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SUMMARY

The recent expcrimental data cf Bradshaw and Fcrrls; are compared with
generalisations deduced from earlier Gata, 1n respect of the mixing-~length
distribution and the dissipation integral; the agreement is satisfactory.

Also presented is a preliminary theory of boundary=-layer development,
employing an empirical formula for the relation between the dassipation integral,
the drag coefficient snd the shape factor; +the integral momentum and kinetic-
energy equations are solved numerically. The predictions of this theory are
comparad, n vespect of shape factor, with the experiments of Bradshaw and Ferriss
and thcse of many other experimenters. The agreement is satisfactory except for
large adverse pressure gradient, where davergerces of both positive and negative
sign are observed; the ressons for these divergences are discussed.

1. Introduction

Bradshaw and Ferriss1 have recently published the results of a set of
particularly careful and detailed measurements on turbulent boundary layers in
adverse pressure gradients; specifically, they studied both: an eqguilibrium
boundary layer; and one in which the adverse pressure gradient fell from a positive
value upstream to zero downstream. As Bradshaw and Ferriss rightly remark, thear
data can be used to test the generalaity of prediction procedures for turbulent
boundary layers; the test will be particularly significant for prediction
procedures which have been adjusted to fit dats for boundary layers an whach the
adverse pressure gradient increases in the streamwise darection.

The present authors are developing predictaon procedures for turbulent
boundary layers, and have accordingly made use of the opportunity provided by
Ref., 1 ; the results of their study are contained in the present note; also
provided are comparisons of prediction and experiment for a large number of other
boundary layers. The latter comperisons are provided to give perspective to the
stady of the data of Refe 1 .

The ampression might be gained from the paper of Bradshaw and Ferriss
that the boundary layers which they have studied dafler greatly, from those
investigated by esrlier authors, in respect of the relations between the profiles
of shear stress and velocity profile. In the present note we therefore make some
comparisons which show that the similarities are at least as proncunced as the
dafferences; it caanot indeed be said wilh certeinty that {ihe latter are not merely
the result of experimental scatler.

*Replaces A,R.C.27 302
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2. The Relation Between Shear Stress and Velocity

In order to demonstrate the common features of the Bradshaw~Ferriss
and other turbulent boundary layers, we make use, as a definition, of the
Prandt1® mixing=-length formula:

¢ = ’ s (1)
||<
where & 1s the mixing length,
T is the shear stress,
p is the fluid density,

u is th

(4]

(time-mean) velocity in the mainstream direction, and

y is the distance normal to the wall.

With the aid of this formula, £(y) can obviously be evaluated from data for
T(y) and u(y).

We choose to represent the &(y) distributions resulting from our
evalugtions in dimensionless form; both £ and y have been divided by the
y-value of the outer edge of the boundary layer, Ygr Thus

A

g

e/ s oo (2)
/vy eee (3)

The values of Yy, were determined by inspection of the reported velocity
profiles, with anl estimated accuracy of %5%.

The resulting mixing=-length distributions across the boundary layers
are shown in Fig.1¥, which has been extracted from a wider survey by Escudier”.
The curves rerresent the experimental data; the two straight lines, which are
repeated 1n each graph to provide a base of reference, represent the formulas
which have been used by the authors elsewhere as the foundation of a prediction
procedure#.

O<Es<AM: N = ME ,g
¢ oo (8)
xd&<gs 1 \’=KG’ )
where the values 0°075 and Oe4 have been chosen for XG and M respectively.

The data of Bradshaw and Ferriss appear in graphs (a) and (b) of
Fige1; evidently the A(E) profiles of these authors do not differ greatly
among themselves; and they are not radically different from those of the other
authors. Further data could have been taken from Ref. 3 +to support the same trends,

When assessing the degree of similarity between the curves, it is
helpful to remember:

(3.) That the shear stress i1s proportional to the square of mixing length;
50 the X(g) representation tends to minimise the differences i1n the
shear-stress-versus-velocity relation;

- et m S e e am o ER em TR M em Er M e ER s e e e e P S e wm e e e s M e ew e me am mm e = ow

A list of all faigures, with brief descriptions, 1s given on page 14.
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(ii) That where E 1lies between 0°8 and 10, although the mixing
length tends to rise rapidly and the differences between the profiles
may be great, the velocity gradients are smell; consequently the shear
stresses are small and errors in A are of slight importance;

(11i) The values of A rest on determinations of the slope of the
velocity profile; +the inevitable experimental error thus introduces
a large scatter in the X(E) curves. In this respect therefore the
method of plotting magnifies the differences betweer boundary layers.

Fig. 1 is the firct piece of evidence which we put forward for the
similarity between the Bradshaw-Ferriss boundary layers and those studied by
earlier authors,

3, The Dissipation Integral

The method of boundary-layer prediction pioneered by Rotta5 and.
Truckenbrodt”, based on the integral momentum and kinetic-energy equations,
requires knowledge of the dissipation integral s, defined by:

1 R
G T'a% d-y [ 2 L (5)

s =

3
Pele

Here Pe and u, are respectively the density and velocity of the main stream.

G
The quantity § is sometames vepresented symbolically by: (d:."' t, )/(pUs).

As has been shown elsewhere, the particular recoumendations for the
3 function made in Refs. 5 and 6 are valid only in very restricted
circumstances; better ones can be based on the mlxing—leﬁgth profile of
equation (4) and on suvtable velocity-profile assumptions*. Here however
we drew attention to an empirical formula derived by the present authors from
a least-squares analysis of shear-stress data, measured with hot-wire equipment

in a variety of boundary-layer situations by: Bradshaw and Perrissl Klebanoff7,
Moses8, Newman?, Sandborn and Slogarl0, end Schubauer and Klebanoff1ﬂ.

The formula is:
C
S = 0547 (= ) 4 107 (2+107H - 2286) , e (6)

where c, is the local drag coefficient, =nd H is the shape factor (dasplacement
thickness divided by momentum thickness).

Fig. 2 displays the data from which equation (6) was derived. The plain
dots represent the data of references 7 %So 11 ; the encirscled dots represent
the data of Bradshaw and Ferrassl. Fig.2 gaves Little reason for believing that
the latter data deviate radically from the former., The deviations that exist may
be systematic; but they are of *the order of a few teus per cent.

Fig.2 is the second 1tem of evidence for the similarity between the date
of reference 1 and thossof other workers.

b/
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4e The Predaction of the Development of Turbulent Boundary Layers

The present authors have investigated, among other methods* of
predicting boundary-layer development on smooth impermeable walls wher the
density is uniform, the implications of the following set of assumptions:-

(i) The dissipation integral obeys equataon (6);
q

(1i) The local drag coefficient 1s related to the Reynolds numbe
and the shape factor by the well-known Ludwieg-Tillmamrelation 212).

(iii) The shape factor H is related to the quantity H,, representing
the kanetic-energy thickness divided by the momentum thickness, by the
formulae recommended by Nicoll and Escudierl3, namely:

28 > Hz 1025 : Hy = 1°431 = 0°097/H+0-775/4 . ver (7)
The data from which this formula was deduced are shown in Fig.3.

Predictions have been made, by this means, for many of the
experiments whiach can be found in the literature. The differential equations
in question were integreted numerically, for the prescribed main=-stream
vel.ocity dastribution, and the predicted values of momentum thickness, shape
factor, etc., were then compared wath the reported values. The initial
conditions of the integrstion were the experimentsl values of momentum thickness
and shape factor; but otherwise rno andividual adjustments were made to improve
the agreement between prediction and experiment.,

Some of the results of the comparison are displayed in Fig.k, the
shape factor H being the houndary-layer property selected for consideration.
The abscissa is the length Reynolds number, RX, defined bhy:

[(ogug) v (&)
(0]

where x 1is the distance along the surface in the mainstream.direction
and p, is the fluid viscosity. The andavidual diagrams are distinguished
by the names cof the experimenters who reported the data; dots represent
experimental values while curves represent predictrons.

Inspection of the diagrams, with particular reference to the degree
of agreement betwee? prediction and experiment, seems to justify the following
conclusionsi=-

(i) Apert from a few failures, the extent of sgreement is generally
satlsxactony, at least when judged against the poor resvlils reported in
Thompson's recent survey " of the predictive sbility of earlier theories.

(1i) The predictiors for the two Bradshaw-Ferriss boundary layers are not
notably better or worse than those for other experiments. (Incidentally,

a complete failure to predict the H-variation for the first u,-x variation
reported in Ref. 1 , revealed that the reported wuy values were in error;
the diagram marked "Bradshaw and Ferris 1" 1s based on corrected values,
siibsequently confirmed by those authors.)

*ror example, as was mentioned zarlier, a procedure has been developed which
is based on the mixang length formula Q+)4,
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The second Bradshaw-Ferriss experiment, for the “recovering"
boundary layer (H diminishing in the main-stream direction) is not the only
one of its kind, as may be secen from Fige4s For example, the experaiments
of Klebanoff and Diehl!? are of this character; 4in their case the
disturbance was a roughness element, distributed or local, upstream of a
flat surface. Also two of the experiments of Moses® embody the recovery
from the effects of an adverse pressure gradient; our theory predacts
one of them satisfactorily; but the computation for the other was stopped
when H atlained the separation value of 3.

Eiii) Although there are some fairly successful predictions of separation
e.ge Moses 2, Schubauer and Spangenbergz3 C, E and F), the failures are
more numerous; most of these are such thet H rose more rapidly than
predicted.

(iv) On some cases, the disagreement between prediction and experiment
may perhaps be more probably ascribed to the latter than the former. For
example,the downstream H-values of experiments 1 and 2 of Klebanoff and
Diehl seem implausibly high.

5. Discussion of Fig.l

The comperisons of theory with experiment in Fig.L do not, of course,
settle the question of whether it is possible to predict boundary-layer
development with « theory which rests, as does the prescnt one, on the assumption
that the shear-stress profile is uniquely determined by the velocity profile;
for no attempt has so far been made systematically to seek the 5 and Cp functions
of H and Reynolds number which give the best predictions.

That the § function must be chosen with care can be recognised by
writing the equation for dH/dx which follows from the momentum and kinetic-
energy equations, namely:

R S‘}.Hg{z‘é-}g(;)ug (H-1)F9}, .. (9)

where &, stands for the momentum thickness, d}UQHg is a negative quantaty

varying scmewhat with H, and:
6du

P, = T%FG : cee (10)

Ncar separation, cp 1is of course small and F, 15 negative, dH/ax 1s therefore
?r0portional to _the difference between the dissipation integral and the quantity
z H,(H = 1)(-F,). Obviously, a 10% error in the 5 valuc may easily change

dH/dx from a positive to a negative value when the two terms have about the same
size. It is therefore not surprising, in view of the scatter displayed on Fig.2,
and of the wnsophisticated nature of equation (6), that predictions are sometimes
in error when -Fy is large.

When weighing this considerat:on, two points deserve particular
attention. The first is that the acrodynamicist's interest in separation lies
chiefly in preventang 1ts occurrence; and engineering good practice demands
that a safety factor should be iacorporated in a decsign. For this purpose, the
criterion is already quite clear; the cuantity -F, should never be zllowed to
increase above (say 0002, The predictions of ¥, by the present authors are
fortunately quite accurate.

The/
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The second point 1s that there are many possible influences on the
§ function, the systematic exploration of which msy lead to amproved methods
of prediction. Among these influences are: free-stream turbulence, the rate
of enlargement of the boundary-layer thickness, the rate of change of the
velocity profile, the convexaty of the surface, and the local pressure
gradient itself. If these influences exast at a significant level, research
can disclose themj and, whether they require expression by algebraic equations
or by differential ones, modern computing facilities are more than adequate
for their incorporation in the predaction procedure,

6. Conclusions

It is the opanion of the present authors that the experimental
results of Bradshaw and Ferriss! reveal a heartening similarity to exist between
their boundary layers and those reported elsewhere in the literature. The near
universality of the mixing-length distribution may form a valuable jumping-off
point for theoretical studies.

The procedure outlined in Section 4 1s fairly successful in predicting
the development of the boundary-layer shape factor; but it is clearly not
likely to be the optimum procedure, even among procedures of its own kind. The
exploration of the factors influencing the dissipation integral is one of the
most urgent topics of turbulent-boundary-layer research.
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List of Symbols Equation of
first mention
o f/2 Local drag coefficient (6)
F Pressure-gradient parameter (9)
H,H, Boundary-layer shape factors (6),(7)
A Prandtl mixing length (1)
Rx Length Reynolds number (8)
5 Dissipation antegral (5)
u Velocity of fluid ain mainstream direction (1)
u,  Value of u in mainstreanm (5)
x  Distance along waell in mainstream directaon (8)
h4 Distence from wall in direction towards the fluid (1)
Ve Value of y at the outer "edge" of the boundary layer (2)
b, Boundary-layer momentum thickness (9)
" Constant appearing in mixing-length distribution near the wall (&)
Non=dimensional mixing length (2)
Ag  Value of N in outer region of boundary layer (&)
Mo Dypamic viscosity of fluid in mainstream (8)
E Non-Aimensional distance from wall (3)
P Fluid density (1)
Pe Value of p in mainstream (5)
T Shear stress in fluid (1)
Subscrapt
G Appertaining to condations in the mainsirean
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Description of Figures

Figs 1. Experimental mixing-length profiles for various turbulent

boundary layers. A = &/&G , E = y/&G ; ¢ = Prandtl mixing length;
yG = Dboundary-layer thickness.

(a) Bradshaw and Ferris' 1 Equilibrium boundary layer.

.

(b) Bradshaw and Ferri552 2: Boundary layer recovering from adverse
pressure gradient.

(c) Kle‘banoff7 ¢ Flat-plate boundary layer.

(d) MosesB: Axisymmetric boundary layer along a horizontal cylirder,
adverse pressure gradient.

(e) Newman9 1: Boundary layer on rear-stalling aerofoil.

(f) Newman9 2: 3Boundary layer on rear-stalling aerofoil.

Fig.2. Experimental data for the dissipation integral s related to the
local drag coefficient 8f and to the shape factor H.
2

Figs3, Experimental data for the relation between the shape factors H; and H.
Figel. Comparison of measured shape factors with the predictions (curves)

made by the method described in the text,

Bradshaw and Forriss1 1: Equalibiium boundary layer.

Bradshaw and Ferriss1 2: Boundary layer recovering from adverse pressure
gradient.

Brebner and Bagley16 1: Symmetrical wing RAE 101, a = 0%
Brebner and Bagley16 2: Symmetraical wing RAE 101, a = L4°09°,
Brebner and Bagley1 3: Symmetrical wing RAE 101, a = 8+18°,
Clauser17 1: EBquilibrium boundary layer, pressure distrabution 1.

Clauser17 2: Equilibrium boundary layer, pressure dastribution 2.

von Doenhoff and Tetervin18 1: _ Aerofoil NACA 65 (216)
- 222 (approx.), R = 0°92 x 10, a = 8+1°,

von Doenhoff and Tetervin'® 2: Aerofoil NACA 65 (216)

- 222 (approx.), R = 2°67 x 10°, a = 8¢1°,
von Doenhoff and Tetervinl® 3: Aerofoil NACA 65 (216)
- 222 (approx.), R = 2464 x 106, a = 10+1°,

von Doenhoff and Tetervin1® Y4t Aerofoil NACA nose-opening shape 13,
R = 418 x 106, a = 9-1°,

Fage19 1: Joukowski aerofcil,

19

14665 x 10°.

2: Joukowski aerofoil, 1e248 x 10P.

Fage

Gault/



Gaultzo 1: Aerofoil NACA 63-009, a = O0°,
ault® 2: Aerofoil NACA 63-009, « = 4°.
Gault®® 3: Aerofoil NACA 63-009, « = 6°,
Gault® 4: Aerofoil NACA 63-009, « = 8¢5°,

Herring and Norbuny21: Equilibrium boundary layer, £ = - 0°35,

Klebanoff and Diehl15

Klebanoff and Diehl15 2: TFlat-plate boundary layer recovering from
0*04 in. rod disturbance.

1: Flat=plate boundary layer, natural transition.

Klebanoff and Diehlld 3: Flat-plate boundary layer recovering from
0+25 in. rod disturbance.

Klebanoff and Diehll® 4: Flat-plate boundary layer recovering from
mesh~screen disturbance.

Klebanoff ané Diehll? 5t Flat-plate boundary layer recovering from
sandpaper—strip dasturbance, U, = 35 f't/s.

Klebanoff and Diehl15 6: Flat-plate boundary layer recovering from
sandpaper-strip disturbance, u, = 55 £t/s.

Klebanoff and Diehlld 7: Flat-plate boundary layer recovering from

sandpaper-strip disturbance, u, = 108 ft/s.
Ludwieg and Tillmann12AJ Moderate adverse pressure gradient.
Ludwieg and TlllmannuzB: High adverse pressure gradient.

Ludwieg and Tillmanrl2 C: TFavourable pressure gradient.

Ludwieg and Tillman1 (unpublished) : Adverse pressure gradient.
Ludwieg and Tillman2 (unpublished) : Adverse pressure gradient.
Ludwieg and Tillman3 (unpublished) ¢ Adverse pressure gradient.
Ludwieg and TillmennlF (unpublished) : Adverse pressure gradient.

Moses8 1: Axisymmetric boundary layer-along horizontal cylinder,
adverse pressure gradient.

Mose58 2¢ Axisymmetric boundary layer along horizontal cylinder,
adverse pressure gradient.

8
Moses 3: Axisymmetric boundary layer along horizontal cylinder,
adverse pressure gradient.

8
Moses™ 4: Axasymmetric boundary layer along horizontal cylinder,
adverse pressure gradient.

8
Moses 5: Axasymmetric boundary layer along horizontal cylinder,
adverse pressure gradient followed by near-zero favourable
pressure gradient,

Moses/
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Moses8 6: Axisymmetric boundary layer along horizontal cylimder, adverse
pressure gradient followed by near-zero pressure gradient.

Newman9: Symmetrical rear-stalling aerofoil.

Sandborn and Slogar1o ¢ Adverse pressure gradient.

Schubauer and Klébanoff11: Convex wall, adverse pressure gradient.

23
23

B: Adverse pressure gradient.

Schubauer and Spangenberg ~ A: Moderate adverse pressure gradient.
Schubauer and Spangenverg
Schubauer and Spangenberg25 C: Moderate adverse pressure gradient,
Schubauer and Spangenbergz3 D: Adverse pressure gradient.
Schubauer and Spa.ngen'berg23 E: Adverse pressure gradient,

Schubauer and Spangenbergz3 F: Adverse pressure gradiente.

Schultz-Grunowzh: Flat-plate boundary layers.

SJ
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A NOTE ON THE TURBULENT UNIFORM~PROPERTY HYDRODYNAMIC BOUNDARY LAYER ON A
SMOOTH IMPERMEABLE WALL; CQMPARISONS OF THEORY WITH EXPERIMENT

The recent experimental data o* Bradshaw and Ferriss! are compared with
generalisations deduced from earlier data, in respect of the mixing-length
distribution and the dissipation integral; the agreement 1s satisfacto™y,

Also presented is a preliminary theorv of boundary-layer developaent®
erploying an empirical formula fo~ the relation between the dissipation
integral, the drag coefficient and the shape factor; the integral momentum
and kinetic=energy equations are solved numerically. The predictions of
this theory are compared, in respect of share factor, with tne experiments
of Bradshaw and Ferriss and those of many other experimenters, The
agreement 1s satisfactery except for large adverse pressure gradient, where
divergences of both positive and negative sign are observed; the reasons
for these divergences are discussede
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