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SUMMARY 

In an experiment in which it is required to measure the heat transfer 
factor at the outer surface of the skin of a wind tunnel model, the temperature 
of the skin is measured at various points on this surface and the heat flom 
rate across the skin is measured at the corresponding points on the inner 
surface. Caloulation of the heat flow rate across the outer surface of the 
skin involves the solution of Laplace's equation in a rectangular region with 
mixed boundary conditions. A numerical method of solution is described and 
illustrated by an example, 

i 
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1 INTRODUCTION 

Fig.1 shows a longitudinal seotion of a wind tunnel mode? in the form 
of a cylindrical shell with a oonioal forward section. The skin is heated by 
an airflow and heat is taken out by coolant flowing through the hollow interior 
of the model. When a steady state has been reaohed, the temperature f of the 
outer surface, and the heat flow rate QM aoross the inner surfaoe of the skin 
of the model are measured by a series of thermocouples and heat flow meters 2 

at various station3 along the cylindrical seotion of the model (see Fi.g.2). 

The heat transfer factor h aoross the outer surface of the skin at a 
given station is defined by the equaticn 

Q = h(Tk - TW) (1) 

where Q is the heat flow rate across the outer surface at that station and 
TR is the reoovery temperature - i.e. the temperature that would be reached 
there if no heat were allowed to escape into the model. As a first approxima- 
tion it may be assumed that Q = Q,; this is equivalent to neglecting any flow 
of heat along the skin, whioh is thin and of low tiermal oonduotivity. By 
varying the amount of coolant flowing through the interior of the model, it is . 
possible to obtain a series of values of QM and f for each station. From 
these, using+the above assumption, h and Tk for that station may be oaloulated. 

i 

2 

The method described in thif paper, in which the assumption that Q = QM 
is not made, solves the heat equation for a seotion of the skin, assuming only 
that there is no heat flow across the ends of the section. It thus provide3 an 
improved value of Q; a oomparison between the calculated values of Q and s 
for a specific case is shown in Pig.5. 

2 THE HEAT EQUATION AND BOUNDARY CONDITIONS -- 

Sinoe the skin of the cylindrical model is thin, its curvature is 
neglected and it is regarded as an infinite rectangular slab - see Fig.3; 
A and B are arbitrarily chosen point3 on the outer surface of the skin and 
0 end P are the corresponding points on the inner surface. Taking OP and @A 
as x- and y-axis, respeotively, with OP I a and OA = b, the temperature T(x,y) 
of a point in the skin in the steady state satisfies Laplace's equation: 

V2T &&+a21r = 0 
dx2 Gy2 

(0 <x<a,Ody<b). 

The boundary conditions on AD and OP are known: 



(0 d x d a) 

(>> 

(4) 

where k is the thermal conductivity of the skin, and QM is taken to be 
positive when the heat flow is directed towards the interior of the model. 
Boundary conditions are also needed along OA and PB; ,since the variation 
of T with x is observed to be an+ at the ends of the model, the boundary 
conditions are taken to be 

j$ (03Y) = $J (a,y) = 0 l (0 d y s b) (5) 

They are equivalent to the assumption that there is no longitudinal flow of 
heat aoross the ends of the section. 

3 THE FINITE DIFFERENCE EQUATIONS 

The rectangle OABP is covered by a uniform reotangular grid of points 
(xi,yj) with the mesh lengths 6x and 6y respectively in the x- and y-direotions 
(see Fig.&) arxi grid-points are added along x = -6x and x = a + 6x. The 
equations of the previous section are then approximated by the finite- 
difference equations: 

T(Xi,1 ,Y ~)-~T(x~PY i)+‘JJ(xi+l PYJ > 
+ 

T(Xi,Y i-1 )-2T(Xi’Y i )+T(xi’Y i+l > 

@xl2 (hY)2 

(1 Cidm, 1 f j S n-l) 

(1 <<<mm) 

_ 

(1 d j Q n-l) 

i 

= -0 5 

..a (6) 

(7) 

03) 

(9) 
‘& 

(10) 

b 

The heat flow rate across AB is approximated by the equations 
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Q($ = $ 

c 

‘J+(Xi) -  T(Xi’Yn-1) l 

3 

(1 s i S m) w 

It is convenient at this stage to combine equations (6 
j 

, (7), (9) and 
(10) in order to eliminate T(xi,b), T(-6x,yj), and T(a+6x,yj ; the resulting 
8 uations, 
T xi,yj), s 

together with (8), provide mn linear equations for the unknowna 
(1 d i d m, 0 6 j s n-1). These unknowns may be written aa a column 

vector i, where T(xi,yj) = tr (1 6 r d mn) when r = (i-m) + m(n-j), which 
aorresponds to a numbering of the grid-points by rows, starting with the first 
row insida the outer surface. The equations then take the form 

where u = r 

ML = ,u 

- g 2 $Cx,> 
0 

IbrSm 

0 m+l S r c m(n-1) 

- i 6y %(xr-m( n-l )) m(n-1) + 1 S r 6 mn 

and M is the mn x mn block tridiagonal matrix 

N 

\ \ 
0 x21 \ 

by m .N, '\ 
; \ \ 

\ \ \ 
\ \ \ 

\ \ \ 
\ \ 

\ \ 
\ \ 

' 6x2I 

\ \ 0 Sy m 
\ \ 

\ 

%I -Im 

(12) 

03) 

J 

(14) 
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I, is the mxm unit matrix and N the mx m tridiagonal matrix 

1 

1 

-2[1+(@2] 1, ‘. 
\ 

1, . . , -211 +(&y] 
. \ 

-\ 
. 

\ 
r. 

\ 
. 

'1 

G ~METHCD OF SUCCESSIVE OVER-~RXMXATION I 

Equation (12) corresponds to the mn scalar equations 

mn 
* 7 

z 

mrsts = u r (r = 1,2, ,a.., mn) 

s=l 

(P> Given any approximate solution tr , the method of (point) successive over- 
relaxation replaces it by a new approximation t (P4 

r given by 

i 

(16) e 

P-1 
t(P+l) = ,(P) ~ & ru .- 
r r m (r = 1,2, ..*, mn) 

rr i c r mrsts ('*') - E rnrsiF)] 

s=l s=r 

l *e (17) 

where o is a suitably chosen "relaxation factor". 
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In ths present case, the process can be started by choosing o = 1 and 
assuming that the temperature gradient through the skin is $ Q,(x,), depending 
only on x, so that 

9 

. 

tb) 
r = T(O) (xi,y3) 

= fbq - * y QCxi16Y 

where r = (i-m) +.m(n-j) (I 6 i G m, 0 c j Q n-1). If p = lim pp where 
P+- 

mn 

)_ 
- (,(P) _ ,(P==l))* .' 
1 I r r. 

r=l 
'"p = rnn 

1 I 
(t(P+l) _ Q))* 

r 
r=l 

then the best value of w for use in (17) is given3 by 

08) 

09) 

The iterative process described by equation (17) is repeated with o = 1 until 
lclp - clP",l < f where f is a small positive number. An approximation p1 to p 
is then calculated.by Aitken's 6z-process 4 : . 

(21) 

. Repetition of (IT) is resumed with w J w(lr') and continued until 
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mn 

F- 
(t(P+l) I tF))* < e :. . 

r i 
371 

where e is a small positive num3er. Then t(P") is taken as the solution 
of (12) and substituted into (17) to give The required flow rate across the 
outer surface. 

5 ACCCRACY CHECKS 

5,q Convergence of the iterative process 

t(P4 . 
.- 

Let T(xiPyj) = r denote the final values of the temperatures 

(22) 

computed as described above, Owing to the trunoation of the process, 
equation (6) will not be satisfied exactly and, from it, new values 
T (x ,y.) can be calculated: 

1 iJ 

T, (x,,yj) = + 
T(Xi,; ;Y ‘)+T(xi+l OY i> 

’ + 
T(Xi,Y i-, )+T(xijY i+l) 

(W2 (bYI ’ 3 

= T!Xi"Yj) + 3 i (23) c 

-1 . 

G T(xi,yj) + $ 
c 

1 1 - + - 
(6x)2 (6yf 3 

V*T(Xi,Yj) (UC) 

where 

ard 
(25) 

‘y2T(XijYj) = T(Xj,Yj-d > + T(Xij~~+, > - *T(XijYj) a 

Equation (23) gives an indication of the error in T(x.,y.) and, from 
equation (II), since %&xi) is' fixed, the corresponding errzr in Q(xi) is 



502 Aaauraav of the finite-dirferenae approximation 

d2 d2 A more accurate representation of the Laplaaisn operator V2 = 2 + 7 

than has been used above is given by 
ax- ay 

where 

6,kr(Xi,Yj) = T(x~,~,YJ) + T(Xi+2,Yj) - 4IT(XI,IPYJ) + f(Xi+l ,Yj)I + 6T(Xi,Yj) 

and 

‘y4T(xi,sj) 1 T(4,Yj_2 > + T(Xi,Yj+p) - 4lT(xi,~j_l) + T(Xi,Yj+l)j + 6T(Xi,Yj) 

. . . (28) 

An improved value for T(x.,y ) may be obtained by substituting (27) into 
= 3 

(24); but to show separately the effects of the choice of step lengths in the 
two coordinate directions, it is convenient to calculate the following 
quantities: 

-1 
T2(XiaYj) = T(Xi,Yj) 0 ~ 

3 
‘x4’(Xi,Yj) 

-1 (29) 

T3(Xi’Yj) = T(Xi,Yj) 0 ~ 
3 

6,kr(xi,yj) . 

When j = n-l, these formulae involve values of T at points outside the 
region ABPO; therefore it is assumed that the errars in T(xi,yn-,) have the 
same orders of magnitude 5s those in T(xi,ynm2) and the aorresponding errors 
in Q(x,) are estimated by 



E,[Q(x,)I = $j c T2(xi,Yn-2) - T(xi'yn-2) 3 
(3 d i d m-2) (30) 

E,[Q(x,>l = ~ 
c 

T3(Xi,Ynw2) - T(XiyYn_2) 
3 

6 jIE!JOD OF USE 

A Mercury Autocode programme has been written which performs the 
calculations described in this mner: it requires the following quantities 
as data, 

a 

b 

m 

l/k 
QM(Xi) 

%lxi) 

n 

f, e 

a 

which must be punchedbn a data tape in the order given: 

length of the skin section, AB 

skin thickness, OA 

number of grid-points on AB 

reciprocal of the thermal conductivity of the skin 

for 1 f i c m measured heat flow rate at grid-pointsiLon OP 

for 1 Q i & m measured temperature at grid-points on AB 

number of grid-points on OA, excluding 0 

see section 4 

distance of A from the beginning of the cylindrical section of the 
model 

The units in which a, b, k, QM, s, and a are given must be consistent; 
if k and QN have been measured in units not consistent with those of the 
remaining quantities, the simplest procedure is to apply a suitable scaling 
faotor to k, leaving QM unchanged; the pragremme will then calculate Q in 
the units in which QLI is give& Thus if, as in the example mentioned below, 
a and b are given in inches, k in cegrs+ units, Tw in degrees k, and s in 
CHU/ft2/hr, the data should include, in place of l/k, the value af 

9 x 1055 
5 x (12 x 60)~ x 2#54k 

0 

The appendix shows a specimen data sheet and the corresponding print-out 
of results, the computation of which occupied 95 seconds on the RAE Mercury 
computer. The first line of results gives the dimensions (AB by OA) of the 
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section of skin oonaidered, the relaxation faotorused, and the number of 
iterations made in each stage of the calculation; the suoceedin table gives, 
for i = 1,2, . . . . m, the values of (a + xi), Q(x,), T(xi,O), E, f Q(x,)], 
E2[Q(xi)I ) ana E,[a(Xi>I 0 

Fig.5 shows Q and Q, plotted against xi for this example. 

A,B 

a 

b 

e,f 
h 

k 

E 
n 

o*p 

Qb,) 

QMbi) 

i = (t,) 

,(p) 
T(Xi>Yj) 

TR 

T\V(xi) 

SYMBOLS 

initial and final points on outer surfaoe of seotion of skin 
cons tiered 

length of skin section AEI 

skin thiokness, OA 

see section 4 

heat transfer factor across outer surface of skin 

thermal conductivity of skin 

number of grid-points on AB 

matrix of coefficients in finite-differenoe equations, 
see equations (14) and (15) 

number of grid-points on OA, excluding 0 

initial and final points on section 04 skin considered 

computed heat flow rate aaross outer surface of skin at ith 
grid-point 

measured heat flow rate aoross inner surface of skin at ith 
grid-point 

veator of temperatures at grid-points, see se&ion 3 

pth approximation to 2 aocording to equation (17) 

temperature of skin at (i,j)th grid-point 

recovery temperature at outer surface of skin 

measured temperature at outer surfaoe of skin at ith grid-point 
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SYMBOLS (CCNTD) 

g = b,) vector of right-hand-sides in finite-differenoe equations, 
see equation (13) 

X,Y coordinates measured along and into the skin from 0, see Fig.3 

fwY mesh-lengths of finite-difference grid 

a distance of A from beginning of cylindrioal seotion of model 

relaxation factor 
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(a) Data 

6-7 
O-1875 

68 .‘ 
0.25 

3 

14815 
I 3200 

%j ,264&- 
165d 
.62*5 

3030 
. 62a5 
i23*5, 

2658 
26814 
-2690-9 
'271.*0 
2711.6 

APPENDIX 

SPECIMEN DATA AND RESULTS 

b” 
xii 

% x scaling factor 

ll+.8*0 
197.5 
262eo 
149-g 

52.0 
32.0, 
72*5. 

126eo 
l34*O 
135rn'O 

2620; 
264*21 
27694 
27~" 

%662’82’ 
26818 
270-O 
271 *I’. 
271.7 

r” 
8 
a 

147-5 
88*0 

252.5 
131-O 

43*5 
34.0 
84-O 

128*0 
134*5 
135-o 

14790 
77-5 

W*O 
112*5 

36;o 
37*5 
94.0 

3 30.0 
4 35.0 
135.0 

262-9 262-g 
265.5 267.2 
278*0 279*o 
26g*2 267*2 
263-9 264-o 
266.7 267-o 
269 -0 26g*1 
270.2 270~4 
271.2 271.3 
271*7 271 l 7 

145:; 
g5*0 _I 

224-o. 
97*5 1 
32.0. 
42*0 

105*0. 
132*0 
135*o 
135-O . 

.* _ 
26294 * 
26g*2 . 
278~7 
265.6 ’ 
264-4 - 
26795 
269-4 
270.6 
271.4 
274-07 

142*5 138.0 
240*0 . 262-o. 
20590 . 184*0. . 

85-O . 72.5 
30-o 
l&;0 

114-O : 
132.5 
135ro- , ‘I 

ig*b. s 
54.0 

119*0 
133.0' 
135eOm 

263~0. - 
271~0 ‘ 

2L$li 6 
264: g 
267~9 
269.5 
270.8' 
271;5 - 

263.1 ~ 
273*o : 

27o*9 
271*5. 
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Appendix 

(b) Results 

T DATE 14.4~64 

B.A.M, PIGGOTT JOB NO.1655 

6970 BY 0.19 W = 1.62 5 + 18 ITERATIONS 

C&+x i 

0010 
0.20 
0.30 
0.40 
oe50 
0.60 
O-70 

’ 0*80 - 
0090 - 
I 000 
1 -10 
I.20 
I.30 
1*40' 
1*50 
I ~60 
I.70 
1~80 
1 *go 
2.00 
2910 
2.20 
2030 
2.40 
2.50 
2.60 
2*70 
2.80 
2.90 
3800 
3*10 
3.20 
3.30 
3.40 

;*z 
3170 
3.80 
3.90 

Q 

147.85 

'1:;':; 
l&O2 
13gao6 
134.54 
122*20 
105*87 

93*86 
88.24 

100*03 
141.92 
196948 
239.87 
263925 
264.71 
278.82 
286.96 
268.99 
235*01 
1 gi'*% 
169947 
1J44*42 
126.45 
9W4 
73*00 
70*98 
51 l 95 
53.55 
b&*54 
39.57 
29*37 
29e39 
31.78 
29+3 
32*73 

;;25 
36:81 

T 

255.96 
255*98 
256 *02 
256 009 
256.25 
256953 
257*02 
257-84 
259.25 
261.28 
262*8g 
263a41 
260-99 
261'35 
262.61 
264.06 
265.57 
266.71 
267-19 
267.00 
266933 

2:‘:; 
263:18 
262.27 
261~56 
261-16 
261.05 
261 l iy 
261 l 53 
261 l 96 
262 044 
262*95 
263*46 
263-92 
264.33 
264.68 
265eoo 
265.24 

El E2 

1.1; -3 I. tl.2, -2. 
-2.6, -3 -1.3, -2.. 
-3.4, -3 4-4, -3 
-4*9, -4 -5.9, -2 
*l-*7, -3 -1.9, -2, 
l-1, -3 . 1.4, -1 

_:I;; :I , .- --4.8, 2.2, -3 -1 

-9-l; -4 . --4e8, -2 
- -2.0, -3 '. .:t1*1, 0 I 

-1.3, -3 0 
-5=7, -4 * 

j:;: 
-2 . 

-4*8, -4 r  l ,  - I  

.  ;:i; 1; -j:;; 

-11 

4 

- 5' 

7:o: 

I44 .-2.4, -1 _ 

-4 .-1.5, -I ‘6, -.I -2 
30.9, -4 6.4, -2 

-2.6, -4 6-1, -3 .- 
-7.0, -4 . 1'0, -1 . 
-596, -4 -1-1, 4 
-2.9, -4 2.9, -2. 
-2.9, -5 1.8, -I 
-5-5, -4 -1.5, -1 

I;*;' 
-213: 

-I -A:$; -1 -2 
-4 -2 

-3.6, -4 -i:;: -2 
-1*4, -4 . v -2 

-2e3, -4 -38% -4 -';:p 

3.4: 
1: 

-3*7, -4 -2 
-2*o, -4 -4-3, -2 
-5*l, -4 5*8, -2 
-4*4, -4 -896, -2 

2.3, -4 gb6, -2 

- , 

E 
3 . 

? 
-2.6, -3 
-2.9, -3 

9.7, -4 8 
-1 0.3, -2 
-4.2, -3 

;f:b: -2 4 
-1.1, -3 
-l*.l, '-2 
-2m4, ~3 

2.3, -1 

-'i::; 1; 
-5a2, -2 
-3*2, -? 'j 
-3.3, -3 

1’4, -2 
1.2, -3 E 
2.2, -2 

-2.5, -2 
6.3, -3 

-1.3, -2 
1.4, -2 
898, -4 

-1.2, -2 
7.5, -3 -9.3, -3 G 

l-3, -2 
-1'9, -2 

2.1, -2 Lc 



4*00 
4910 
4*20 
4*30 

::g 
4@60 
4.70 
4-80 
4*90 

;:YE 
5.20 
5.30 

;:g 
5:70 
5.80 
5.90 
6900 
6.10 
6.20 
6.30 
6*40 
6.50 
6060 
6.70 
6.80 

46.35 
53.92 
55-27 
63.43 
78.19 
86*39 
91.25 

105.78 
108*96 
120-66 
122.15 
122*96 
126m89 
129958 
131.92 
134*68 
133*75 
133*79 
134*10 
134.52 
134.98 
135*51 
136.77 
133*66 
135*35 
137.38 
135.84 
135*34 
135918 

265-43 
265.52 
265*52 

;2:-;; 
265101 
264.74 
264.413 
264.27 
264+20 
264e15 
264*16 
264*23 
264932 
26442 
264*54 
264.65 
264973 
264.82 
264989 
264a97 
265.06 
265d4 
265.20 
265-26 
265.32 
265.35 
1X5.36 
255937 

2*7, -4 
9.0, -6 

-1-8, -4 
1.1, -4 

-3.1, -4 

-2*1, -4 
-2*o, -4 
-1 l 7, -4 
-8.1, -5 
-3*7, -4 
-3.0, -4 
-2*4, -4 
-2*9, -4 

z? -5' 
-A: 15 
-1-5, -4 
-1-4, -4 

3*7, -5 

ZJ O2 * Y -2 

-1.8, -2 

-3.0, -3 

7.5; -3 
3.4, -3 ;:zp :; 
6*1; -3 
5.0, -3 

-4*o, -2 
-2 

;:7; -3 
-3*59 -2 

8.3, -3 

-7.0, -3 
-l*3r -2 

9.2, -3 
I-1, -2 

-1.79 -2 
-4*l, -3 

1*89 -2 
al*89 -2 

2*5, -2 
-2*o, -2 

,':A; 1; 
-2*3, -3 
-698, -4 

3.7, -3 

-:*2 -3 
7:5; :; 
1.79 -4 

-4 
::;; -3 

$1;; 1; 

l*O, -2 
9.79 -4 

-7.7, -3 
I*39 -3 
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COOLANT FLOW 

AXIS OF SYMMETRY ------------ ------ 

FIG. I. LONGITUDINAL SECTION OF WIND-TUNNEL MODEL. 
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FIG. 2. MEASUREMENT STATION IN SKIN OF MODEL. 
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FIG. 3. HEAT EQUATION AND BOUNDARY CONDITIONS 
FOR THE SKIN. 
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FIG. 4. THE FINITE-DIFFERENCE MESH. 
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FIG. 5. COMPARISON 0F THE OBSERVED AND CALCULATED 
HEAT FLOW RATES IN A SPECIAL CASE. 
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LFLC. C.P. No. 860 u6A: 
517.918 

A HETiiDD FDR aOfU&ZTIND ~OPfIIEIlELTTRANWERPAClOft 
?WRoWi TIlE RKXN OF A m S HID& Piggott, B.Adl. Hey 1964, 

In an experlmnt la which It la requlrui to - me heat txanefer 
factor at the cuter surface of the &la ol a rind mnnel model, me 
U¶W~turcOtUWiSktilSWOMUWd at rarlms polnta on ml8 surface 
and the bent flow rate across the &la 1s lleasurpd at me conmpaxllng 
wlnte on me inner 6urface. Calaalatlm of t&e heat flaw note across 
the outer au-face of the skin lnvolwa the aolutlan of Laplace* 
equatlaa in a rectangular xwglan wlm rlxed txnubiary cozulltiaw. A 
mmerlcal method of solution 1s described and 1llusVated by an example. 

A.tLC. C.P. No. 860 536.a4: 

In an experlmmt la which it 18 required to mama-e the heat tmmfor 
ifactor at the outer a-face of me 6kln of a dnd tunnel ODdel, t&4 
tanpemmre or me skla 18 coeammd at varlau polnta ar this mrtace 
and the heat flcm rate aclpsg the skin 1s akwured at the comei3pondtnig , 
points m the inner surface. Calailatlm of the heat flau mte across 
the outer muface ot the skin lmw3lvee me solutlm of Laplace’s 
equatlai in a recw mgiou rim mud bamdaxy cmdltlau. A 
mmerlcal mmod of salrrtloa la dealbed rind lllustruteb by an exanple. 

A.LC. C.P. No. 860 536a 
517.948 

A HEIf!DD FOR W-IN0 HELWRRENT6 OF THE iEAT TRANSZR F-R 
l%RDUatl TllE SIN OF A WIND - IXIDZL. Plmott, B&H. Hay 1964, 

In an experiment In *lch It 1s required to lDaaarre me heat wanafar 
factor at me outer 6wface of me skin of 8 rind tunnel aal, me 
tf6wpemau-e of me skin 1s uuasumd at rarlaw point8 on mle rrurface 
end the heat now reta2 fwoss the dtln is mewred at me comxqmndlng 
polnte on the inner surface., Calculatlcin of me heat alar rrrte accuse 
me outer surface of me skin involves me solutlar of L&ace@6 
equation ln a recm reelon nlm mixed boundary condltlw A 
tnuaerlcal memod of solutlan 1s described and lllurtmted by an example. 
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