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SUMMARY

Experiments on a family of power-law body shapes, y « xn, at a Mach number
of 6+85 showed that for bodies of given fineness-ratio, minimum pressure drag is
obtained at a value of the exponent n of about 0:7, the drag being approximately
20% less than that of a cone of the same fineness-ratio, Comparisons of the
experimental pressure distributions with values calculated from approximate
theories, strictly epplicable only at M_=oand y 1, were made. It was con-
cluded that for low hypersonic Mach numbers (Mu)a 7) & more fundamental under-
standing of the flow field is required before reliable estimates of the pressure

distributions on such body shepes can be obtained.

Replaces R.A.E. Tech Report No.65075 - A,R.C. 27084
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1 INTRODUCTION

The problem of determining the shape of a non-lifting body of revolution
of given fineness-ratio having minimum pressure drag at hypersonic speeds, has
been the subject -of numerous theoretical investigations1_8. At low supersonic
speeds, the assumption of small-~perturbation potential flow cen be made, but
this assumption does not remain valid at high Mach numbers when perturbation
velocities become of the same order as the speed of sound. So for hypersonic
speeds, minimum-drag shapes have been calculated using the Newtonian impact
gpproximation, hypersonic small-disturbance theory, and "piston" theory, the
main requirement in all these methods being that 1/Mi is sufficiently small. A
general characteristic of all such minimum~drag shapes, for the condition of
given fineness~ratio £/d, is that over the major part of the body the local
slope is small compared with the slope near the nose; thus minimum drag is
achieved by accepting high pressures on a relatively small area of large slope
near the nose, with a consequent reduction in pressure on a relatively large

area towards the base of the body.

The body shape of minimum drag derived by Eggers et al1 using the

Newtonian impact approximation has a rather complicated formula, but it was

found that it could be approximated closely by a power-law profile y « x" of

exponent n = 2, for all but small values of fineness-ratio. When the effects
of centrifugal forces in the flow were accounted for, a fatter profile was
obtained. The advantages of simple geometry are obvious, and later investiga-

toi's have confined their attention mainly to power-law body shapes.

The aim of the tests described in this Report was to make pressure-plotting
measurements on a series of power-law bodies at low hypersonic speeds (M = 7) for
comparison with values calculated by the theories referred to above, which are
strictly appropriate only at high hypersonic speeds, and also to compare the
results with those for pointed cones so that an estimate can be made of the
centrifugal-force effects on the pressure distributions, caused by the curvature
of the bodies in their meridian planes. In addition, measurements were made of
shock-wave shape in order to check the fundamental assumptions of certain

hypersonic flow theories.

2 THEORY

2.1 Geometry
The power-law body profile (Fig,1) is given by the equation

ws - (3) @



where y = radius at distance x from the nose
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overall length of body
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base diameter.

It follows that the volume and aspect ratio are given by:

Volume, V = *%““-=*

t
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Aspect ratio, A = (n + 1) d/¢ .

The local surface slope, 8, at a distance x from the nose is given by -

B

. n-1
tan § = Sy = = (X .
dx 2¢ \ & -

Clearly for n = 1 (i.e. a cone) the surface slope is constant, but for

n < 1 the slope at the nose is infinite. However, the radius of curvature at

the nose, Rb’ varies in the following way

For 0 < n < % Ro is inf'inite
n=y R is finite
F<n<1 R is zero .

From Fig.1 it can be seen that the area of a surface element, 4S, is
given by

dS = ydsdp = ¥ %f;ig

where 8 = distance measured along the body profile

¢ = meridional angle.

-y

The contribution to drag from the pressure on this surface element is

ap = (p - p“) ds sin & .

Thus the total pressure drag is

(2)
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The drag coefficient CD referred to base area is then

1
_ D _ y
Cp = qmﬁ(d/z)z = 2[ ¢, (d}z)d<d/2> . (5)

Q

2,2 Theoretical pressure distribution

To determine the shape of the non-lifting body of revolution having
minimum pressure drag at hypersonic speeds, Eggers et al1 made use of the

Newtonian approximation for the distribution of pressure coefficient, i,e.

2 242
C = 2sin 8§ = =Sl (6)

p 1 + y2

where y denctes the derivative dy/dx.

For the case of given length and base diameter (i.e. given fineness-
ratio) they found that the shape of the minimum~drag body of revolution could

be represented in parametric form by

( (7)

the minimising curve not passing through the origin but having a forward termina-
tion point at (O, y1) with j1 =1,



It was found that the body shape given by equation (7) could be approxi=-
mated oclosely by a simple power-law shape y « x" with n = 2, Strain-gauge bal-
ance measurements were therefore made of drag on a series of bodies withn =1,
%, % and %, for a range of Mach numbers between 2+7 and 6+3, These showed that
the lowest drag coefficient was given by the 3 power body shape, its drag being
about 15% less than a cone (n = 1) of the same fineness-ratio. The experiments
also showed that the drag of the % and + power bodies was less than that pre-
dicted by the Newtonian approximation, and this was attributed to the neglect
of centrifugal-force effects in the flow past the highly-curved noses of these
blunter bodies. (It must be noted? though, that this conclusion is based on

measurements of overall drag, and not from measurements of pressure distribution. )

Eggers et al1 therefore considered the theory of Busemann9, which gives the

reduction in pressure coefficient due to centrifugal-force effects as

(8)

= &L
A CP = R

Sdlcl

in the limit M > oo and vy » 1, as the shock layer becomes infinitely thin, where

R = radius of curvature of body in meridian plane
_ eu_ ¥,
U = -5 /'y ccs & dy, the mean stream velocity in the shock layer
y
0
U, = free stream velocity.

A comparison of values of Cp obtained from equations (6) and (8) with
experimental distributions on a tangent ogive body of £¢/d = 3, at a Mach number
of 6, led Eggers et al1 to conclude that the theory of Busemann9 strongly over-
estimates centrifugal-force effects at free-stream Mach numbers which are large,
but for which y of the flow downstream of the bow shock is closer to 1-+4 than
unity. They therefore proposed two modifications to the Busemann theory9 for
use under such conditions - firstly, since the mean radius of curvature of the
flow in the shock layer would be expected to approach the body radius of
curvature, R, only near the nose, while with increasing distance downstream of
the nose it would be expected to become larger than R, it was suggested that a
better approximation to the mean radius of curvature, ﬁ, of the flow in the shock

layer would be
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Secondly, it was suggested that a simple approximation to the mean velocity
in the shock layer, ﬁ, would be

U = U cos & . (10)
O

Thus

A Cp = % [} - Zafgi] cos & . (11)

The shape of the minimum-drag body of revolution determined by using
equations (6) and (11) was found to be somewhat more blunt in the region of the
nose, and to have more curvature in the region downstream of the nose than the
S-power body shape. Calculation of its drag showed that it was only a few per
cent less than that of the 2-power body, but no wind tunnsl tests were made at

that time to check this estimate.

This description of the derivation of the shape of the minimum-drag body
of revolution of given fineness-ratio by Eggers et al1, has been described in
some detail since theirs was the first published work on the subject (1956).
Later, Cole2 showed, by using hypersonic small-disturbance theory, that the 2
power and 2/3-power bodies are minimum-drag shapes for the cases of centrifugal-
force effects neglected, and included, respectively. These results were obtained

using the slender-body approximation

C = 2<yz+1§> . (12)

p

Another approach by Grodzovskii andKrashchennikovaj,using "piston~-theory",

gave n = 0°7 as the velue of the exponent for a minimum-drag power-law body.

More recently, Miele and collaboratc'rss'-7 have produced a series of reports
on minimum-draeg shapes in both two- and three-dimensional flows, including also
the effects of skin friction. Most recent of all, Boyd8 has extended the study

of minimum-drag shapes to include ducted bodies.

The drag variations with the power-law exponent n for the various theories
are illustrated in Fig.7, the drag of a pointed cone (n = 1) of the same fineness~

ratio being used as a basis for comparison.



Finelly, it must be emphasised that the above discussion is limited to the
theory of minimum-drag bodies of power-law profile, where dy/dx is continuous,
and the surface precssure coefficient does not fall to zero., If theseconstraints
are removed, body shapes of lower drag than poser-law bodies can be derived
theoretically. A detailed examination of the various optimum bodies of minimum

drag, depending on the canstraintsimposed, has been made by Hayes and Probsteinh,

2.3 Shock-~wave shape

In the theory1o of asymptotic hypersonic flows, the theory states that for

bodies of the form y « xn, the shock-wave shape is given by y « X where
m = n for % <n<1 (14)

k for O < n < % (15)

B
]

where k =
flow.

3 3 with j = O for two-dimensional flow, and j = 1 for axisymmetric

In the case f equation (14), similarity solutions in the form suggested by
.1
Lees and Kubote ! are available, and in the case of equation (15) the solution is
. 1
given by the "blast-wave analogy" as postulated by Lees 2, and by Cheng and

Pallone13.

A simple way to check the above theories is therefore to photograph the

shock-wave shape on a variety of power~law bodies.

3 DESCRIPTION QF TESTS

The tests were made in the R.A.E. 7 in x 7 in hypersonic wind tunnel14 at a
Mach number of 6:85. All tests were mazde at a nominal stagnation pressure of

750 lb/in2 gauge, ard a stagnation temperature sufficient to avoid liquefaction
of the air in the test section (To 2 600°K). Under these conditions a Reynolds
number of approximately 0-:5 million per inch was obtained. The models varied in

length from 3¢75 in to 5 in, details are given in Fig.2,

Pressures were measured on a conventional multi-tube mercury manometer bank,
with one tube referred to a vacuum reference. Steady readings were obtained after
seme 10 to 15 seconds running, when the manometer was clamped and the tunnel shut
down. Pressure tappings on each model surface were concentrated along one
generator, with a single tapping on an opposite generator to enable the symmetry
of the flow to be checked. Pressure measurements were made at roll angle, ¢, of
0°, 30°, 60°, 90°, 135° and 180°. 1In this way, the pressure distribution at zero

incidence was obtained as a2 mean from six separate tests.
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Evidence suggests that manometer readings were measured to an accuracy of
$0+02 in of mercury, which with a similar error in reading the reference pressure,
corresponds to *0-003 error in pressure coefficient, Cp. Errors in setting model
incidence could amount to a further error in Cp of up to x0-002, The possible
total direct measuring error in Cp was therefore *0-005. Additionel to this
measuring error, was the error arising from the lack of flow uniformity in the
test section, the variation of dynamic pressure in the region of the model being

within *1%.
On the basis of the above figures, the estimated maximum experimental

errors, and R.M.S. experimental errors, are tabutated below:

C Maximum error in C R.M.S. error in C
-2 D o

0-1 *0-006 ‘ +0-00L

0-3 +0-008 +0-005

0-5 0010 +0-006

But since the results are means from six tests, the errors should be less than

those quoted above.

L DISCUSSION OF EXFERIMENTAL RESULTS

Lo Pressure distributions

The pressure distributions measured at a Mach number of 6:85 on bodies of
fineness~ratio 2 are pletted in Fig.3, and those for bodies of aspect ratio
unity in Fig.4. In both cases the results asre compared with values calculated
from the Newtonian approximation Cp = 2 sin2 6. Also shown is the theoretical
pressure coefficient for the comparable pointed cone, as calculated by the theory
of Taylor and Maccoll15; experiments on cones have shown excellent agreement with

this ﬁrxecry1 6.

For the 2/3 and 3-pewer bodies it is found that the Newtonian approximation
underestimates the.pressure coefficient over most of the body surface, while for
the %—power bodies it*overestimates the pressure coefficient - except towards the
rear of the body of fineness-ratio 2. _ Thus the inclusioen:of an allowance for
centrifugal-force effects.on the flow-in the shock layer (as discussed in
section 2.2) would increase the divergence, between theoretical and experimental
values in the case of: the 2/3 and 3-power bodies, and might.decrease the
discrepancy between theoretical and experimental values in the case of the £=

power bodies,.cnly for regions close to the noses of these bodies. Of course,
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the Newtonian approximation may be as much at fault as the correction term for

rentrifugal~force effects; this possibility is discussed later.

The way in which these pressure distributions contribute to drag is shown
more clearly in Figs.5 and 6, where CP y/(d/2) is plotted against y/(d/2), the

drag coefficient being given by the expression:

1

\
Cp = 2/ cp. (aj/rz)d<&3/rz) .

o)

Thus we find, for example, that in the case of the bodies of fineness-
ratio 2 and n = 1/2, 2/3 and 3/L, the drag contribution from those parts of the
body surface in the approximate range O < y/(d/2) < 0-5 is greater than that for
a cone (n = 1), while for y/(d/2) > 0+5 the drag contribution is less, with the
net result that the overall drag of the 2/3 and 3/4L~power bodies is less than
that of the cone, and for the 1/2-power body about the same. Integration of the

curves in Fig.5 gives:

Fineness-ratio = 2

CD CD CD
7 Experiment M_ = 6-85 Newtonian (MM}= ) Taylor~Maccoll (M“;= 6+85)
1/2 0136 0+127 -
2/3 0+105 0-101 -
3/b 0-106 0-099 -
1 0131%* 0-118 0+131

*See Ref.16.

The above velues are plotted in Fig.7, together with estimates of drag
variation with n from Refs.2 and 3. It should be noted that although the
experimental values of drag coefficient are greater than that estimated from
the Newtonian approximation, the measured percentage reduction in drag
coefficient relative to the cone value for the 2/3 and 3/L4-power bodies is more
than that predicted by the Newtonian approximation. Also shown are two experi-
mental results for a Mach number of 7:7 tzken from Ref.17; these give rather
higher values of drag coefficient relative to the cone than the present tests,

but it is shown in Ref.17 that these values of drag coefficient are probably
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high due to the effect of boundary-layer interaction, resulting from the low

value of Reynolds number in these tests.

Thus experiments show that for bodies of given fineness-ratio, minimum
» pressure drag coefficient is obtained with a power-law body of exvonent
n = 07, the drag being sbout 20/ less than that of the comparsble cone. This
value of n is broadly in agreemcnt with the various theoretical estimates
(though these theories apply strictly only to M = ). The magnitude of the
drag reduction is groater than that predicted by the Newtonian approximation,
- but less than that predicted by the theories of Refs.2 and 3.

Fig.8 gives the variation of volume and wetted area with the exponent n,
and it can be seen that the power-law body of n = 0-7 offers some 25/% more
stowage volume than the cone. However, the wetted area is also greater, so in
practical cases where skin-friction drag must also be included, it can be
expected that the body of minimum (pressure + skin friction) drag would have a
value of n slightly greater than 0+7 (see Ref.7).

The reason why the Newtonian approximetion gives a fairly close estimate
of the drag coefficient and the exponent n of thc power-law body of minimum drag
(for M“:a 7), but not of the reduction in drag relative to that of the cone, is
shown in Fig.9 where Cp/sin2 & is plotted ocgainst the body slope & (a value of
Cp/sin2 d = 2 corresponding to the Newtonian approximation). It can be seen
that for the 2/3 and 3/L4-power bodies most of the experimental results lie
within about 5% of the Newtonian value, while for the cone Cp/sin2 8 varies
between 2+1 and 2-5 for 30° > & > 10°, Tig.9 also shows the effect of body
curvature on the pressure distribution, the pressure on the 1/2-power body
being more than 10% less than those on bodies of zero longitudinal curvature
(i.e. n =1). The apparent success of the Newtonian approximation in estimating
pressures on the 2/3 and 3/4-power bodies is therefore seen to be fortuitous,
the underestimation of pressures due to the cffect of body slope being balanced

by the neglect of centrifugal-force effects on the flow past these curved bodies.

The decrease in pressure coefficient due to body curvature can be compared
with the Busemann estimate (equation (7)) and the modification to the Busemann
estimate proposed by Eggers et al (equation (10)). Thus for example (from
Fig.10), with the 1/2-power body of £/d4 = 2 the slope at x/¢ = 0:2 is 15:6°,
and the Cp at this point is O+14L; on a cone of the same slope the Cp is
0°+164, giving the change in Cp due to body curvature as A Cp = = 0:020 in this
case. (But bearing in mind the level of experimental accuracy, the inaccuracy

inherent in deriving a small difference between two large numbers, and
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differences which could arise through boundary-layer growth effects, this value

of A Cp must be considered as only very approximate.)

The Busemann expression (equation (8)) gives:
AC = -%0036 = = 0:125 x 0:963 = = 0120

which is a gross over-estimate, even if all the possible experimental errors in

A Cp are assumed to be cumulative.

The modification to the Busemann expression (equation (11)) gives:

pe -§(1 a‘}a) cos & = - 0120 x 0+553 = = 0-067

which is still a large over-estimate.

It appears therefore that neither of these ways of estimating the effect
of body curvature on pressure distribution is appropriate for Mach numbers as
low as 7, probably because over the rclatively large distance between the shock
wave and the body surface flow conditions vary significantly, and a simple

"centrifugal~force effect" approach is not very meaningful.

Le 2 Shock-wave shape

The shock-wave shapes were obtained by measurement from enlarged photo-—
graphic prin%s of shadowgraph pictures of the flows past the models. The shock-
wave shapes obtained from the various bodies are plotted in Figs.11-14; Figs.11-
13 give results for bodies of various fineness-ratios of exponent n = 1/2, 2/3
and 3/ respectively, while Fig.1lL gives the results for bodies of fineness-
ratio 3 and values of n ranging from 1/410 to 3/L.

Since the figures are plotted on logarithmic scales, the slope of the curves
gives the exponent m of the shock-wave shape directly, and it is found that there
is some variation of m with downstream distance from the nose of the bodies (m
increasing with increase of x/£). This effect may be the result of boundary-
layer growth. There is also a slight tendency for m to increase with increase
of fineness~ratio, at a given value of n; this effect too may be due to boundary-

layer effects.

The variation of the shock-wave exponent m with the body exponent n is given
in Fig.15, and the results show that the shock-wave shapes change uniformly with
n over the range 1/10 < n < 3/4, with no discontinuity at n = 1/2 as indicated in
the theory of asymptotic hypersonic flows. This is in agreement with the tests

o
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made by Freeman1o et al at the N.P.L., and the theoretical implications of this

result are discussed in Ref.10.
5 CONCLUSIONS

Experiments on a family of power-law body shapes, y « xn, at a Mach number
of 6:85 have shown that:

(1) For bodies of given fineness-ratio (length/base diameter), minimum
pressure drag is obtained at a value of the exponent n approximately equal to
07, the drag in this case being about 20% less than the cone (n = 1) of the
same fineness-ratio. For n = 0+7, the stowage volume is some 25% greater than
that of the cone, but its wetted area is also greater than that of the cone; so
in practical cases where skin friction drag must also be included the body of
minimum (pressure + skin friction) drag would have a value of the exponent n
slightly greater than 0-7.

(2) The Newtonian impact approximation gives a fairly close estimation
of the drag coefficient, and the expoment n, of the power-law body of minimum
drag for Ma>2 7, but not of the drag reduction relative to the cone shape. The
experimental results show that the apparent success of the Newtonian approxima-
tion in estimating the pressure distribution on the 2/3 and 3/L~power bodies of
fineness-ratio 2 is largely fortuitous, the under-estimation of pressures due to
the effect of body slope being balanced by the neglect of centrifugal-force effects
cn the flow past these curved bedies. Hypersonic small-disturbance theory, and
"piston~theory", alsn gave good estimates of the value of the exponent n for the

minimum~€rag body, but over-estimated the drag reduction relative to the cone.

(3) The reduction in pressure coefficient due to body curvature was found
to be much less than that given by the theory of Busemann for infinite Mach

number, or by the modification to the Busemann theory proposed by Eggers et al.

(4) The variation of the shock-wave shape exponent m with the body-shape
exponent n is smooth, with no apparent discontinuity at n = 1/2 as indicated in

the theory of asymptotic hypersonic flows.
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Appendix

It has been pointed out by N.C. Freeman and H. Hornung of Imperial College
that the correlation of shock-wave shapes on power-law bodies is best performed

as follows.

If the equation for the body is written as

where D is a non-dimensionalizing length scale, then the ordinates and abscissae of
the shock-wave shapes may also be non-dimensionalized by this length scale. If
this is done, the shock-wave shapes for all values of £/d and a particular value of
n collapse onto a single curve for each Mach number. Moreover, for large Mach

numbers, the correlation is independent of M over a large range of x.

The results in Figs.11, 12 and 13 have been replotted in this way and are
shown in Figs.16, 17 and 18 respectively.

A similar correlation of surface pressure distribution is also suggested

by some work at Imperial College, that is, plotting the pressures as

log ( I)é> versus log <§>
P,U

ﬁather than versus x/¢ or x/d. This has not been attempted for the present

results however,
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Experiments on a family of power—law body shapes, y « xI, at a Mach number
of 6.85 showed that for bodies of given fineness-ratio, minimm pressure
drag 1s obtalned at a value of the exponent n of about 0,7, the drag being
approximstely 20% less than that of a cone of the same fineness-ratio.
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