I) = z/rz'b)loge ,zl, - 212: (n*)bzn+, 

1 -2x m--l 

' b2n+l jtx4 
' 2x(1-x) n=o e x,%+x% 

t L (7' b,,,, )log, y--& - 2 log, xx 
1-x n=O 1 2X 

m-2 
t c pnxn - 

Y2(Xl) 

n=o x-x 

zm-213-2 r t 2n 
where @, = c b r+2n+2 (I - X$) - +-Bn, 

r=l r 

Mih Fe values of B, as in Jz (x; XI, I) for 0 (n ( m- 3 
nr-2 = 0. 

In/ 
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In Cases II and IV, with ' Y.?(I) = 0, the aerofoll ~111 
have 
1 -x% 

sharp trailing edge. The expression for yz(x) will contain 
ias a factor; it may have I-- x as a factor, and if so, 

E-1 
c b 

n=o 
2n+, dtill be zero, and the terms in jz(&, I), Jz(x; Xi, 1) 

and. d;r,s(x; X1, l)/dB containing this expression mill be Zf?rO, 

Before we pass on to oonsitter II, etc. we rn;qYe;lso note bhat 
if in the expression for yz(x) we have bzn = 0, 

yz(x) = 5' b2n+,xn++, 
n=o 

Yz’(x) = +- ?? (211 + r)b,,,x+ 
n=o 

and the first two terms in Iz (xi XZ, Xz), for example, become 
i 

Yz’ (xl 
i 

x - xz 
.$ 

xgz t X” ‘\ 

log, \ 

X - x1 

- 2 log, 
xl; + & ; 

= Yz’(X) log, 

i 

q-3 Fx+ x,Q + x3- ) 

1x2 _ x,..$’ - loge 1 x,-$ _ x*l j’ 

with corresponding slmpllflcations in other cases, 

m = 'M, 
We niiw proceed to fizu3 IL (x; 0, Xl), etc. by substituting 
bO f& n > 1, X, = 0 and replacing 

X2 bY Xl In this way we find that 
a L 

NH Xl"tX2 
L(WO,Xl) = Yl'(X) log, 

I X--Xl 1 
- ( C (2n+1)a2n+,x 

n-J- a)loge 
X n-Q & 

x-2 21YF2n-2 r + 
t c xn. z ; 

2n + 2 
X,h , 

n=o r=i r 
art2n+2 

WI 
L(O,X,) = - y%(l) loge (I-X,) + 2( C a2n+,)loge (I'+ Xi') 

n=O 

w-7 Xl' ii WI x,4 M 
- c - c 

r=l r s=r+t 
82s - .;, r-4 &, a2s--1’ 

Jx(x;o,X,) = 4%(s) 106 - ---- (21 azn+,xn*)loge "2' 
I x--x1 1 

e X 

!’ X + IV+1 
+- 

l ,( 
1-x 

2( C a2nt,)lw, 
n=o 

- ,%(, 
1 iw3 

- X)X 
c Anx”i 

n=O 

( 1 +x,&Y,, ( I) log, 

MYI. ‘l’ M Wn-z X,d M 

(1-L) 1 

whereAn= 2 - c -!- c x 
sr=l r s=rtp-k2 82s, r=j r - -2 6=r+nS2 a2s-,’ 

ana/ 
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and 

; Ji(x;o,iL) 

i 

= qJn'WlO~, 
b--~~I M-1 

-2 C (n+=$-)ti2n+,xn+ 

'\ X n=e 

9 - 2~ nm 
c Q2,+,xn+$ log, 

2x(1-x) n=o i 

X,*+X+ 

?r 
XL 

.i 

I . K-1 
t 

2ll-x) 
i 

2( ' '2nt1 n=o 
)log,( l+xl+yI( 1 )loize( l-x, 

+ y ocnxn f YliL) 

n=o X - Xl 

where Cc, = 
2M-21~2 r + 2n 

c 
r=1 %+2n+2 

X,h - +-An, 

r 

with An as Ebove for o < n < IH - 3 and AlYe = 0. 

The vnlueo of I1 (x; o, I), etc. are now found by putting 
x1 = 1 In the immediately preceding formuke; these vnlues are 
required in Lease I only, in wha5h CPSC, the ordinate vcni.shing.ct the 
trnlling edge, we have yl(t) f 0. With ~~(1) = o we find that 

1 
1-x 1 t xx 

h(x;0,1) = y='(x) loge -- 
X 

(Y' .(2n+,)n2n+,xn-~~.loge x-$ 
n=O 

M-2 2N-z.n* r + 211 + 2 
+cxn c 

n=o r=l r Q-212+2 9 

M-1 
jx(o,l) 

M-q 1 lh 
= 2'( c a2nt,)loge 2 - c - c Iw ’ “c” - c - 

n=-0 r=t r s=rtl 
a28 

x-1 z-k s=r+1 
a29-l 

= (‘ql(e) log, -zz - 
2 El 

J,(tiQ,$l ( c n-t+ 
,+x-;- i 

X ,x4( I-x.)+ n=o ‘2n+lX zDw, - 
Xal 1 . 

M-l 

( C "2n+,) log;, 2 - x+-x)~ ? A/, 
n=o n=o 

En-2 I M E-n-2 1 M 
where An = c- c 

*2s 
+ c. - c 

I-1 r s=rtnt2 I?=1 I-+ s=r+n+2 n2s-l' 

and 
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$ J,(x;o,l) = 'q&e) log l--x- 2 

i 

M-1 

e x 
C ii 

n=o 
( n++) a 2nt, xn-- 

1 - 2x K-1 
c z&+,xn+- 

i 

, +x+ 

2X(1-x) n=o 
log, - 

I X2- 

1 
(Iii;' a 

IL%? 
t---- 

1*--x n=o 
222+,) log,, 2 + c anxn, 

"< 0 

2M-zn.-+z I"+ 2n 
where d, = c ;- -$A 

331 r "r+2n+2 n 

and A h:ls the snmc v~.lueo 2s in J1 (x; 0, 1) for 0 < n 6 m - 3, 
with BP2 = 0. . 

In Cc% T9 with ~~(1) = o, the aerofoll mill have c. 
.shclrp tmiling edge. If the expression for yl(x) conkins 

El 
1 - x as a iPdxS, c * 

2n+ i ml11 he zero, rind therefore so will 
n=o 

the terms cont,hirung this expression in Jo (0, I), 
dJl(x; 0, l)/dO. 

J,(x; 0, 1) cad 

If a2n = c, in the expression for yI(x), then 

-X--l 
yx(x) - c "2n+,xnn-i-~, 

l- 1 

n=o 
ylt(x) = 3 C (2n + 7)aznt,xnMi 

n=o 

nnd the first two terns in 1: (x; o, X1), for cxnmple, become 

= yl'(x){logc lx -&I - 2 loge(x*+ f x6)), 

with corresponding slmplif!cntLons in other czseo. 

I'urnm~ next to 
(21) thct " 

I3 (x; Xa, 7), etc., we sue from Lemma 

T,(Xix2,1-j = 2a ~~h-l [G(I -X,)/C] 9 

+ Ys ' wage 
(I-x)[ 1+2?l( ,-x,)/c3+,-x,+2y,(x,)yJ(x)/c 

[x - x21 

j,(x,,l) = - z\/D stil‘-' [D(I - X2), C] / ?f 

t (C+D)hog, 
z-X:,+:D(,-;i,)/Ct2y3(X,)(C+D)~-/C 

X2 

J3/ 
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13 

0 

+ 
- (C+D$ loge 

2-Xa+2D(1-X8)/C + 2y3(Xn)(O+D)% 

X x2 

b(@ be, 
(1-x)[1+2D(1-X,)/C]+1-X,+2ya(Xz)y,(x)/c 

I x - Xal 

(c+D+ 2-Xa+2D(,--X&++2y&)(C+D)'/C ' 
$ J3b;Xa,1) = 

2x 
w, 

Xa 

+ $25 ' (e b-x, 
(1~>[7f2i)(l-x'Xa)/CI"1-x,+ay~~X,)y~~x~/C 

IXwXal 

_ YsOa) 
. 

x - xa 

Finally, from Imnaa (16) 5.t follows that 

Lb;o,X1) = -aVBsIn-'(BX~A)*-y.&c)lo~, 
x(I--~BXJA)+X~+~~A(X~~(X)//~ 

I I. x - x1 

= +W,xi-'@&/A)+ + 
Bxl for x < A/B 

Y4(Xl) for x = A/B 

1 -2vBsin-’ (B%./~ )‘+wb 1 (x) tan-’ 
for x > h/B 

. A - 2Bx 
where Y*'(X) = 

2Ya lx> 
for x < h/l3 

23x - A 
c 

2Y4 (xl 
for x > h/B , 

and from Lemmas (17), (18) and (19) it fnllows that 

L(O,Xl) = 2tisLn-'(BXdA)++(A-B)%op,, 
1+X,-2Bq/A+2y4(xI)(A-~)+,,~ 

1 - Xl 



J4(X!O,Xl) - 
~+X,-ZBXJA+~~~(X,)(A-B)~/A 

(A-~)*iog, ---- 
1 - Xl 

-qq(e)lok x(~~-2BX~A)+X1+2y~~X~)y~(x)/A 
0 

Ix -&I ’ 
for A k B, x < A/B, 

- ~‘&WlOP, 
x(~--~BXJA)+XI+~Y~(XI)Y~~X)/A 

Ix - Xl 

for H 6 B, x 6 A/B, 

A.,-lay 0 for A 6 B, x > A/B, 

and 

a 
de JB(x/Q&) = 

(A-B)' log 1tx,-2BxJAt2y4(x1)(A--B)*/A 

2(1-x) e 1 - Xl 

- s,'(e) log 
x( 1--2BX~A)+X1+2y~(X,)y.~(x)/A + Y~(X~L) 

e 
Ix - Xl/ x - x, 

for A > B, x < A/B, 

= 
(B--d tanw4 -- 
1 -x 

- Ita'(@) log, 
x( I~BX~A)+X1+2y~(X,)y~(x)/A .+ Y~@I) 

lx - &I X - x1 

for n 6 B, ,x 6 A/B 

= 
W$- tanl -- 
1 -x 

fox A < B,. X = A/B 

3 - 
(B-A)+ tan-, 

2+~(B)tari? 
1 --x 

* YEI 

X - Xl 
for A 6 B, x > A/B. 

!Che/ 



The formulae for the I, j, J ana aJ/;zs rewrea 
for the five general cases previously listed have now all been set 
out. These five gcnersl cases include practically all nerofoils for 
whose ordinates formulae have been proposea, but the mnthematlcal 
results already obtained enable us to write down, if we wish, formulae 
for the I, etc. relative to other cases. There is no absolute need, 
for exampla, in proposing formulae for the ordinates, to restrict the 
number of segments of the chord to two or three. In Case III for 
example, instead of writing 

Y = Yz(X) x, < x 4 x2 

Y = YB(X) x2 < x < 1, 

we may write 

Y = Y2(X) Xl 4 x < x2, 

Y = Ys(X) = 
2m1 

n/2 c c,x x, 4 x < xq, 
n=o 

Y = Ya(X) x, < x < ?. 

for gs in Case III we change Ia (x; X2, 1) 
ana add - I5 (x; X2, X,j/a, where the formula 

LS obtained, from that for I2 (x; X,, X2) by 
bn into Cn7 Xi into x2 and Xz into 

x ' and skmilar remarks apply to the ex~essions for 
G&e is, 

and El. 
in fact, 

co, E 
no fheoretlcal difficulty in increasing the number 

of segments in each of which the urdinate is represented by a 
different algebraical expression, but the labour of computmg definite 
nlunerlccl results increases wLth the number of segments, 

nomial f3 
Another zhange thgt may easily be made is the use 

(1 -x)a instesd of the polynomial ya(x) in % 
f a poly- 

x in 
Cases II, III, IV and V. 
repiaced by 

For simplicity let us suppose that ya is 

2131 
Ye(X) = C bn(l - x)~/~, 

CL=0 

the symbols m and 
Y2(X). 

bn being kept unchanged from those used in 
Then we must rep12ce I2 (x; X 

Jz (x; X1, X2) by, S"Y~ 
respectivdly, 

IO (x; x,, x2$: f:'rx,l"x3:7J:2&; x1, x,9 
rind it follows from Lemma (20)~ Appendix, that 

Ie (x; x1, x2) = 12 (1 -x; 1 -x2, I-X,) 

j0 (XI, X2) = J2 (1 - x2, 1 -x,) 

Jo (xs Xx, ‘X2) = -IT2 (1-x; 1-x2, l-x,) 

%nd dJe (x; X,, X2)/&3 is obtzi.ned from d3a (x; X,, X2)/B by 
chnnging x into 1 -x, X, 
and leaving the sign unch?agod. 

into 1 -X2, x, inc,o l--X, 

In the same way we may suppose the trailing eDge round.ed 
ofS by nn elliptic or :: clrcul?-r arc znstead of a hyperbolic arc, 
1, e. 9 y5(x) re@.ccd by 

Y?(X) = {E(l - x) - I?( 1 - xp$. 

Then/ 
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Then 'I3 (xf Xs, 1) j,(X 1) Ji (xi x I) must be replaced by 
I, (x; X2, I), j, f X,, 1fi JG (xj Xs I?: where from Lemma (20) 
it follows that we obtain I7 (x; Xz, 
and aJI (x; xz, 

II 
l)/ae from I4 (x; 0, 

k,,fv $;2tol'k )Jv (x; Xa, 1) 

J4 (x;!s, X,) and dJ4 (x; o, X,)/de, respective&, iy'rsplacing 
A and B by E and F, x by 1-x and x1 by 1 -x2, and 
changing the sign in the case of J, 

' other quantities. 
leaving it unchanged for the 

The formulae of this section therefore cover a very wide 
variety of cases. It is exactly on account of this very considerable 
generality that the formulae probably appear quite repulsively 
complicated to many who are not mathematicians by nature or training, 
and definite, limited formulae for a number of special aerofoile have 
therefore been set out in the next section, 

Before we leave the formulae of this section, however, a 
word or two should be said about the occurrence of infinities, 

Clearly infinities will not occur except possibly at 
0, 1, x1, x2. 

Since y ma y' must be supposed continuous at XI 
and X2 in all cases, there are no infinities in g, E or E' ot 
these points; moreover in the dJ/dS the terms underlined cancel 
and may therefore be omitted, 

Atx = o and x- 1 the J v,onish in all crises, 
lee., E = 8 at the lending and trr.iling edges, as it should since 
it is an odd periodic function of 8. 

On the other hnnd we find that the approxjmnte methods of 
this note make g rind ~1 log,ari.thmicnlly infinite when x + 0 

~le~~o~,c,o~~~c=~nntis~~, . x 
in the expansion of y in Powers of 
If this coefficient is n2, then 

tz+m like (a,/n) log, x and E) +w like 
Similarly if the cxefficient of 1 - x 
powers of (1 - x):! 

in the ~$$%~g~fxoy in 
nsnr the tail is a2', then,when x -3 1, 

~~,~2n;~~ge(~~1~!)~~ge ( 1 - d ad E' Jo0 l&e 

IO.1 win1 Exomoles, 

Par the ordinates of symmetricnl nerofoils the following 
formulae have been proposed, 

The N.A.C.A. hove published two types of formulae; one, 
of which the N.A.C.A.0012 is on example, is of the forme 

y = -ii a,x t n,x t n*xa t ngxa t aax4 (0 6 x 6 a)1 

rind the other, 
form' 

of which the N,A.C,A.oo12--63 is an example, is of the 

y = a,x% + a2x + a,xa t aoxs (0 6 x 6 x,) 

= b. + hex + b4x2 t hex" (x, 6 x 6 1). 

I hzve fitted a formula of the latter type to the N.A.C.A. 16 ser'es 
'm 

R. 0. Pankhurst-hcs fitted formulae,h.itheltto unpublished, to 
the Olnrk Y series. The formuln for the thickness distribution , 
is of the form Y/ 

. ------------------------------ 
*These logarithmic infinities arise from discontinuities in 
II' f for examole if 
edge from -+a, 

a2 # o,'+' changes abruptly at the leading 
on the lower surface to +';a, 

surfsce. 
on the upper0 

5 Now R. e, 16. 2130 
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y = a,x* + 33x3 '2 + t3gx= /a t ~~y.7 /a (0 6 x 6 x,) 

= b. + bzx + b,x2 t box" (x, 6 x 6 1). 

Formulae used in this country for '~lamir~r-flow'~ nerofoils have been 
of the form 

y = (Ax - Bx2)+ (0 6 x 6 Xl) 

= b. + bzx t b,x2 + bexS t bsxa (Xl. 6 x 6 I) 

(sometimes with bs = o), or, if the trnillng edge has been 
rounded off in such c? wry as to leave the curvature everywhere Con- 
tenuous, 

Y 1 (Ax - *x2)3 (0 6 x 6 x:, 

= bO + bzx + b4x2 + hex= t bsx" (Xl 6 x 6 X2) 

= [C(l - x) + D(1 - x)"]+ (X, 6 x 6 1). 

In nddition Lock nnd Preston8 hnve proposed n formula 

Y = la&(, - x)(1 + b - bx$ 

c.9 nn approximation to B-of. Piercy's first series of zerofoils, and 
DunccnlO hcs proposed the genernl formulc i 

y = ;m(l - x)f(x) 

where f(x) is D ~polynominl in x. 

All these exr?mples except the lnst two are covered explicitly 
by the generzl farmulce of $9. For the formulae of Lock and Preston 
the necessary integrations can be cnrrled out and the resultk expressed 
in terms of simple functions by using methods similar to those used 
in Lemma (16), Appendix; untd the formulae nre required 111 prnctice 
it is not consdered necessary to set them out, especially as the 
nnswers m:y also be obtained us approximntlons to results obtained by 
simple conform31 trnnsformntions. In the case of Fan's aerofoils 
the lecding edge rndzus is finite only when n = and Duncan1 6 . 
formula is then a special exnmple of Case I of $9. "(!?h e necessary 
integrnls my be expressed in terms of simple functions for certain . 
other special vdues of n, but not for :: general value.) 

In the crses of the N.A.C.A. r,erofoils 2nd the Clnrk Y . 
series, the formulae ns set out leave n flnlte thickness clt the 
trailing edge. 
or "rndiused"; 

In mznufncturc the tr,zi.ling edge May be rounded off 
strictly speaking this rounding off should be t&en 

into account in the d~lculotioris, p?rtlcularly of E nrld El: but 
it is surely sufficiently cccurc.ta Simply to omit, without considering 
tha detnils of the rowcling off, ~11 terms contnining ns n factor the 
ordinnte nt the trnilmg edge; this procedure ~111 be adopted. 

. ' 

nerofoils 
We shall now set out numerLcn1 formulne for certsin spsclzl 
in order to exhibit the nature of such formulc, With 

the approximations of the methods used in this note,-g,, $, td, &i 
nro 111 proportion?1 to the thickness; 
examples 

the numbers in the following 
cre nil for nerofolls ~2 per cent thick. 

Actual numeric31 computctions of g, orof E rind Et, 
are much focilitnted by using the specially prepared results 
tcbulzted in 'J!cble 1. 

Example/ 
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Exnmle L N.A.C.A.oolz. 

The equation to the aerofoll is 

Y = 0.17814~ -0*07560x - o'210g6xa + 0'17058~~ - o*o609i% 4 

so 

y'& -s ' 0.0890~~x - 0007560 - 0*42192X + 0*51174X' - 0.24360~3 

Th1.s aerofoil is ZI sppcinl exmplo of Case I of the preceding section, 
and 

A 
bt 

1 

gs =-lI 
II 0, 11, co = ;;: jl (0, 11, El: --1J, (x; 0, 1) 

IT 

where 

L(x;o,1) =' 
1-x 

y'(x) "1 
,+x% 3 4 

log, -- 
3 

loge 
- 

X$ 

+ 284 + - atj + - El8 

x 2 3 

+ (3ae + 2as)x + 4aex2 
I . 

with 8% 
ng = 

= 0'17814, EL, = -0.,21096, n, = 0'17058, 
-0'06090, 

~JI (x; 0) 
The formulae for & (a 1) J1 (x; o, I) and 

I)/& may be similarli wrItten out in fuil, and numerical 
values inserted, In this way we find that 

Y'(X) 1-x 0'17814 il 14x 
gs = - log, -4 

ICXS 
+ 0'0787021 - 0'1241218~ 

II X 

+ Of0775403X~, 

co = 0'09985, 

'4(e) 1-x e-35628 Q 1+x X 3 

E- =I - - log* -+ - 0*0786081 - 
n X R( 1-x$ 

log, 1 
X2- 

0 
1-x 

+ X (1-X) % 3 (0'0252197 - 0*0193851X), 

sJ’(Q) 1-x +c 0'17814~ Q 1+x 
Et =- 

0'0393040 

71 
log, -+ + 0'044@483 

X n( 1-x) 
log, --$- - 

1 -X 

- 0*0892095x 4 0*0581552xa, 

where, as nlwnys, 

g(s) = ,%“, = Y(X) 

x+y 1 - x)4 

2 cos 0 1 - 2x 
q(e) = Y'(X) - 

sj.na 8 
Y(X) El Y'(X) - 

2x(1 - x) 
YCF>. 

Exmple/ 
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Example 2. N.A.C,A.16-012. 

!Che ordinates of this aerofoil appear to be well fitted 
by the formulae 

Y = yl(x) = 0911876x+ - 0'02871X - 0*00492x2 - 0-067128x' 

(0 6 x 6 0'5) 

= ya(x) = 0'06 - 0'1476(x - 0.5)' - 0'1752(X - 0*5)3 I 

= 0.0450 + 0‘0162~ + 0'1152X' - 0'1752X" ( 0'5 6 x 6 $. 

Hence 

Yl'(X) = 0.05938x+- 0'02871 - 0'00984X - 0*201384x2 

Ya'(X) = 0'0162 + 0*2304X - 0'5256~'. 

This aerofoil is a special example of Case II of the preceding section, 
so 

- 1 {II (x; g‘s= x 0, Xl) + I2 (x; Xl, l)i, 

co = i IJ~ (0, &.I + 32 (XI, l)l, 

E = -; tJx (XI 0, Xi) + Jz (x; xi, 1,)~ 

with the following numerical values: 

M = 3, aI = 0'11876, a3 = a5 = 0, a2 = -o*c2871, 

a4 = -0’00492, a, = -0'067128, 

m= 3,b 2n+l = 09 bo = 0'0450, ba = 0'0162, 

ba = 0'1152, bo = Q'1752, “* 

x, = 0'5. 

Example I, 
When we write out the general formulae in full, as in 

and insert numerica values (see ICable 1 for 
1 
- log, Xl, 
1T 

-! log, (1 + X,$ etc.), we find that 
II 

Y,'(X) Ix-o*51 0'11876 xhqO71068 
gs = - lot?, t 1 

7t X 71x2 
log, 

X+ 

-Yz'(X) 
+ 0'0356485 + 0'1157031x, 

71 

‘CO = 0’09893, 
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$Jl(S) 
E = - 

71 
log, 

'h(S) 1 -x 

log, + o-o099286 
ii 

7 
~so305677;3, - x)& 

E’ = 
+L’(@) (x-o.51 0'11876::' X&+CI-707,068 

- - log, f 
n: X %(I - x) 

loge 1 
x2- 

1 - x 0'0222027 0'304964.3 
-..- -- - 

71 e Ix-o~5I 1 -x X 

+ 0.0103323 + h'0771354X, 

where 
' I&', 

$l(S), gzt(S) are comected with yl(x) 
$a'(@) with y&d, y l(x) in the sa& wy$'fi~"+(~jd c 

mere connected with y(x , y'(x) in the preceding examhie. 

Exmole 3. Clqk Y Fs~r~nr<. 52 went thicl;, 

For c 12 per ccr,t thrck fr.iring of 3 Clark Y oerofoil the 
formulnc suggested by Prnkhurst become 

Y = Yl.(X' = X~(OV62172i3 - 0~1348548X - o'2g47560xa + 0'5252112S"\ 

0 6 x 6 0'3317 

= y3(x) = 0'0379188 + c'1426932x - 0-2583216X' + 0*0868980x3 

0.3317 6 x 6 i, 

Thv.s 

Y%'(X) = X-q0*0810964 - 0~2022822~ - 0'7360900~~ + 1'83823g2x3) 

ya'(x) = 0*1426g;2 - 0'5166432X + o'2606gr$oxa. 

This symmet~~~cnl ncrofoll is snother spcc~nl example of Case II of 
the preceding section, with the zddit~onal slmplifuntion that in 
yl(x) we have a2n = o9 so 

; 3 
2rlt1X 

ni+ 
= Yl(X), 

n=o 
; (n -I- $)"2n+,Xn-g = YL'(X), 

ilr: ?I 

’ '2n+i = Yl(?). 
n=o 

Tho numeric;1 vnlues to be inserted in the formulae of 
Case II are 
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M E 4, a2n = 0, a, = 0'1621728, n, = -0'1348548, 

a6 = -0'2947560, 0-q = 0'5252112, 

m = 3, b2n+, = 0, bo = 0'0379188, ba = 0.1426332, 

ba = -@'2583216, b0 = 0*0860980, 

111 = 0'3317, 
k- 

XI-~ = 0'5759340, Yi(l) = 0'2377732, 

from which vr:lues we find thrit 

Yl’(X) 
gs = - 

IT 
bg, Ix - 0'33171 - 2 log, (d- + 0'5759340)) 

i Y2’ (x) 1 -x 
log, + o’1621868to’140203gx-o.6739922x2 

7c lx-0'33171 

co = U'O9656 

*I(@) 

E z - 

i-c 
{log:, (x--0*3317( - 2 log, (x~-+o*m934o)j 

‘42(@) 1 -x 
- - log, + 0'0133195 

It )x-o"3317J 
- 0'1077105 

+ x-+1 - X${0',242738 + 0*1925692X), 

&‘ z - 
$I’(@) 

{log, ]SO'3317~ - 2 log, (X+5759340)] 
n: 

$,‘(@I lo 1 -x 0'0535553 0'0066597 
-- - 

1T: % 
jx-o"33171 -Ix 1 X 

+ 0'1245241 + 0*1681931X - 0'481423OX". 

Ex3mplo 4, XQE 7260. 

For this neroi‘oll 

Y = y4(x) = (0.012x-0'01OX")~ 0 < x 4 0'6 

= y2(x) = 0~06-0-08j(x-o~6)~-1*4252j(~-0'6)~+1~787152j(X-o~6)~ 

= 0'~G9~~~5-2'9334x+G'31,241~x2-5'71~x3+l'737152jx4 

0'6 6 x < o'g76o155 

= y3(x) = {0*000873882(1-x)+0*079607;07(1++- 

0'9750155 G x c 1. 

!Chus 
0'006 - 0'01~ 

yr;l(x) = 
Y,%(X) 

y2t(xj/ 
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Yz’(X) - - 2'983r, 4- 12'6a403x - 17*1&f" + 7'i486ix3 

0’000436g~1 + 0’079607107(1 - x) 

Y3’(X) = - 
Ys (xl 

Thm zerofoil is n sp~ci-11 exnmple of Case V of the precedmg section, 
with A/B > ,I, so thnt x < A/B for cl1 x. 

x, = 3‘6, X2 = O'g760155, A = 0'012, B = 0'010, A - 2BX, = 0, 

2sin-'(13X,/A)& = +?c, (A-B)'= 0'044721,- ya(lil) = O-06, 2ya,(Xi)/A = IO, 

m=4, b 2n+l = '2 b, = 0'569475, bz = -2.9834, bd = 6'342412 .' 
b0 = - 5'71.;1, bs = 1'787152; 

c = 0*000873882, D = Oe079607107, m = 0'2821473, 

D(I-X2) 
= 2'1848907, 

-, 
sinh = 1'1825745, 

c 

2dTJ sinh-' = 0~6673204, $3(X2) = 0'008 ii'031gr 

2Y,(&) 
= 18'690907, y3(0) = (C+D)' = 0'2836917. 

C 

Blth these numerical values the fomulae of Case V becoize, with 

f = 0'0239845 + 5'3697814(1 -x) + 18.6g8g07y3(x) 

and x2 = 0*9750155 as above, 

Y&‘(X) 
.es = 

% 
log, 

- 0'6051406 

co = 0'10277, 

1 QY,~o*s Yz ' (xl X-X2 Y3 ' (x) f 

&0*6/ - jc 
log, - 

x-0.6 7x loge /x-x2 1 

t 1'3776C62?: - 0'8556133~' 

= v4(8) :oya+o"6 Q.1 (a) 
log I- 

I 'FXJ ?3 (6) f 
E -- log, - 

Tl /x--o-61 , n e' - 
I X-0.6 

log, 
n 1 x-x, 1 

1 

1oy<>+o'6 f 
log,, 

x 
1ogeFeo.6j 1 x-x2 1 

0'0073876 0'15%2067 
-_ - - o~2~79~4~+o*g6g1g66x-0.6417100X2. 

1 -x X Example/ 
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Example 5. E&F1 1250. 

For this aerofml 

y = Y.&(X) = 0*,2(x4)+ 0 6 x 6 0’5 

= y2(x) = 0~06-0~12(x-O*5)~-0~535(~-O~5)~+0~609(X--0~5)~ 

= 0.1~4g3’~~--0’5%~75x+1~596x”--f’753x~tc~609x~ I 

O”5 6 x 6 0’9653726 

O”9653726 6 x 6 1. 

This aerofoil is another special example of Uase V of the 
preceding section, but we now have A = B = 0’0144. In 
consequence 

Y4 = 0.06 sin 8, I)‘& = 0’12: I$.% = 0, 

ana 

1 - 2x 
ye'(x) = 0'06 &(, _ x)& = 0.12 cot 8. 

Also 

Yz’(X) = - 0’58575 +-3*192x-5*259x3 t 2*436x”, 

Y3’(X) = - 
0’0003130181 t 0’04438gg56(1 -x) 

0 
Y3M , 

Other numerica? values required are 
\ 

X, = 0.5~ Xs = 0.9653726, 2 sin-'(BX,/A)S = -;$c, A--2BX1 = 6, 

y,:X,) = 0.06, 2y$(X,)/A = SO;, 

rn=S9 b 2n+l = 0, b, = 0*1:4g3'15, bz = -0'58575, b4 = le5g6, 

ba = -1'753, bs = 0.609, 

C = 0’0006260362, D = o'c4438gg56, $D = 0'2106892, 

D(l-X2) u( 1-X,) 
-+ 

= 2’4553036, Slllh-’ - = 1’231330b, 
c * 

I I C 

2dD sinh‘-' 
-D(l--X,) * I 1 = 0~5188563, 

cl 
I 

y3(&) = 0-0086547156, 2ya(Xz)/C = 27.649250, ~~(0) = (C+D+ = 0’21216 

If/ 
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If we now write 

f = 0'0346274 + 5'9106o72(1 -x) + 27*6qg250y3(x) 

an2 X2 = 0'9653726 as above, we find that for this aerofoil 

gS 

co 

E 

E’ 

Yr,‘(X) 8'jy,+o'5 x-x2 
= 

n 
log, 

_ Ya'(X) 

Ix-o.51 lx 
log, 

x-o*5 

_ Y,'(X) f 
-0'2074402+o'51463g1x-O'J608512xa, 

n: loge 1 x-x, 1 

= 0'10039, 

0'12 %'jy4+o'5 _ llr2(0) X-X2 
= -_. 

n: loge jx-o.51 1L loge x-o.5 

yJ3b) f X -& 1-X -2 

x 
log, - 0’0015092 - 

IrxzI 0 

+ 0'1973894 - 
1-x 0 X 

- ,q, - X)-'(0.103366, - 0'0902128X), 

-+2'(O) x-x2 f 0*0005046 
z - 

71 
log, - - 

$3'(e) 

x-o.5 n 
log, 

1=-x21 1 -x 

O-0986947 
-- - 0'0577508+3"3661666X-O'2706384Xa, 

X 

where 8.?yG(x) = o-5 sin 0. 

Example 6. E&I< 1240. 

i+or this aerofoil 
I, 

y = y&(X) = (0*018X-O'0225Xa)" 0 6 x 6 0'4 

= y2(x) = o~o6-o~~8~~(x-O'~)a+o-o2o&j(x--O~4)3to'o324O(x-O'4)* 

= o'O29~g632+O'1~~~o~x--o'~8~~g2x2-o'o31~1x3+O'O324OX4 I 

004 6. x 6 0'9640731 

= y3(x) = ~o-Ooo536g~O(,-x)+o.02~022625(11)2~~ 

0.9640731 6 x 6 1. 

This aerofoll is a third special example of Case y of the 
preceding section, but in this example A/B = 0.8, and we have 
somewhat different Cormulae according 6s 
values as 

x $9'8. (The limiting 
x 3 0.8 are the same for the two dcts of formulae.) 

The form above defines y&(x) only for 0 < x < 0'8. 
For o*S^< x 6 I we define y-i(x) by 

y,(X) = (0'0225X" - 0*0,8X)'. 

Then/ 
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Then 

Ye'(X) = 
o-009 - 090225x 

0 4 .x < 0'8 
Y4(X) 

0*0225X - 0'009 
= 

Y*(X) 

0'8 < x < I, 

ya'(x) = 0'151704 - 0*362784X - 0-09303X' + 0*12960x3 

y3'(x) = - 
o'ooo268490 + 0'027022625(1 -X) 

Yl.(X) 
8 

xl = 0'4, Xa = 0'9640731, A = 0*018, B = 0.0225, 2 sin7(B&/A) a - &, 

(B-A)'= 0*06708204, A - 2BX, = 0, yb(X,) = 0.06, 2yQ(XI)/A = i=>, 

m=q,b 2n+i = 0, b, = 0'0294g632, bz = 0.151704, bs = -o"181392, 

be = -0'0~101, b, = 0'03240, 

c = 0'000536g80, D = 0'027022625, v/D = 0'1643856, 

D(I-X2) 
= 1.8079615, sinh~' = l*lo53569, 

c +- 
2vll sinh-1. = 0'3634095, 

3. 
y3(X,) = 0*0073601, 2y,(Xz)/C = 27*412g3g, ~~(0) = (C+D)' = 0'1660'03. 

Hence, with 

f = 0'0359269 + 4'6159230(1,- x) + 27*412939y3(x) 

and Xz = 0'9640731 as above, WC find that for x < 0.8, 

‘Y*’ (xl 6'iy,+0'4 f 
gs = 

Tt 
log, 

_ Yz'(X) 

~z--O~,4 1 

x-x2 I Ya’(X) log 
- 

71 
log, 

x-o.4 I x e Ix--&I 

t 0'0244118 + 0'0008327x - o-0232696x2, 

co = 0’09920, 
s 

6*ty,+o*4 +2(e 1 X-Xa $a(@) f 
log, - 

7c x-o-4 x loge (x-xaI , 

t 0~0958174X1, 
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&’ = 
+4’(e) 

log, 
fi*;ys+o*4 _ +2’(e) x-32 WC@) f 

n 1x-0.41 n 
log, 

X-o.4 I n loge IxYx,I 

0'0084427 0.0637388 
+ + o'o336g14 f 0-0021413X - O'o174523X'. 

1 -x x 

For x > 0'8, 
, 

6.iy* t 0'4 

loge Ix - 0'41 

must be replaced by 

- 2 tan-' 

and as x + 0'8 

Y4'(X) log, 

6*ky, t o-4 

Ix - o.41 + -""5 

. 
0 . 

s%(e) log, ",F- +O,* + 0, 

6.6~~ t 0.4 

h'(e) m3, ,x- o'4, q-o-15. 

11. @lcuLated Resu,l.+s and Comparisons for EQH 1260. 

As an illustration the computations have been carried cut 
by all three approximate methods for EQ,H 1260, and the results COIR 
pared with each other and with numerically accurnte results obtained 
from the exact theory, Other results and commrIsons wi.11 be set 
out in later reports. 

TablE 2 contains come numerically accurate results for 
this aerofoil ; Table 3 shows the computation of g,, and of 

z,?g %ornf~~e %hn?!.~~~~~);~d~?J!~g r,e4E~~~uT:~I,"o~~~va1~~~ "zrom 
Table G the compuLation of &II and Table 7 the values hf 
the formula (32). Bn attempt to exhibit graphically comparisons of 
these three sets of approxinate values of 0 with the accurate 
values has been made m Figs. I, 2 alid 3, but in some ways the com- 
parison is clearar from the tables. The results appear wholly 
satisfactory. Probably the only noteworthy discrepancy io that 
at C 
occur te ?3 

= o the approximate values are slightly lower than the 
values round nbout the bump in the curve near x = 0.7; 

Lt LS ~nterrsting to note that in the same region the values 
1 are lower than the calculated 

%?%?d~~$ :%&a:: !%Eezason to believe thnt, q-t any rate for 
nerofoils of this thickness or less, the regions in which 

vnlued------ - --------'L-----,----,--v---- 

"Values of q/U at CJ = 0 in Tnble 2 differ somewhat from vnlues 
published by Fnge nnd Wnlke+: this 1::tter set of vnlues was the 
result of some prelimlnnry calculations only. 
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vclues cclculcted by the cpproximoto method will differ perceptibly 
from accurate values ~~11 be included m the regions in which 
experlmentnl vnlues might be expected to differ perceptibly from 
thcoreticnl values. 

12. Summ? l-y.. 

Three formulae, of Ucrensing accuracy end complexity, ore 
given for finding the velocity nt the surfnce of n symmetric?.?1 
aerofoil. 

Computations required in umng nny one of these foraulce 
may be carried out by any one of three methods: Fourier series, 
integration, or the use of the analytical results of s9. These 
analytical results apply when, with the aerofoil chord divided into 
any number of segments, in,each segment the ordinate y is a Poly- 
nomial of any degrqe in XH 
xl 

(mcluding, of course, a PolyrXXLial in 
OX in (I - x)Z, where x is the distance in fractions of the 

chord from the leadIng edge; in addition an elliptic nose may be 
fitted up to any dlstnnce back from the leading edge, and the trailing 
e go may be rounded off by a circle, ellipse or hyperbola up to any 
distance from he trai ing edge. 
when y 1s ii i 

The Fourier series should be used 
x (I - x): multiplied by o polynomicl in x, smce 

the Pourier scrles then terminate; in all other cases (except those 
derived by simple conformnl transformations, to which the present 
theory should not be 
be fitted to 

applied ct all) it is recommended that formulae 
y of the type used in $9, If possible, end use mode 

of the nnnlyticzl results, 

Definite numerical formulae cre set out, os exnmplcs, for 
M.A.C.A.ooi2, N.A.C.A.16--012, a Clark Y fciring, EQH 7260, 
EQH 1250 2nd EQH 1240, The computationa ore carried out for 
E&H 1260 and the results compared with occurate results from the 
exact theory; the agreement is wholly satisfactory. 

Appendix. 

Lemma 1. 

sin 0 y An cos no = (A,, - -$Az) sin 8 + T $(Q+ -- A,+,) sin nt3, 
n=o n=2 

Lommn 2. 

cc 00 
cos e c A, cos ne = SAA, + (A,, t -&AZ) cos B + C &(A*, + A,+,)cosnS 

n=o n=2 

Lemm 3. 

w c-2 
sin B C Bn sin no = $-BI + %Ba cos B - 

n=q 
c %(B,,-B,+,) cos no. 

n=2 

Lemm-i 4. 

cos e y Bn sin ne = -$B, sin e -I 
03 

n=7 
c $(Blr, + qI,,) 23i.n ne. 

xl.= 2 
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Lemma 5. If 
w 

f(O) = n=, 
C (An co8 ne + Bn sin ne) 

and co 
de) = c (An sin ne - Bn cos ne), 

n=l 

then12 

f(e) = -I 2TI ,/" Me + t) - g(e - t)] cot Qtdt 

= J-P j” g(t) cot 3(t - a)ai, 

and 

g(e) = --I /* {f(e + t) 
2x O 

- f(e - t)] 00t -itat 

1 
= -- 

271 
P<J f(t) cat -yt - e)at, 

where P denotes that the principal values of 
be taken. 

Lemma 6, If in Lemmc (5) f(e) is even ma 
thnt B, = o cna 

w w 

-idie integral is to 

g(e) is odd, SO 

f(e) = c A,cosne, de) = 
n=l 

c Ansinne, 
n=i 

then 

f(e) = -l P J" g(t)Oot S(t-e)at = 
27x -lc 

$ P jn g(-t)O0t(+t+e)at 
--n 

= 2 P j” g(t) 00t S(t + e)at 
2TL -lT 

= ; P J g(t){cot ect - e) + cot 3(t + e)jat 

=;P I’ 
II. g(t) sin t 

at 
-7t cos 8 - cos t 

g(t) sin t 
zz 1, /+ at. . 

71 0 COD 8 - cos t 

Similrrly 
sin e f(t) 

g(e) = - Pit at. 
71 cos 8 - cos t 

Lemma/ 
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Lemmn 1. 

01 at 1 sin Q(e - a,) 

p d 
= 

cos 9 - cos t sin 0 
We 

sin -&(O + 0,) 

p 6” cos e 

at 
= 0. 

- co9 t 

(See Reference I, pp. 92, 93). 

Lemma 8. For cay qr 2nd. cr 

m-l m-n 
c xn c "r+nqr -x 

n=o r=1 

m-3 
= - x(1 -x) C A$, 

n=o 

m-n-2 m 
where An = c 9, c %! (0 < n < m- 3), 

r=1 s=rfn+2 

,?;d if A - = 0, 

m-n-1 
A n-1 -An= C %fn+ i 9, (1 4 n < m- 2). 

r=l 

Lemma 9. If f(C) = : a,p, 
n=o 

then 

f(<)-f(x) lr?n-1 
=yxn c 

5 -x n=o r=o G*+ ,xn, 

whence 

X-22 Ill-1 m-n 
p J 

x2 f(5)d< 
= f(x) log, - + c xn c artn 

xzr--% 
I‘ 

Xl 6-x x-x1 n=o r=l r 

and 

x2 f(t;)d< r 

J 
Xl 1 -5 

= - f(1) 1",, 
1--x, m xzr-xl 

1-x 
Ino -- c 

:1 r=i r 
2 as. 
s=r 

Also 

x2 f(5)dC x2 m 
J 

Xzr-xlr 

Xl t; 

= a0 loge - + c clr 

Xl r-1 1: 

Hence/ 
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I 

Hence 

x2 
x(1-x) P / f(<)G x2 1 

=P/ I 
X 1-X -+--- 

x= E(l-c)(<-x) Xl c-x 1-t 6 1 
f(<)d< 

= f(x) log,, 
x-x2 l--x2 
- - xf(1) log, - - 

x2 

x-xx l--x, 
(I-x)ao log, - 

Xl 

m-n 
+ T' Xn c "r*n x2r-x%'-x ; xzr--ir ; 

n=o r=1 
a 

I?=1 9X- 
9 

r r 

- (,-x) ; nr x2r-x1r 

r=1 r 

= f(x) log, 

x-x 2 1-x; 
- - xf(1) log, - - 

X--x1 l-X+ 
(1-x)3, log, “” 

Xl 
, 

m-3 
- x( 1-x) c finxn, 

n=o 

(by Lemma (a)), where 

m-n-2 xzr -x1' m 
An= C (0 4 n-S m- 31, 

r=i r 
‘XI as 

s=rtn+2 

and if Ap2 = 0 then 

m-n-l r 
x2 -x1 

r 

A li-i -,A, = 2 xtnt, - (1 < n 4 m- 2). 
r=i A r 

.Jdl- = 
g&(6 - x) 

Lemm3./ 



Lemma 11. 

If F(5 1 = nio bnEn--t 

F(t) CA m Iii-n-l 

then - = - 
6-x 

C bnxn + mC’ xn C 
5-x n=o n=o r=o 

br,,+,& + (by Lemma (9)), 
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SO 

P 1”” 
F(5)@ 

.J. -2 \ 

= F(x) 

,I 

x-x 2 x*-+x 

x:, c--x 
log, - - 2 log, 

1 

x-x= x,*+x% ( 

r-2‘ --+x1+ 

r - Q 
(by Lemm (lo)), 

and 

x2 NE)G 
/ 
XI 1-E 

= -F(r) log, -- 

i 

1-2 1+x2 8 m x2 dTlti m 

I-X, 
2 log, r, - c - 

1+x1- i l-=1 r - -j. = bs 
s=r 

xz Ii’( 
= it br 

x2ti-xr--+ 

/ 
1 

Xl E. r=o r-S ’ 

Hence _ _ 

xa 
x(1-x) P / 

F(C)@ 

Xl 5(1-5)(5-x) 

= F(x) 

1 

x-x 2 x,*+x* ) 

log, - - 2 log, 

X-Xl x %-+x-3 1 J 

-x2?(1) log, -- 

1 

I--X2 1+x, 4 

l-xi 
2 loge - 

-6 + 
i 

,+x,4- _ 

- ?.(I-x)bO(x, - x ) 

E-1 m-n i-2. 3.-$, r-1 m 

+ C xn C brcn 
x2 

dvx xi- 
1 c X.3 X1 

c bs P 
n=o r=l r -4 -‘r=l r-+ s=r 

x2d- 
- (1 -x) : b, 

-xl& 

r=i r--J- 

= F(x) i 
x-x 2 x,-i-+,-~ 

2 
log, - 

x-x1 
- 2 log, 

x,+tx+ 
i 

- xF( 1) 

i 

I--x2 1+x,+ 
log, - - 'I - 2(l-x)bO(xl -3 -x2 -y I 

1-x1 
2 log, 

,-tX$ 
i 

rz-3 
- x( 1 - x) C Bnxn (by Lem-.m (El), 

n=o 
where/ 
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where 

m-n-2 x2 l.-L.p+ m I 
Bn= C c bs (06n6m-3) 

Z=l r -4 s=r-kn+z 

and if B- = o then 

IlFIl-1 
B n-i -Bn= C 

l-1 
br+n+ 1 

r-6 
(1 6 n 6 m - 2). 

Lema 12, 

If 

then by Lemas (9) and (it), 
c-# 

x2 dr;)Q x-x2 
=@ log, - 

M 3 7s 
P/ - 2( c 9 

Xl 5:x .X-Xi 
c2n-,x 

n=b . , 
log, ;“&Ie$ 

I 

NT-l/ 2M-2n x2 
-&r 

+ cixn c 
- xl-hr ) 

n=o \ ’ %2n r=l ., -&r i I 

and. 

X2 td5)ai- x-x2 

x(1-x) P / 
x1 <(l-s)(t;-x) 

= g(x) log, - 
PXI 

M 
c2n-,xn- 8) log 

x,%+x& 
- 2( c 

n=o e x&x;3 

M 14 ,! 

+ x 2 ( c c2n-,) log, 
I 

1 t X2" 1 - xi‘ 

n=O 
-- g(1) log, 
1 t xiz 1 - Xl I 

- (1-x) 2C~,(X$-xZ+)tC0 log, 2 

i 1 

-3 
-x( 1-x) c cnxn, 

n=O 

where 

Wn-2 xzr-xlr M M-n-2 x2 *-x I &M 
a,= c c c2s + c c 

r=l r s=r+nt2 r=1 r-6 s=r+n+2 

(r6n6 

and, if C*, = 0, then . , 

c2s-l 

M- 3) 

2W2n-2 9 x2 -x1 
*r 

C n-1 -c, * c %+2n+2 (I 6 n6 M-2). , 
.r=i &r 

Also/ 
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Also 

J 
xz g(5)@ 

Xl <(l-E) 
= if” idO L + 2 a.5 

i I 5 
A 

1-z M 
= - g(1) log, - + 7-t c c2n-r)lwe 

1+x2* xz 

l-xl n=o 1+x$+ 
+ cg log, - 

Xl 

+ 2c-,(x1+-xz -5 ) 

.Xrl xzr-xlr M 
- c c 

M-l x,?+x,+ ; 
- c 

r=1 r S=til 
c2s 

r=1 r - -2 s-r+ 1 
c2s-l' 

2*1 
{Note that if g(E) = c C& n/2 

n-1 9 we have the srme~ formulae 

with c2M = 0.) 

Lemma 13, 
2M 

If g(x) = n/2 c cnx 
n=-1 

(OS in Lemm (12)), then 

M 

g(x) 
c c2n-,xn-' 

n=o 1 
-- 

-1 x1-2 t x4 
c- 

x-xl 

{g(x)-(x%-x,$ Ii c2w x=--l) 
n=o 

C 
-1"l 

+ x1+ M-l . 1 

Xi '2n+qP + - 

M 
= + - 

x(x-xl) x-xl n=o 
c c2nxn 

x-x1 n=o 

dx*) 
= c-lxl 

-8 - M-1 + c 
x 

n 2hb2n-2 
c -Lb 

x--x1 X n=o r=o 
'rt2nt2 Xi 

1 (by the use of the first formula 'of Lema (g)), 

Lemma 14. 

If x = +(I - co9 8) = sinz $9, 

so that 
a : L a -= x--( 1 - x)" -, 
a8 ax 

and if J = x-+1 
X2 

- x)+ P J 
&)a5 

Xl r;(l - C)(S -4 

where 
2h,l 

t?(E) = c cn5 42 
n-1 t 



- 39 - 

as in Lemmas (12) and (13), then if we use ths result of Lemma (12), 
differentiate straightforwm3ly, and. use Lemma (13) and the value 
of Cn-1 - Cn from Lema (I?), we find after sane reorrangenent that 

1 - 2x X-h 

2x(1-x) 
g(x) me - 

x--xl 
Q 3 x2 +x 

x$+x-5 

dx2) dx1) + -_I , 
x-x, x-x1 

where 

2IW2n-2 r+2n 
Yn= c - 'r+2n+2 (x,+%-x,~r) - +-Cn (o<n<m-2) 

r=l r 

rind C, has the value given in Lemn (12), with CW2 = 0. 

Lema 15. 

Let z =- 

ond, for x'< A/B, let 

Then for x < A/B, 

dT 1 
J = tnnh-' " 

Bx-(A-Bx)-c' YB(Ax-Bx+ X 

1 x+z 
cz 

2dB(Ax-Bx+ 
log, - 

XZ 

1 x2+72+2x2 
= 

2YB(Ax-Bx+ 
me 

x2 - T2 

1 A(x+<)-2Bx<+2(Ax-Bx+(A<-BL:+ 
= - l-w, 

NB(Ax-Bx+ 
. 

A(x - t;) 
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Stilarly 

a7 1 

J e 
BX -(A-Bx)+ v'B(Bx%Ax))4 

tan-' for x > A/B 

for x = A/B, 

Lemma 16. 

Let f(z) 7 (A< -B& - o d-g-4 A/B 

= (B<2 -.A& 5 > A/B, 

and let x1 be < A/B. Then 

p6 

x1 fWae x1 
=PQ 

A - 2B< a'5 

5 -x 2(A<-BE;+' 5 -x 
r 

= - VB P lT' 
2 A - 2Bx 

-+ 
1+T2 B&-Bx)T~ 

ah 

A Ta 
where 5 = - (i.e. , 5 = il sina Qt where. 'G = tan -$-t), 

BI +T' B 

Since 

'cl 2aT 

tf 
= 

1 + T" 
2tan-'zi = 2 sin-' @xl/A)', 

. 

it now follows from Lemma (15) that 

= - 2VB &I--'(B~i,'A)-'-f'(x) log, 
x(AT2Bxl)+Axl+2f(xl)f(: 

A L x - XII - 

for x < A/B, 

for x = A/B =-243 sin -’ (BxJA)+ + Bxl 
f(x1) 

= -22/B sin -' (Bx,/A)++2f1(x) tan-' 

where 
A - 2Bx 

f'(x) = 
2f(x) 

for x > A/B, 

for x < A/B 

2Bx -A 
= 

2f(b), 
for x > A/B. 

Lemma/ 







Table 1 bhh.) 

--I___---. 

2GQ , 
x 3 1-2x 

x7 = cosoc+e x-l x-&(1-x)-i 

'0 -4 

&l& = $ns x?&c)~ 
1-2X 

-=te: 
2cose 

- -, 
2xqL-x)& 

= cot &I -_--- = -- 
TL = 2cosecQj -x 2x(1-r) S&43 

0 

1 

; 
4 
5 
6 

i 
9 

10 
ll 

z 
14 
15 
16 
17 
18 
19 
20 

w 

12.7454948 
6.3924532 
4.2836576 
3.2360680 
2.6131259 
2.2026893 
1.~138809 
1.7013016 

1,05&622 
LO28w52 
l.Om.651 
l.0030922 

M 
I 

M 
I O I .I 

l62.&.76389 12.7849064 0.0787017 
40.8634582 6.4721360 0.1583844 
18.3497222 4c.4053785 C..?&c~88 
10.4721360 3.4026032 0.3249197 
6.828427l 2.8284271 W&2136 
4.8518400 2.Li.721360 0.5095254 
3.6629399 2.2l+l&525 0.6128008 
2.8~72 2.10292~ 0.7265425 
2.3708887 2.0249303 0.85Lo807 
2.0000000 
1.7294538 2,0;9303 1.170:496 
1.5278640 2.1029244 1.3763819 
1.3755248 2.2446525 1.6318517 
1.2596162 2.4721360 1.9626105 
1.1715729 2.8284271 2.4.&2136 
1.1055728 3.4026032 3qa776835 
1.0576370 4.4053785 4.1652998 
1.02508~6 6,4721360 6.3137515 
l.CX%lYL& 12.784YO64 l2.70620&7 

1 XI Do i.w.7 

co 

6.3137515 0.0782172 
3.0776835 0.1545085 
1.9626105 0.2269952 
1.3763819 0.2938926 
l.iIXXOKh 
0.7265425 
0.5095254 
o-3249197 
0.1583844 

0 
-0.1583844 
-0.32W197 
-0.5095254 
-0.7265425 
-1.0000000 
z;. 37;m&9 r 
-3:&7683; 
-6.3137515 

-C3 

x-&x)--i 
i bx p 

li ) 

1-2x 
(l-x)-l - = c&l - 1-7 = 

x \ 2xq(1-.xp 

0.3535534 
o.ILoL5c55 ._ _ 
O.Ut55033 
gy~m& 

' ' 0.5 
0.4938442 
o.W55283 
0.4455033 
0.4W5085 
0.3535534 
0.2938926 
0.2269952 
O.l5?t5085 
0.07821% 

0 

0 

o.OQw315 
0.00378l.l. 

0.0517767 
0.0833722 
0.1216245 
0.1642910 
0.2082950 

0.25 
0.2855492 
Q.3112373 
0.3238788 
0.32uj63 
0.3017767 
0.2658284 
0.2u6247 
0.1507274 
0.0777357 

0 

c-2 

80.720722 
19. y19186 * 

8.646042 
4683282 
2.828427 
1.796112 
l-l43708 

-0.683282 
0.320717 

-0.32&7 
-0.683282 
-1.l43708 
-1.796112 
-2.628427 
-4.683282 
-8.046W 

-19.919186 
-80.720722 

-M 
1 -2X 2w&l 

- L_--- = - _--- 
2x(1-x) sir& n 



20 

n 

C 

1 

: 
4 

2 

i 
9 

10 
ll 
12 

z 
15 
16 
17 
la 
19 
20 

-----T-- 
x;l 

---- 
1 -X 

_-____-. 

0 

0.0789451 
cp&m;~ 

c:34l6408 
0.4483w5 
0.5718538 
0.7187097 
o.aTac560 
l.lZ3lYO4 
1.~42136 
l.8028379 
2.3~6408 
3.1231697 
h-3230= 
6.30864&L 
9.9595931 

L7.8427179 
LO.3603612 
S1.9&3670 

(l-:)4 

x 

0 

0.5877853 

0.1564345 

0.707ma 
0.8090170 

0.3090170 

0.8910065 
0.951056> 

0.4.5399c5 

0.9876aa3 

o.;a76883 
0.9510565 
0.8910065 
0.8090170 
0.7071068 
0.58na53 
0.4539905 
0.j090170 
0.1564345 

0 

sin% = 4x(1-4 

0 

0.3454915 

0.0&m-7 

0.5 

0.@954%5 
0.2061074 

0.6545685 
0.7938926 
0.9045065 
0.9755=3 

1 
0.9755283 
O.TQ45Oa5 
0.7938926 
0.6%j@3 

0.34%5 
0.2061074 
0.0954915 
C.Qur4717 

0 

G.n~.? = &x(1-x) 

2.0222552 
1.0048647 
0.6629280 
0.4898285 
0.3842340 
0.3123592 
0.2597173 
0.2190580 
0.1863!.05 
0.1591549 
0.1359312 
0.1156328 
O.CT75303 
o.oam~35 
0 -* -2, r:< -?2J1 
0.0517ti6 
0.0382~97 
0.0252q7 
0.0125258 

0 
1 
- t,x& 
27c 

1 
- loge ; x 
71 

_--------I 

-w 

-0.8101553 
-0.5905025 
-0.4630795 
-0.373a101 
-0.3057516 
-0.2513626 
-0.2066255 
-0.1691478 
-0.1373929 
-0.llo3178 
-0.0871860 
-o.c%7L&l 
-&05c7w 
-0.03673W 
-0.0252017 
-0.0159734 
-0.cm39187 
-0.0039432 
-0.0009a27 

0 

,1 log&-x)S 
75 

1 
- w&3 x 
ZL 

-M 

-1.6203106 
-1.1810049 
-0.92615yo 
-0.7476202 
-0.6115033 
-O.y?7252 
-0.U32509 
-0.33-957 
-0.2747057 
-0.2206356 
-0.1743720 
-0.1349222 
-0.1034885 
-aqy.682 
-0.0504035 
-0.0319467 
-J.g;wm; 

-&x9655 
0 

1 
- log&-x: 
71 

- 

-- 
1 l-3 
- loge -- 
n X 

-- 
+W 

1.6183451 
1.17311~& 
0.9083215 
c-n56735 
0.5610998 
0.1292j70 
0.3ll76& 
0.2033735 
0.1004137 

0 
-C.lC@LJ37 
-0.203>735 
-0.31176u, 
-0.429257C 
-0.561099~ 
-0e7156735 
-0.9083215 
-~1731.1-a4 
-l.6183451 

-w 
1 X 
- loge - 
n 1-X 

) 

- 

-- 
20 

I? 
la 
17 
16 

2 
13 
12 
ll I 

10 7.2 

i I 
z 
2 
3 
2 
1 
0 

2c3 

7l 
- 



Table 1 (Corltd.) 

2c 0 1 

--I 
-loge (1+x5) 

7% 7l -- ---- --____ 
0 0 

1 0.“~0430 
2 0.04.62636 
3 0.0667050 

8 Q.l.471675 
9 0.1592952 

10 0.1702321 
11 0.1800184 

' A2 0.188683y 
13 0.1962736 
14 0.2027981 
15 0.20828lJ 
16 0.2127491 
17 0.2162075 
18 0.2186701 
19 0.22cm&.6 
20 0.2206356 

1 1+x* 
-loge--z- 
u x2 

-- ----------- - _-----_- 
M -c.2206356 

0.834l983 
0.6367661 
0.5298645 
0.4595234 
c.4088y23 
0.3705098 
C.3404280 
0.3163153 
0.2966881 
c.2805499 
0.26720& 
0.2561500 
0.2470178 
0.2395322 
0.2334858 
0.2287225 
0.2253262 
0.2226133 
0.2211273 
0.2206356, 

l+(l-x)z 
~10&-------; 
n (1 - x)3 

-c,22!~.578G 
-0.2366090 
-0.2573697 
-0.28acv67 
-@.33Q9534 
-C.j8973jL- 
-0.4719982 
-@.5944&57 
-0.8111380 

-0.8~1380 
-0.594&57 
-0.4719982 
-0.3897034 
-0.33@9534 
-0.2880~67 
-0.2573697 
-0.2366090 
-0.2245768 
-0.2206356 
1 
-log, IX-C.! 
71 

:loge (x-0.5/ 
L 

.--- ---_ ---. 

_-. 

/ i 

___-_-_--- 

L lx-O.51 
-loge-----" 
it X 
..--- 

M 

1.3957318 
0.9443959 
0.6687893 
0.4555235 
0.2805499 
0.11294l8 

-0.0587473 
-0.2561500 
-0.5363523 

-0 .g&3 
-0.4595235 
-0.3705097 
-0.3163152 
-0.2805499 
-o.256150@ 
-0.2395322 
-0.2287225 
-0.2226133 
-0.2206356 
1 
-log 'x-c.5' e 
K l-x 
------------ 

‘-r 
_---- -_------. 

1 
~~oge(x~+o.7c71c678) 
lx 

-0.llo3178 

a.0768244 
-%0467a. 
-0.~05~8 6 
0.0050914 
0.0273699 
C.0475445 
0.0657926 
o.oa225y9 
0.0970680 
0.1103178 
O.i22i'y38 
0.132~668 

"0' $2;:; 
0:1557124 
0.1609727 
0.1650380 
c.iG79202 
0.16965G8 
0.1702321 

)og, [(l-x)++c.70710678~ 

1 x~+O.70710678 
-log,--- ----- 
il 2s 
,- 

- w 

Q-7333309 
0.5438021 
Q.L4357@9 
0.37789015 
0.3331215 
0.2989071 
0.2724~31 
0.2514077 
0.23lJ+609 
0.2206355 
0.2092790 
c.BV9279 
0.1922405 
0.1859654 
0.18CTy3. 
0.1769461 
0.1739567 
O.l7187u, 
0.1706395 
0.1702321 

1 
-log, 

(1-x)++C.70710678 
T------- 

u (l-x)F 

- 
L 
-log, lx-0.61 
A 
-v-v- 
-$~1626008 

-0.1658835 
-0.1758557 
-0.192T106 
-0.2177783 
-0.2516693 
-0.2965619 
-0.3558098 
-0.4355819 
-0.5490@56 
-0.7329356 
-1.2180561 
-@.926@9cb 
-@.hf&366@ 
-0.5221717 
-0.43G7788 
-a3m@3 
-0.33~2848 
-0.3117596 
-@.2966012 
-0.2916644 

1 
-log,bO.4( 
n 

20 

19 
18 

z 
15 
J-4 
13 
12 
11 , 
10 

9% 
a 1 

i 

15, 
3 
2 
1 
0 

2& 

rt‘ 
-- 

Table 2/ 
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Table 3 (Cant&~ 

Comptntion of g- and. of g + g 
S--L' 

31 lo.5782 O.cCj6j 
12 io.6545 -0.OW2 

+o.m153 -c.28217 
-0.02~63 -0.20218 

13 IO.7270 -0.02166 -0.c7540 -0.28220 
l& IO.7939 -0.03415 -o.u+ogg -0.26224 
15 lo.8536 

/0.9045 
-0.04663 -0.2CO62 -0.28233 

16 -0.05aYo -0.24538'-0.23256, 
17 0.9455 -0.07043 -0.27317 -0.20334 
18 0.9755 -0.08025 -0.237~0 -0.287c1 
19 io.993a -0.08701 -0.29217 -0.31994 

/ -0.014731 
201 1 -o.oa&+ -0.29329 ----4 4.. 

/ 
(l-X)Z 

I = -D( 

(5) (6) (7) (8) 1 + gs 

----__-_-_--_-----__----- 

C 
l++"e;L for CL'0.4, Lz4.4 

simt 

.-em--- .._ --- -I- 

----------- 
upper Surface 
------------- 

1.27599 
0.98347 
0.71127 
0.57155 
0.4.7954 
O&370 

0.92463 
0.56489 
0.21434 

-0.019y3 
-0.23166 
-0.46120 
-0.77250 
-2.33591 
-0.90522 

0.77520 
0.78020 
0.7a7784 
0.79977 
0.02031 
0. a6004 
0.96460 
2.05568 
0.58273 

7.335o@(l-x)++. 
= 

~O.O9l&62 1.1273 
0.06999 1.1529 
'0.05581 1.1673 
'0.05070 1.1527 
'0.05261 1.1102 
,o.o59o6 1.0456, 
0.06747 0.9690; 
'0.07546 0.8806 
~0.00~09 0.7903 

1.1774 1.0773 
1.1903 l.li55 
1.1924 1.l4.22 
1.1653 
1.1093 
1.0298 

0.30635 -0.09574 ,o.o831l 0.7352 w 1 . - 
0 

1 lOy4(") + 0.6 1 x - 0.9760155 
~OlLJxm (5) = - log, ---. cohnn (6) = - log, _I--_ ---- . 

n lx - 0.61 x x - mo.6 

‘-r ----- -- 

1 0.0239045 + 5.36976x+(1-x) + 18.6909C7 y3(x) 
c,-J- (7) = - log, ------------------- y--s. 

Tl Ix- 0.97601551 

------------- 
Lovrcr Surf clce 

1.x+01 
1.1110 
1.0635 
1.0072 
0.9543 
0.9573 : m 

Cal- (a) = - 0.6051406 + 1.3776462~ - 0.8556133~2. 
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Table &A 

1260. EQH q/U calculotcd from thk fomnila 

11 
12 

z 
15 16 
1.7 
18 
19 
20 

(1 + &co21 Isinel CL@ + Jco2) = ----““-^----T’-L (1 + gs) y-------q 
($ + sin2Q)~ P? + sin ep 

/u for CL = 0 

,-------me- 
0 

0. go86 
l.OJ+58 
1.0708 
l.OSuc 
1.0976 
1.1015 
l.lOl& 
1.1072 
1.1105 
1.1155 
1.12L@ 

',*iE' . :, 

',%i 
LO39? 
0.9616 
0.0721 
0.7731 

0 

T 

9 

t 

1/U for CL = 0.4, a0 = CI/sincl= 4.4 
-"-"-B-y'-""' 

upper surface Lower Surface 

1.4m- 
.w--s----I- 

(-) LW85 
0.1012 
0.5856 
0.7675 

1.3220 0.86o8 
’ ;a;; 0.9179 

. 
i2iip 2;z;t 
1.2035 1:0109 
1.1893 1.0310 
1.1790 
l.lsLa 

1.0519 
LOX9 

1.1883 
1.1069 
1.1586 
1.10195 
1.0225 
0.9237 
0.79905 
0.6097 

(-1 0.9266 

1 OOSO ( j -+- . 

2R a0 

GO = 0.10277. 
1 + go2 = 1.00528. 

Thcoreticd value of 

C~/sj.nct = meCo I 6.9633. 

q = q4 for 2CB/h 
= 0,1,2,..,11. 

= q2 for200/71 
= 12,13,..,18. 

= $3 for200/TC 
= 19,20. 

(See Table 5.) 

Table 5/ 



230 

n: 

-L 

0 

1 

: 

4 

2 

z 

190 
11 
I.2 
13 

2 
16 
l7 
10 
19 

20 

-- 

-.. 

0 
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- 

$4 
----. 

0.109545 

0.10960 
0.109n 
0.11007 
0.11050 
0. 1lllO 
0.111oy 
0.11292 
0.11.426 
0.11601 
0.11832 
0.12lJ.z 
0.125& 
0.13163 
0.14037 
0.15381 
0.17591 
0.21610 
0.302065 
0.57070 

.0@.721 

C 
L 

’ I 

1 

/ 
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Table 5. 

I----------- 

).569475 
t-q----+, , =w 

XT 

7.0@94 

:*z7a 
h+869 
0.71l.25 
0.43005 
0.27240 
0.18000 
0.13612 
O.l215l+ 
0.12145 
0.12520 
0.12615 
0.12ll4 
0.10973 
0.09321sj 
0.073725 
0.053785 
0.03G3t3 

3.co12 
i;;jp. q w 

.---s"m."y, 
I.283692 

-T--+" =: 
3.60477 

?l~~ 
0187361 

2;;::: 
oh.6309 
0.39159 

"0' z;:; 
0: 2l&op 
0.20822 
0.17634 

~%~4 
0:09600 
0.07425 
o.0537B5 
0.03704 

f’ ii%; 
1:198635 
O.&Yti 
0.63328 
0.48579 
0.37940 

:3,pl$ 
oh923655 
o.154.m 
0.12404 
0.09739 
0.07204 

:* 2% 
-0:01099 
-0.05942 
-0.17073 

O.O2Y$ 

---- 
, 

~ohm (4) = -0.ol47'752 (5)' + 0.3Wl34($-x ~(l-x)~(0.30&979-0.2139033x). 

1 
Values of 

lOY~(X) + 0.6 
- log, ------------, etc., ns in Table 3. 
Tt Ix - 0.61 

Table 6/ 



-- 

208 

n 

0 

1 o.cm72 

: 
0. COI43 
0.00231 

54 
0.00325 
0.00437 

; 
0.00574 
O‘W46 

8 0.00971 
9 o.ol.273 

10 0.016yo 

2 
0.02286 
0,03170 

13 0.04541 
UC 0.067%4 
15 0.10718 
16 0.18322 
17 0.35369 
18 0.%51%7 
19 3.56677 

1.022361 
20 -- 0.067082+.. = 00 

l-x 
em_ 

0.~73076 0.1522067 
Column (4) = - -- - - 0.2379744 + 0.9691966~ - 0.6U71d 

l-x X 

- - - .  

-0.28473a 
---- - 1.206962+.. = -O: 

x 
-47.W23 

-ig2 _I 
-3150325 
-2.18221 
-1.352%9 
-0.79344 
-0.4108O 
-0.16313 
-0.03324 
+0.02076 
+Q. RX% 
-0.oLll21 
-0.05294 
-0.09~9 
-0.11708 
-0.12G47 
-0.l2l47 
-0.04.9%3 

Loo06 
--- - o.l472&+.. = 00 
l-x 

-------- -_ 

-0.141046 
I-- + d.cxn54ck. Z-0(1 

X 

-23.aW75 
-5.79552 
-2.60202 
-1.4%45% 
-0.96768 
-0.68725 
-0.51852 
-0.40939 
-pff 

-0124351 
-0.211c53 
-0.19235 
ym~ 

-0Lp33 
-0.13762 
-0.12147 
-0.08605 

0 

- 

I Table 6. 

Oonputation of II on Approxdmte Theory. m 12.60. 

$2’ 

1 . 0 

1 
values ae - wk? 

loy4(x) + 0.6 
, etc.9 as in Table 3. 

Is Ix - 0.61 

(4) 
__-_____-_-------__-------- 
-0.1522q 
--- - x245362+.. = - 

X 

-24.Yi5085 
-6.4w91 
-2.9,3783 
~;.733; c 
-oh326 
-0.53889 
-0.43156 
-0.31699 
-0.23299 
-0.17206 
-0.13246 
-0.2x3955 
-0.13055 
-0.13700 
-0.13197 
-0.2~1%1 

_ -0.3:109 
-1.25183 

-0.cQ7388 
- 3.(x2695+.. = -CQ 

l-x -__---------------- 

0. mo 

O.ooo55 
o.m7 
0.0009 
0.0012 
o.od- 
0.0026 
o,oo30j 
0.0058 
o.ooyo , 
o.ol.46 
0.0259 24 
0.054% f 
0.0773 
0.0772 
0.0555 
O.Ol& 
0.0289 
0.0850 
0.u-G 

3.183% 

Table 7/ 
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7. Table 

q/u oolculatea fhm the formula 

v&th E, E* from Tables 5, 6. 80 = 1.10824.. 

/Uf&c&=Q 

0.9:85 
1,0456 
1.0707 

t*:;g 
1: loll+ 

0.9693 
0.0612 
0.7672 

0 
---c---4..- - 

-------I. 
L&m Surfaoc 

U for CL = 0.4, ?.a0 = cI/shci = &4 

1 -- 

1.5009 
1.7595 
1.5279 
1.4030 

?E; 
1: 2476 
1.2221 
1.2023 
1.1860 
1.1756 
1.1700 

t* E% 0 
1:34+9 
1.0782 

bnver Surface. 
-I------ 

0.5712 
(-) LOuc2 

(-1 -“o’fp$ 
. c 

0.554f 
0.7456 
a.04330 
ago43 
0.9461 
0.9770 
I.0037 
1.0263 
l.Ol& 
1: oj3i 
Lll& 
1.1431 
LUll 
l..llO5 
1.0615 
1.005L 
0.9553 
0.9560 
1.0242 

JR. 
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Y and 0 as in Fm-2 with 6 neqativeon tha lower surface, 
q4 ewn and qL odd, 6 odd and ~‘even. 
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