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The procedures of N,A.C.A. Report Noe1178 for the interpretation of
measured flight strains as structural loads are not entirely satisfactory for
applications to delta or slender-body sonfigurations, Problems arise from the
severe non-linearities in the gauge response with the position of the calibrat-
ing load and from the need to support the aircraft representatively during the
ground calibrations. These difficulties are overcome if distributed load data,
obtained either directly or by superpesition, are used in place of individual
load data. In contrast to the criginal N.A.C.A. Report, the procedure will
then establish directly the reliability of any particular flight load measurse-
ment., The modified technique is illustrated by an application to the
Lightning £in in laboratory tests.
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1 INTRODUCTION

Flight load measurements on military and civil aircraft in the interests
of safety and structural efficiency have been standard practice in the U.S.A.
for many years and it has been usual to deduce the net flight loads from
structural strain measurements. Similar strain measurements have also been
made on many British aircraft but their interpretation as flight loads has not
been based on a statistical method commonly used in America. This method’,
developed by Skopinski et al of the N,A.C.A, in the late 1940's, permits the
rapid processing of the flight data., With the possibility that flight load
measurement may become an essential part of the clearance procedure for British
aircraft it was thought worthwhile to review the American technique. It wes
apparent that the method of N,A.C,A, Report No,1178, herein referrsd to as the
N.A.C.A, method but not implied to be the current N,A,S.A., method, was
satisfactory for the medium and high-aspoct ratio sircraft for which it was
devcloped but it had some deficiencies when applied to modern low-aspect ratio
aircraft,

The N,A,C,A, method is based on the fact that, although the stress in a
structural member is not necessarily a simple function of the threc loading
parameters, M the bending mcment, V the shear and T the torque, it is often
possible to combine the responses of sclected strain gauges to provide a measure
of each parameter. The selected gauges and their combination coefficients are
chosen by statistical methods from o sample comprised of the gauge responscs due
to the successive application of a single load at various points on the
structure. The appraisal of the N,A.C.A., technique for applications to some
current and future aircraft showed that difficulties could arise from:

(a) The need to support the aircraft during the application of each
calibration load, The choice of support position influences the stress distri-
butions and hence also the gauge responses induced by the load. The satisfactory
application of a statistical trcatment requires that the sample data should be
consistent with flight conditions and it is essential that the ground calibration
load should produce the same gauge responses as those due to a flight load of
the same magnitude acting at the some position, It is relatively easy to
satisfy these conditions on an aircraft with high-aspect ratio wings and long
fuseloge, but the choice of supports for the delva and slender body configuro-
tions presents many difficulties because of the integrated wing and fuselage
construction,

(b) The multiplicity of the load paths which result from the more
redundant structure. With such designs the internal loads are not completely
diffused into the structure for some distance from the applied external load.
Thus, although the gauge response is directly proportional to the magnitude of
the load, the responses are not linearly reclated to the chordwise or spanwise
positions of a load of constant magnitude. These non-linearities are important
because they influence the accuracy with which a combination of gauges can be
fitted to the calibration data., If the external flight loads in the vicinity
of the gauges make small contributions to the total external load, as in the
case of a high-aspect ratio wing, then the poor diffusion of the local loads is
comparatively unimportant. However the preponderance of non-linear responscs
in a multi~-spar structure of low-aspect ratio, (sec Figs,3 and L) from the
individual calibration loads adversely affects the confidence in an estimate
by the combination of gauges,



It can be shown that both these difficulties are overcome by changing
from a statistical sample based on individual loads? to a sample based on
distributed loads more representative of those which occur in flight, TFurther-
more this latter sample gives the statistical data necessary for assessing the
accuracy of any particular load measurement in flight,

This Note discusses these problems and then illustrates the proposed
procedure by an appliocation to a Lightning fin on which laboratory tests were
conducted at the R.A,E. s

2 COMMENTS ON THE N,A.C.A, METHOD

The statistical approach adopted by the N.A,C.A, was a veluable contri-
bution to solving the problem of the interpretation of flight strain measure—
ments, The alternative method of comparing the measured strains with either
those estimated by calculations or those measured by similar gauges at similar
positions on the sirength test specimen introduce errors arising from differ-
ences in material characteristics and dimensions of the two structures and from
variations in strain gauge sensitivities, Furthermore, in many praotical cases
the stressing or test information will not be for the appropriate f£light
conditions,

To overcome these difficulties, Skopinski et 1! used standard statistical
methods to interpret the responses of selected gauges attached across a section
of wing or tailplane as net bending moments, shears and torques at that section,
They make use of calibrations of the gauge installations in which individual
loads are applied suocessively at a number of stations on the structure, The
gauges are usually installed to measure the shear and bending strains in the
spars and these quantities are d ependent on the position of the calibration
load in a simple or complex manner according to thc detail design of the *
structure.,

It is now postulated that the responses Hys oy eee of the gauges
Gys G2, ses at different locations on the section can be combined such that,
for example,

Moo= By by By by + Bys by (1)

where 511, ﬁ12, 315 etc are constants to be obtained from the calibration data.

In general the gauges G1,G2 +es 8rc attached to the more important load

paths at the section and the individual load ocalibrations must be sufficiently
extensive to represent the constituents of the flight distributions, Thus it

can be expected that there will be more than sufficient equations to solve for
the constants 511, 512 etc and these quantities are then determined by a least

squares procedure as desoribed in the Appendix,

This procedure of fitting an. expression of the type shown in equation (1)
is included in regression analysis“commonly used in statistics, The form uscd
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in this application is called a linear regression and there are standard com-
puter programmes for calculating the coefficients of the regression and its
standerd error,

In many applications it is found that some gauges have very similar
responses and consequently the accuracy of prediction can be improved by the
elimination of the "redundant" gauges. It is also possible for the contri-
butions, P u, of particular gauges to be small and the loss of accuracy is
negligible when these "irrelevant" gauges are omitted from the regression,

Thus it can be expected that the final regressions for each loading parameter
will utilise different gauges. It must be appreciated that the standard error
only reflects the probable accuracy of the regression in predicting a particular
calibration load of the sample from its assooiated gauge responses. It can be
expected, from small sample theory, that about 2 out of 3 of the calibration
loads will be estimated within * the standard error and there is a 99% probability
that the estimate will be within * 3 times the standard error, Any Jjustification
for the application of this regression to distributed loadings must be sought
from an application of the principle of superposition, IHowever the necessary
corditions of linearity and elastioity will be satisfied by most modern structures
in the practical range of flight loads. The gavge responses from the distributed
loadings are therefore the algebraic sums of the responses from the oonstituent
loads, each of which can be estimated by the regression, Thus the statistical
sample must be rerresentative of all the constituent loads that can produce
responses from the gauges. It is necessary therefore to include loads inboard

of the measuring section because the gauges respond to the self-equilibrating
systems of loads generated by the inboard loads. However these responses must

be associated with zero inputs of M, V and T because the regressions are ochosen
to estimate M, V and T due to the loads outboard of the section, Under these
conditions the standard error, expressed as a percentage, loses much of its
significance as an indication of the accuracy obtainable from the regression,

The N,A.C.A, Report did not use the standard error other than for the seloction
of the gauges, and the accuracy in the general application was implied by the
satisfactory prediction, ise. within tﬂ%, of one or more distributed loadings
which were applied to the tailplanes in the two quoted examples,

It might be concluded from the sbove considerations that the N,A.C.A,
method caters autometically for distributed loadings over a limitless range of
centres of pressure, Certainly the recgressions are the same regardless of the
sign of the loads, but the probable accuracics of their predictions would vary
for each distribution and their establishment in any particular case would
present many formidable problems.

The N.A.C.A, procedure also recommended the electrical combination of
gauge stations prior to the fitting of the regression, This has the advantage
of reducing the number of recording channels and the subsequent processing of
the flight data; but its adoption increases the number of gange installations
because a particular gauge station oan be used only in the electrical circuit
appropriate to ‘one of the three parameters, The combining of seleoted gauges
reduces the possibility of redundant gauges and the non-linearities in the
data sample because the higher-than-average response of one gauge is balanced
by the corresponding lower-than-average response(s) of the other gaugo(s)
to the same calibration load.
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3 CHOICE OF SUPPORTS DURTNG THE CALIBRATION

It is implicit in the statistical treatment of the N,A.C,A, method that
the calibration load should produce the same responses at the gauge stations as
those due to a flight load of the same magnitude acting at the same positions.
Thus if the sample is comprised of individual loads it is essential that the
supports for the calibrations should not influence the stress distributions at
the gauges., This is easy to specify but difficult to obtain in practice
because there are a very limited nunber of strengthened positions for ground
supports and their provision is not dictated by the flight condition. Although
the number of potential support positions, such as undercarriages,jacking
points ete, is about the same for the delta and slender body configurations as
for the older high-aspect ratio aircraft, owing to the more compact layout and
structural design a larger proportion of the structure will be affected by the
diffusion of concentrated loads reacted at thesc points.

In general it is desirable to estimate the critical loads as accurately
as possible rather than all flight loads at a lower accuracy. This is best
effected by using regressions fitted to distributed load samples, each of which
caters for a range of uncertainty in the expected flight distribution. The
direct application of distributed loads which are representative of a flight
condition overcomes the problem of supports, However the acquisition of the
sample data would be most expensive because the different distributions must
include all those investigated in flight and their number must exceed the
number of gauges in the regression. Thus for practical and economic reasons
it seems essentisl to retain the convenience of the individual load calibrations
and to assemble the distributed load date by superposition, The calibrations
provide the responses Hpg of each gauge Gs for unit load at X 5 e Then for

any system of loads Pr at Xy Yoo total response of

is independent of the support positions if

P =0
r

r=1

and the other conditions of equilibrium are satisfied.

Thesc.conditions are automatically satisfied by the aerodynamic and
inertial loads in the flight condition and consequently the responses of the
gauges for the sample can be evaluated from the expected flight loads and the
individual load calibrations obtained under any arbitrary support condition.
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This implies that the calibration must be very comprchensive. Iowever in any
practical application there will be supports which can reduce the extent of the
calibration, Their availability will depend on the particular structure and
the scope of the flight investigations. As one is concerned with the inter-
pretation of total responses the criterion for the inclusion of any particular
calibration is the relative contribution made to the totel response. Thus it
becomes unnecessary to calibrate for loads in areas where either the expected
local flight load is small or the gauge responses under the particular con-
ditions of support are expected to be small,

b PROPOSED METHOD USING DISTRIBUTED LOAD DATA

A change from an individual load sample to a distributed load sample for
the statistics automatically reduces the non-linearities in the data., The
higher-than-average response(s) of a particular gauge to some load(s) is
belanced by the lower—than-average responses of the same gauge to loads at
different positions and the regressions fitted to such data will have smaller
standard errors, If the distributed load sample is typical of the distri-
butions to be measured in flight the standard error can be used directly to
assess the reliability of any subseguent estimation by the regression. One
obvious criterion of the typicality of the sample is whether the centre of
pressure of the measured loads falls within the range of the sample., Any
extrapolation to higher stress levels than those induced by the individuel load
calibrations would be justified by test or other technical knowledge.

The following section illustrates the N,A.C.A. and proposed methods by an
application to the Lightning fin. It is acknowledged that the choice of support
presented no difficulties in the laboratory experiment but the "non-linearities"
encountered in a low-aspect ratio multi-spar construction were present.

5 APPLICATION OF ME THODS TO A LIGHTNING FIN

5a1 Description of specimen and strain gauge installations

The fin was a 5 spar structure (Figse1 and 2); the spars were mounted
vertioally from fuselage frames and ribs ran horizontally between the front and
rear shear walls which ocompleted the main structure. A leading edge structure,
of 16 S.W.G. skin and ribs normel to the front shear wall, was attached to the
front shear wall, The main skin was 12 S.W,.G.

For the laboratory programme the fin was bolted to a rear fuselage speci-
men in order to ensure a representative mounting, The fin and fuselage were
rotated through 90° to ease the task of loading.

British Thermostat SE/A/2 200 0 strain gauges were bonded with Araldite
strain gauge cement at a section outboard of rib 1., Calibration loads of
1000 1b were applied in increments at each of the stations shown in Fig.2.
The gauges were arranged to respond either to shear or i bending strains in
the spars and the responses of the half~bridge installations were recorded by
the R.,A.E. Strain Recorder. The accuracies of measurement are estimated to
be within #1 digit (1000 digits = O*5% AR/R) for the electrical strains and
within #10 1b for the loads. It may be noticed in the subsequent tables
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that the electrical strains are given in fractions of a digit, this arices

from the use of a Deuce Programme to provide the electrical strain for a nominal
Joad of 1000 1b at each loading point from the slope of gauge response against
load obtained by a least squares methad,

be2  Experimental results

o

Table 1 lists the responses, in digits, of the gauges at the section for
4000 1b load applied separately at each of the calibration points identified
in Fige2. Zero inputs (i.es ¥ =V =T = 0) indicate that the load was applied
inboard of the sectica,

Table 2 lists the responses of the same gauges obtained by superposition
of selected data from Table 1., The combinations of the individual loads used
to obtain the "distributed load" responses are also given in Table 2., The inputs,
M, V and T, given in the table were caloulated from the individual loads outboard
of the section and the resultant centres of pressure of these loads lie within
the shaded area shown in Fig,2. The responses and inputs were scaled to
V = 1000 1b,

Table 3 lists the gauge responses obtained by the superposition of the
individual loads shown in Table 4 and a comparison is made with the mean

responses obtained from two direct applications of the same distribution,

5.3 Regressions for the determination of M, V, and T

5.3.1 Individual load calibration method

The non=-linear gauge responses with the position of the load are
illustrated in TFigs.3 and 4. The responses of A7, a conventional shear gauge

arrangement on Spar 5, are plotted as influence coefficients for a load of

1000 1b applied at each point, Similarly the responses of A_., a "bending gauge"
on the same spar, are plotted in Fig.k, but in this case thesresponse is due to
a single lcad which has been scaled to produce a bending moment of 105 1b in

at Section XX. The figures show the higher—than-average responses for bending
moments and shears induced by loads adjacent to the gauge station and demon~
strate, at least for multi~spar construction of low-aspect ratio, the futility
of attempting to deduce an accurate estimate of unknown loads from a single
gauge calibrated by a single load. Thus it is necessary to follow the N,A,C.A,
procedure and combine several gauges in order that the higher-than-average
responses of one gauge are balanced by the lower-than-average responses of
other gauges to the same calibration loads. The selection of the appropriate
gauges from the mass of calibration data in Table 1 presents many difficulties
and an attempt was made to sort the gauges by fitting linear surfaces to the
individual responses of each gauge., Thus typically

response of A 19 + 0°+35x + O*43y

7

regponse of A

5

6*3 + 0:85x + 0°Oly



where x and y are the distances from the reference axes in Fig.2. In each
expression the sensitivities of the gauge to shear, bending moment and torque
are indicated by the constant,x coefficient and y coefficient respeotively.
Redundant gauges tend to have linearly related coefficients and to select
gauges for a shear regression it is preferable to use gauges which tend to
have, in combination, net zero ccefficients of x and y. However little success
was obtained and this was attributed to the poor fits obtained by ithe linear
surfaces, To select possible combinations by fitting quadratic surfaces to

the responses of each gauge is a most laborious task.

It was decided therefore to adopt the alternative prvcedure of fitting a
regression containing a large number of the gauges to the data and to discard
successively those gauges shown to be either irrelevant or redundant., A
Mercury computer programme provided the information for this purpose and a
typical product of the computation is shown in the Appendix,

Table 5 summarises the regressions obtained for the estimation of the
bending moment (M) at Seotion XX and the regression coefficients based on
individual load calibrations are given in column (b). Thus

Mx 1072 = 0958Ag = 0°037D + 0°001B,, - 00724y + 0+002D + 0+082B,
or = O'961A8 - 0'037D7 - O'O?2A9 + 0'002D6 + 0'082B4
or = O’982A8 - 0'037D7 - O'O7I+A9 + 0’050B4
or = - O‘398D7 - 0'006A9 + 0‘608%)+ 0’468A5
or = O'998A8 - O'O29D7 - 0'077A9 + O'O11A5
etc.

Each of these regressions was used to estimate the distributed load
detailed in Table 4 and the contributions made by each gauge are listed in
column (e) of Table 5, The percentage error of the prediction is compared with
the percentage standard error of the rcgression, Similarly Tables 6 and 7
summarise the regressions for the estimation of shear and torgue. kany of these
regressions usc the bending moment (M) as one of the independent variables and
this is justified only if the estimation of I is well established by its own
regression,

Incidentally, in each of the regressions for M, V and T the responses
have been scaled to unit values of bending moment, shear and torque respect-
ively for the outboard loads. This was done to allew the standard error to be
expressed as a porcentage rather than an absolute quantity. Such a procedure
has more relevance for the regressions based on distributed loads; the difficulty
for those based on individual loads arises from the lack of significance of the
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standard error as an indicator of the probable accuracy when the regression is
used to forecast a distributed load, The best agreements between known and
estimated distributed loadings in Tables 5, 6 and 7, i.e¢ within 1% for
bending moment, 4°%% fcr shear and 1+ 5% for torque, are better than would be
expected from the quoted standard errors and could be fortuitous., The per-

formance of the regression A8 A9 D7 B4 in predicting the bending moment from

the responses in Table 2, indicated a standard error of 5'&% which compares
favourably with the 3*2% obtained directly from the date., Its evaluation
involved additional computation and it would seem more logical to use the data
in Table 2 directly as in Section 5,3.2.

No attempt was made tc use the technique of partial combination as dis-
cussed and applied in the N,A.C,A, Report., This technique has practical dis-
sdvantages and does not overcome the difficulties of establishing the
reliability of a forecast of a distributed load by a regression based on
individual load data.

56342 Distributed load calibration method

The data for the distributed load sample are given in Table 2 and were
obtained by superpesition from the data in Table 1, The justification for
this procedure was based on the knowledge that the structural ocomponents would
not buokle at the stress levels used for the subsequent loading shown in
Table 3. A check of the gauge responses for that particular loading and those
obtained by superposition is included in Table 3 and agreement within +2% was
obtained except for the lower responses where reading accuracy was significant,

The inspection of Table 2 shows that the non-linearities in the response
data were reduced —~ partly as & result of combining high and low responses and
partly as a consequence cf restricting the range of o.p. position., The
coefficients of the regressions fitted to these data are given in columns (o)
ef Tables 5, 6 and 7, and in columns (f) are the contributions made by the
selected gauges ef each regression in the estimation of the directly applied
distributed loading. The acouracy of the estimates varied for the different
regressions and it was not always the case that the regressions with the
smallest standard error predicted this particular distribution with the highest
acouracy, However there were regressions which, 2 times out of 3, would pre-
dict any cne of the statistioal sample to within *1°5% for shear, (regression
Als Ags By, G5y Dyy D, M), within *3% for bending moment (4g, Ags B)» Dg, D7)
and *2% for torque (A7, A9, B2, 05, D2, D6 M). For higher levels of confidence,
say 99 times out of 100, these accuracies would be worsened to 4,F%, *9% and
+6% respectively,

5.4 Influence of the sample size

The extent of the individual load calibrations must be governed to some
degree by the redundancy of the structure and, in either method, must allow a
satisfactory synthesis of the expected flight loadings. In the case of the
N.A.C.A. method the synthesis is made subsequent to the regression analysis
and consequently there is little scope for any reduction in the size of the
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matrix, Tor the modified method there is a lover limit in the number of distri-
butions to be used; there must be at least as many independent calibration data
as therc are gauge stations in the regression and it is advisable to have an
excess in order to prevent ill-conditioning.

To illustrate the influence of sample size Table 8 lists in columns (b)
and (¢) the coefficients of regressions using the same gauges for samples of
29 and 10 distributed load data - the latter sample comprised the distributions
marked with an asterisk in Tuble 2. It will be noted that the regression
coefficients differ for the two samples but the standard errors for shear and
bending moment are satisfactorily small. In the case of the torque regression
there was an indication of redundancy and the omission of gauge A9 improved

the fit and the standard error. These standard errors indicate how each
regression fits its own sample and it is more realistic to compare the accuracies
of the two regressions for the same sample; i.e. the standard errors have been
caloulated for the applications of the 10 member regressions to the estimation
of the 29 member sample, On this basis of comparison, the accuracy changed frcm
14495 to 4+1% for shear, from 2°%% to 3% for bending moment and from 2+1% to

10% for torque when the sample size was changed from 29 to 10 distributions.

It should be appreciated that the statistical procedure does not lead
automatically to the "best solution"; at any stege a decision can be made that
the probable accuracy is adequate for the intended purpose but confidence in any
estimate must depend on initial assumptions such as the extent of the cali-
bration as well as on statistical theory.

6 CONCLUSIONS
A review of the N.A.C.A. technique for flight load measurement has shown

that its application to future aircraft may not be entirely straightforward,

The diffioulties arise from the non-linearities in the strain gauge responses

to the individual calibration loads and from the need to support the aircraft

during their application. The former can be severe if the design incorporates

mul ti-spar construction of low-aspect ratio and the choice of supports for

delta and slender<body configurations may not be obvious or practical to fulfil

the condition that the individual loads of the ground calibration must be reacted

in a manner similar to that of the flight condition,

It is shown that the problem of the supports can be overcome by determining
the combinations of gauge responses, which interpret the flight measurements,
from a sample of the gauge responses to distributed loads instead of to
individual loads as recommended in N,A,C.A. Report No.,1178. It is necessary in
the general case for the distributed load systems to be in equilibrium, The
statistical method of anelysing flight strains requires a large number of
calibrations and it is suggested that these can be obtained by the superposition
of individual load data instead of the direct application of distributed loads.
This procedure would retain the convenience of individual load calibration and
under certain conditions need not satisfy the general requirement that the
distribution of’ loads should be in equilibrium,
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The change to a sample of distributed load data automatically reduces the
non-linearities in the gauge responses and consequently acceptable standard
errors for the combinations of gauge responses should be obtained for multi-spar
structures of low-aspect ratio. Furthermore, in contrast to the N.,A.C.A. pro—-
cedure, these standard errors ocan be used directly to assess the reliability of
a particular load measurement and this is important if the measured flight load
is to be used for the structural clearance of the aircraft,

Laboratory tests on a Lightning fin, which admittedly did not introduce
eny difficulties of supporting the structure representatively, showed that the
modified method interpreted the strain measurcments at a chordwise section as
net bending moments, torques and shears within *3% at the 674 oonfidence level,

L general symbol for bending moment, shear or torque
M bending moment 1b in

T torque 1b in

\'f shear 1lb

B coefficient in load equation

b estimated coefficient in load equation

c oovariance of bridges
& residual, difference between calculated and applied load
i row index _ |

3 column index

n number -of loadings

p non-dimensional bridge response

S standard error of estimate on tbe sample

S¢€e standard error of individusl foreocast
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number of bridges

variance of bridge

SYMBOLS (Contd,)

distance from torque reference line in

distance outboard from strain gauge section in
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APPENDIX

— e

METHOD OF ANALYSIS

The relationship between the expected values of one dependent variable
and the observed values of a number of independent variables can be expressed
in the furm of a regression equation.

Onoe the regression eguation has been established it may be used to derive
estimates of the dependent variable,

In the application of regression analysis to flight load measurement the
equations relating the response of the strain gauge bridges (u) and the three
loads, bending moment (M), shear (V), and torque (T) are required,

The relationship between each of these and the responses can te expressed
by a multiple linear regression equation of the form

L = 51 H1 +‘32 “2-’-(33 “34' vee Bn}ln (1)

where L = appropriate values of N, V or T,

Thus the equations for n ealibration loads at different locatiens may be
written in the form

=
{

B1 By + BZ Hyp * 53 by + oo + ﬁj p1j osoe + ﬁqli1q

|l
1
+

Py o

) 5 (2)

Li = B1 pi1 + + BJ “i.j cee + ﬁq P-iq
Ln = ﬁ1 “n1 + + Bj pnj ece + Bq P-nq J

.j = 1,2 vwesres q_

i = 1,2 essen n

When n = q the equations (2) can be solved for ﬁ1 Bo «es By, directly. This
however may not lead to a reliable estimate of the load, ?he number of
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oalibration loads is therefore chosen to be greater than the total number of
bridges. The coefficients are estimated by the least squares method,

If the estimated coefficients are represented by b1,b2 eee b _then the
general form of equations(2) is now written d

Li = b1 Hiq + b.2 Hyo eoe + b‘j pij eee + bq piq + &y (3)

where € is the error or residual in the estimation of L,
The sum of squares of these residuals is required to be a minimum,

Consider for simplicity the solution for three bridge coefficients and
n loadings.

The sum of squares of residuals to be minimised is

n n
2 2
Zei - L [Ty = (og by + Dy by + Py ;5] (&)
3 1

i = 1,2,,, n
The necessary conditions are that:

n

n n
3 2 _ 3 N\ 2 _ 3 \'.2 _
) Z€i~°: o, Zfi~°: ?@Lei = ° ()

and the following three simultaneeus equations are obtained which are solved for
the coefficients b1, b2, b3.

N
n n ‘QH n
2 _

Z(“u) b z CHRTPYVL ZJ (bgq by3) b5 = ZLi Hi

3 1 3

n n n n

Y ()2 )’ B, = )L > (6)

Z(“fm biplPy * 2_ (byp) by L (bgp Hy3/b5 = L 1 iz

1 1 1 1

n

n n
n a ,
Z(Pu b3y * zﬁ(“iZ By3)Py *L (y5) g

1

1]
N L\/‘l.;3
[
iy
hg =4
H-
\N
3
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If equations (6) are expanded it will be seen that g and L are always

. . 2
associated in product terms, e.g. (“11) , (“11 piz), (“i1 “iS) and (Li “i1) and
sinoe changing the sign of L, (i.e., loading direction reversed) sutomatioally
changes the signs of Biqr Hioo pi3 and has no effect on the above equations;
thus b1, b2 and b3 are the seme as before,

If the responses of ény one bridge are linearly related to the response
of any other bridge then equations (6) become ill-conditioned and this is
indicated by large standard errors.

~ The seleotion of strain gauge bridges is made by starting with en
equation containing all possible bridges and rejecting successively the bridge
having the lowest value of coefficient divided by its own standard error,

The best set is reached when the further rejection of a bridge does not
reduce the standard error of the estimate,

The smaller the standard error the more accurate the estimate is likely
to be

f:éidﬁgi SJHQ“EF'Q?EGQS
standard error of estimate = [~~===w oL
‘degrees of freedom

and the general form for q independent variables is:

e S AR TS € TR R

Il
2
1

meaaaTiEs ©iw W W

P GSMTARIOS” WA LY RS A ATE WO €8 N AL )

n=4q

The general multiple regression caleculation was performed by a Meroury
digltal computer using the 0.U,C.L. programme Stat/11. :

A typical set of results is tabulated below and it corresponds to the
estimation of bending moment from A8’ A9, Bh’ D7 using combined load data
(see Table 5). :

It is possible to deduce from the standard error of estimate the variances
of the b's and the covariances of the pairs of b's., The computer programme

provides these values, as well as the standard error (Jvariancé) of each b,
The ratio of the coefficient to its standard error will determine the relevance
of a particular b, being small for irrelevant coefficients,
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Mean values ;
i
Bending moment 1,000000 2 |
Bridge Ag 1.229552 2
Bridge 57 ~64790000 i
Bridge Ag 3.069621 2
Bridge Bh 30583793 1
Sums of Degrees of Mean squere
squares freedom (__sums of sguares } | Variance ratio
(degrees of freedom )
Total 2,900000 5 28 1.03571 4 {
Resldual 2,551600 2 25 | 1.02064 1 ! 5
Regresafon 2,897L48 5 L ¢ Te2l362 L ! 7097.14 :
Coefficlents Standard error Ceafticlent
and Variance J— ————
covariances (/'variance) standard error
Ccefficient of Ag 60197572 -1} 1410279 -2 1.05014 -1 50902
Covariance of Ag and D7 5497585 <3
Covariance of Ag and A9 ~1449211 3
Covariance of Ag and Bh ~1636721 -2
Coefficient of D, 5258621 =1 6.49925 =3 8,06179 -2 60523
Covariance of D7 and A9 5426202 -l
Covariance of D-, and By, =5 41623 =3
Coefficfent of Ay ~7.990783 2| 2.82071 L | 1.67950 -2 ~Le758
Covariance of A9 and Bh 2.07733 -5
Coefficlent of By, 3.U96938 =1 | 1.88299 -1 | 1.37222 -1 f 2.548

Thus M x 1072 = 0+62 Ag - 0°526 D = 0°08 Ay + 035 B, and the 10~>

factor must be inserted because the dependent variable was scaled before
computation,

NOTE: The single figure columns contain the power of 10 by which the preceding
columns are to be multiplied,

1
(1)  The standard error of sample (S) = * (10°2064)2 = * 3+2 and expressed as
a percentage of the mean value of the bending moment = * 3°2%,

(2) The standard error of en individual forecast (s.e.).

When the responses of an individual forecast are scaled by the ratio of the
mean of the sample and the individual forecast it is then possible to use

\
2 - - -2
Se€, = {S (1 + -}1> + Iv, (uy - pi)z + Zog (- u,) (uj - uj)}

where

i * J’ cij cji and i and J = 1’ 2, oe e q .

Ll

For the particular distributed load in Table 4 s,e, = % 454 to be
compared with the actual error of 1°1%.



Strain gauge responses at Section XX for 1000

TABLE 1

1b load at loading pads

m”w ;Agvxéo-u (v) .Aavxéo;u »w Ag B, op C,s D, uu um uq >< »m B, wu | am o;u D, ur D¢

00 80+3 1000 138+3 73°9 | 812 | 534 | 58°0] 86°7| 29:0{ 21°5| 32+8| -34°8]| 76°2 70°1 1 71tk | 6109 | 463 | ~143+3 578 89:7 1 2846
01 58+8 1000 1350 57°1 1 60°7 | 37°0| 420} 62:9| 20°9| 48°5| 263 | -24,°7| 1022 676 | 125°9 | 746 [ btk | ~119-8 488 72°5 | 21°4
02 50+8 1000 1333 53*2 | 547 (32°5| 37°6| 528 19:5| 418+6| 232 | =-22:4 | 112°3 67°4 | 4451 | 798 |i 32:7 | -106°6 409 63°9 | 20°9
03 328 1000 1303 384 | 33°7 {234 | 27°2| 32:3 | 44°k| 15°%| 13°2| =15°5]130+9 67°1 | 1841 | 900 ‘ 39°0 | = 87°5| 337| 459 7°5
o4 156 1000 126°3 22°5 | 18°8 | 4°0] 16°1| 17°9| 40| 10°1 6°5| -11°5 | 1255 528 | 296°2 | 97°4 |} 227 | = 614 | 20°7 30+2 | 10*4
05 00 0 00 =2°7 | 40350 4°9 30} 00} 90 3*1|-2'5] 355 27°4 | =99°0.| =34+3 |l 12:5 | ~ 257 73 13+2 81
1 58+8 | 1000 | 111°8 581 | 6346 | 27°3 | 48°7 | Gu-5| 16°5| 134 | 32°2| <31-6| 99°6 | 849 | 532 344 5691 = 84| 366 67°3 | 394
22 50+8 1000 102+3 52*9 1 56°3 |20°6 | 461 | 557 9¢8 | =140 | 32+9| ~32°0| 1051 90°9 | 38°7| 241 |l 63°7 | - 589 2846 56°0 | 432
23 328 1000 | 102°3 449 |} 401 [ 12°0 323 37°4| 5°7|-10"9| 22:5] -20+3}151°3 92:8 | 70°5{ 30°3| 57°0 | - 49°5 22°51 H1°4 | 372
2 155 1000 102+ 3 454 | 21°3 | 48| 17°5| 416°3 0°0|=9°7| 151} -12°3| 24,38 76°3 | 65°61 29°9 | 38:9 ] ~ 350 118 251 | 2446
25 0-0 0 00 =-13°5 0°0 [~4*5] 6°4 19| =73} - 44 61 = 429|671 12°3 851 10°4 M 14°8 | - 10°9 3.2 96 8+6
33 388 1000 87°5 | 40°7 | 48°7 1131 | 43°84 450 |~ 27| =242 | 25°0|=31:9] o949 | 1162 | 182 10-2 ¢ 86°9 | - 238 19°6 | W45 54°9
3 155 1000 87°5 20°0 [32°5| 3*8121'3| 12*3 |~ 3°8|-20°0| 15'0| ~13-8| 83°8 | 2325 | 22:5| 12+5 W 61+3 { = 40-0 7°5] 238 313
35 00 0 040 1*5 | =6*5| 0°0| 5'0]-10*5|-9°5{-.95| 6°5|= 50| 10°5| =550 70 55 M 12°51 - 9+0 1+5 8:0 80
43 255 1000 72°0 25°0 | 30°0 | 0°0 | 36°8| 24°6|-10°0|=42:0| 27°0| =31°0| 59+6 935 | 0°0| 0°<0 Méru.u 0+0 7°6 35°0 | 94°0
4 155 1000 72°0 20°0 | 230 | 5°0|31°0| 140 |- 9°0| =340 20°0| -16°0| 430 ] 790 L+0| 0°0}229°0 4+0 1+2 20°0 | 46°0
45 00 0 0°0 65 | 50| 0°0} 0°0 0°0 | ~18:0| =12°5| 50| = 40| 155 155 15 15430 0°0 ~1°5 40 |- 1°5
51 802 1000 1498 76°0 | 820 |56°0| 560 82:0| 30°0| 36°0| 32+0]-360| 78+0 56+0 |120°0| 82:0| 38°0| -158°0 660 92+0 | 20°+0
52 892 1000 1415 80°0 |92°0 {58-0|68+0| 94-0| 30°0| 26-0| 32:0| -40:0| 68+0 70°0 | 600} 66°0} 46°0}| -156+0 680 96°0 | 30°0
53 90+ 6 1000 148+9 88+0 | 880 |62°0|68°0{ 96°0| 34°0| 34,°0| 32:0|-38-0{ 70°+0 62:0 | 82:0| 76°0} 360 -172°0 70°0| 402:0{ 22+0
54 103 1000 538 13°0 [14°0 | 0°O | 14°0f 110} <21°0 H124°0| 190 |~ 40| 28:0 | 13+0 |~10°0| - 40| 66°0 10°0 | =18+0 190 | 323°0
55 00 0 0°0 80 8+0 | 00| 50 0°0 | ~24°0 |- 29°0 | =130 | 20°0}| 13°0 20+0 6:0( 0°+0]| 16°0 0+0 00 15°0 | =950
60 822 1000 130°0 743 183°8 [50°0 | 61°4| 87°L| 256 | 41°6 | 36°4] 37°6| 728 %1 | 40°0| W40 | 50°2 ] 1338 57°6 906 | 3h4
61 633 1000 1073 61°6 1696 1286 |52°0| 68°9| 13°0 |~ 81| 351 | =354 90+3 87°1 | 287! 260 | 62:9| -~ 778 386 71°5 | 45°7
62 558 1000 98+3 65°2 | 74°5 |27°6 | 59°0| 73:3| 41°2 | ~18°6| 43°3| =398 |115°6 | 1119 | 24:3| 24+2| 81°8| - 62°5 353 73°7 | 592
63 298 1000 68+0 281 133°3 | 471379 308~ 9°2| <U3°L| 352 -343| 57°3 908 | =101 | - 51 | 120-8 8-8 0°0 Mm.m 91°9
6L 155 1000 49°5 13°8 [16°3 | 0°0 .Aw.m 150 { =150 | ~87°5 | 20°0 | ~16°3| 28°8 500 |=12*5] =10°0 | 72°5 17°5 | =51°3 50 | 2438
65 0°0 0 040 7°5 8+8 | 00| 75|~ 38| 45°0| 41°3 25 00| 12°5 22°5 |~ 6°3 0°0 | 31°3 15°0 {-103°8 | - 28+8| 850
66 INACE | 1000 830 Li*h [50°0 | 0°0 | L45°7 L6 0°0 | =27°1 } 37°1 | =34*3| 871 | 1100 00 00| 87*1 | -18+6 17°1 | -205°0 | 60°0

® See Fige2 for reference axes,
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TABLE

Measured and superposed strain gauge respunses for distributed load (Table 4)

Bridge A5 A7 Ag A9 132 Bu c5 D1 D2 D3 D6 D7
Superposed 183 361 198 362 174 76 308 17 78 | -78 284 | -115

response
1st dist.load 187 350 196 362 173 76 298 14 72 | -78 283 | -118
2nd dist.load 183 363 197 365 169 78 298 14 75 | -85 283 | -115
Yean 185 | 356 196 | 364 | 171 | 77 | 298| 1 M | 81 | 283 | -7
% age error on -1*1 14 1+0 | -0°5 108 | =1°3| 34| 24°5! 5% | =61 C-4 | =17

mean

— . - R A
TABLE 4
Distributed load

Load 1b H 000 500 500 310 290 | 245 | 225 190 | 145 | 125 100 70
Pad No. 00 | 61,63 | 64,66 2k e | 35 | Meof 45 | Ok | 25 02,03 05







. Distributed load
Regreggion goefficient amc.mm. ! contritution

Gauge Individual | Combined station .{ Individual| Combfned

station load | 1load response load load

(a) (v) | (c) (d) {e) (1
Ag 0,035 | =0.062 185 65 . | - 115
Ag 0,903 0. 721 196 177.0 141.0
Ay . -0,069 | -0.083 36l - 25.1 - 30,2
By 0,000 0.005 1 0.0 0.8
W# O.ﬂom OOUNb NN @Oa Mbbw
Dg 04002 €.008 283 0.6 2.3
uq -0,057 -0.433 -117 6.7 + 50.7
Predicted B.M, x 1072 173.7 178.0
* Actual B.M, x 1073 179.0 179.0
Percentage error =340 0.6
Percentage standard error 9.9 71
Ag 0,958 04654 196 188.7 128,2
Ag 0,072 ~0,083 364 - 26,2 - 3042
wN N 0.001 0,003 i 0.2 045
By, 0,082 0.333 77 6,3 2506
ou 0,037 ~0.1459 “117 43 53.7
Predicted B.M, x 107 173.9 179.5
Actual B.M. x 1073 1790 17940
Percentage error - 249 0
Percentage standard error 9e¢7 363
A 8 0.982 0.620 196 192.5 12145
>m 0,07l ~0.080 364 - 26.9 - 291
By, 0,050 04350 K . 39 27.0
UN lO.OWU ~Oe WNm =1 u.\ 349 md 5
Predicted B.M, x 107> _ 173l 160.9
Actual BMe x 1070 1.0 1790
Percentage error - 3c2 1ol
Percentage standard error Fely 3.2

IABLE 5
Regressions for estimating bending moment
Distributed load
Regresgion coefficient Gauge contribution
Gauge - | Individual | Cambined statien Individual | Combined
station load load response load loaa
(a) (b) (c) {d) (e) (1)
>m 1e152 1,016 185 213.1 188.0
>.~ ~0a1L2 ~0e177 356 - 50.6 - 63,0
wm 0,017 0048 i 2.9 8.2
Om lOOOdU O‘OOW Nmm - UOW m.b
Um OOOOA IOQOS Nmu Ocu - Nom
Predicted B.M, x 1070 18l 181.7
Actual B.M, x 107 179.0 179.0
Percentage error 3.0 15
Percentage standard error 9.9 et
>m C.961 0,645 196 168845 12645
Aq 0,072 ~0.082 364 - 2.2 -~ 29,9
B, 0,082 | 0,359 T7 643 27.7
Dg 0,002 0,007 283 1 0.6 2,0
cq «0,037 =0.461 -117 Le3 53.9
:
Predicted B.M, x 10 17345 180,2
Actusl B.M, x 1077 190 | 1.0
Percentage error - 342 0.7
Percentage standard error 95 249
»m 0,468 0,308 185 86.6 570
bw |0080 IO.OPW Uﬁb - N.N - amob
mr 0,608 _ 0. 749 K L6.8 577
UN lOoqu =0, Mg -1 a.N b.m-m wﬂoo
- v
Predicted B.M, x 107 177.8 | 185.3
Actual B.M, x 107 190 | 18.0 }
Percentage error - 0.7 3¢5
Percentage standard error 20.4 Le2

~ 22 -

Distributed load
regsion cqefficient Cauge contribution
Cauge Indjviduel { Combined station Iindividual| Combined
station load load response load load
(a) b) {c) {d) (e) (2
Ag =04006 ~0,049 364 - 2,2 -17.8
B), 0+ 705 0764 i She3 58.8
Um 0 odﬂ .-Oooou MmU u.ﬂ - Oow
Predi¢ted B.M. x 107 178+7 1874
>8J B.M. x 1073 179.0 179.0
Percentage error - 0.2 ha?7
Percentage standard error 18.1 Le3
|
hg &3 1 0.040 185 240 Tels
Ag oTwm 0.836 196 195.6 163.9
>w 0,077 ~0.120 364 - 28,0 - 43,7
D4 -0,029 =0,430 “117 3ul 5043
i
Predicted B.Me x 1075 173.0 1779
Actual B.M. x 107 179.0 179.0
mo?L»Smm error = 3,5 - 0.6
Percentage standard error 9e5 3e5
Ag =03011 «0,0072 185 - 2,0 - 1343
Ag 13034 1.113 196 202,7 218.1
Ay 01077 0,093 364 - 28,0 § -33.9
Predicted B,M. x 1073 172.7 17049
Actuil B.Me x 1072 179.0 170
Percentage error - 346 - L5
Percentage standard error 9.4 542
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TABLE 7

Regressions for estimat torque
206 _cstrinald Cque

Distributed load

|

I

Distributed load

Distrituted loae
Gauge Regression ooefficient Gauge | contribution

station | Individual | Combined station | Individusl] Combined
lead locad response load load

84 0.182 0.259 356 6L.8 92.2 .
Ag 0a145 0,064 36l 52.8 233
mm 0,288 Ce28 i 9.2 477
nm 0.109 0,238 298 3245 709
oﬂ 0,097 0.37% 14 tolt 542
D 0.070 0.075 283 19.8 2142
M 1.023 0777 1P 183,1 139.1
Predicted Terque x 10~ 103.6 399.6
Actual Torque x 1073 409.6 409.6
Percentage error 15 v =2l
Percentage standard error 201

t
P\. 0423 | 0318 356 15046 11342
WN O.172 0,239 17 9.4 Lo.9
Cs 0,236 0,299 298 03 891
om 0,092 0,087 283 2640 2U.6
Predicted Torque x dm..u 3785 3974
Actual Torgue x 1073 409.6 L0946
Percentage error ~842 -3¢0
Percentage standard error 3.4

Gauge Regression coefficient Gauge ontribution
station | Individual } Combined gtation Individual { Combined
load load response load load
W
>.V< 04252 04306 356 89,7 108.9
B, 04271 04266 7 16,3 4545
Cs 04154 027l 298 15.9 817
Ua L 0P —mm Oouu AP IN.N mou
Dg 04069 04067 283 1945 19,0
M 1411 0 765 179 198.9 136.9
v_ -3
_uwma_poama Torgue x 10 398.1 3973
Actugl Torque X 103 L09,6 1,09,6
i
Percentage error 249 =340
242

Percentage standard error

]

Gauge Regression coefficlent Gauge contribution
station | Individual| Combined sgtation T Individusl { Combined
load load response 13ad load
f 0,185 0.2L9 356 65.9 88.6
hg 04155 0.054 364 56.4 19.6
B, 0,27 0269 m 1649 16,0
Cs 0.115 Je211 298 343 62.9
UN 0,050 OoMUD ﬂb U»N Aﬂou
Dg 0,080 0576 283 22,6 21.5
H 0,963 0.795 1B 172els 142.3
Predicted Torque x 1072 1402,2 398,2
Actugl Torque x 1073 409.6 409.6
Percentage error -1.8 =2.7
Percentage standard error 2.0
N,.ﬂ 0,256 0.268 356 9141 9544
B, 04267 0,283 17 L5.7 184
nm 0,165 0.230 298 1942 6845
Dg 0,076 05059 283 21.5 16,7
M 14056 04944 iT9 189 169,0
Predicted Torque x 10 3 396,5 398.0
Actual Torque x 1075 403.6 109,6
Percentage error “3.3 -2.,6
Percentage standard error 2.5
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LOADING STATION

SKIN BENDING GAUGE STATIONS.
SKIN SHEAR GAUGE STATIONS.
SPAR BENDING GAUGE STATIONS.
SPAR SHEAR GAUGE STATIONS.
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- SECTION XX &

RANGE OF C.P’s FOR “DISTRIBUTED LOADS”
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FIG. 3. RESPONSE OF GAUGE Ay WITH POSITION OF LOAD.
(1000 LB).
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FIG. 4 RESPONSE GAUGE Ag WITH POSITION OF LOAD.
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THE INTERPRETATION OF STRAIN MEASUREMENTS FOR FLIGHT LOAD DETERMINATION,
Hovell, PoB, Webbery, D,A, Roberts, T.A, August 196,

The mocadures of N.A.C.A. Report No, 1178 for the Interpretation of
measured flight strains as structural loads are nct entirely satisfactory
for applications to delta or slender-body configurations. Problems arise
from the severe non-linearities in the gauge response with the position of
the calibrating load, and from the need to support the aircraft
remesentatively during the ground calibrations, These difficulties are
overcane if distributed load data, obtained eithsr directly or by super—
position, are used in place of individual load data. In contrast to the
original N.A.C.A. Report, the mrocedure will then establish directly the
reliability of any particular flight load measurement, The modified
technique §s 1llustrated by an application to the Lightning fin in
laboratory tests,
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THE INTERPRETATION OF STRAIN MEASUREMENTS FOR FLIGHT LOAD DETERMINATION,
Rovell, P,B, Webber, D.A, Roberts, T,A. August 196,

The procedures of N.A.C.A, Report No, 1178 for the intermetation of
measured f1ight stisins ag structural loads are not entirely satisfactory
tcr applications to delta or slender-body conffguretions. Problems arise
from the severe non-linearities in the gauge response with the posftion of
the calibrating load, and from the need %e suppart the aircraft
representatively during the ground calibrations. These difficulties are
overcome if distributed load data, obtained either dirsctly or by super—-
position, are used in place of individual load data, In gontrast to the
original N.A.C.A. Repart, the procedure will then establish directly the
reliability of any particular flight load measurement, The modified
technique is illustrated by an application to the Lightning fin in
laboratory tests,
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THE INTERPRETATION OF STRAIN MEASUREMENTS FOR FLIGHT LOAD DETER{INATION.
Howell, P,B, Webber, D,A, Robrrts, T.A. August 196,

The procedures of N.A.CJA. Repart Nog1378 for the inverpregation of
measured flight strains as structural loads are not entirely satisfactory
for applications to delta or slender-body configurations, Problems arise
from the severe non-linearities in the gauge response with the position of
the calibrating load, and from the need to support the aircraft
regresentatively during the ground calibrations. These difficulties are
overcome if distributed load data, cbtainsd either directly or by super—
position, are used in place of individual load data, In contrest to the
original N,A.C.A, heport, the procedure will then establish directly the
reliability of any particular rlight load measurement, The modified
technique is 1llustrated by an application to the Lightning fin in
lsboratory tests,
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